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More on this exoml

Let p(m,n) denote the provball)ili'ty that

the particle is at position mAx at time nAt. Then
0 m#0
m,0) =
p(m,0) { 1 m=o.
Also ) .
p(man + 1) = 5])(777/ - 1777’) + §p(m + 17”)7

and hence
1
p(m’n + 1) - p(ma 7’L) = i(p(m + 17”) - 2p(m,n) +p(m - 17”))

Now assume

(Az)?

A D | for some positive constant D.

This implies

p(m,n+1)—p(m,n) D <p(m+ 1,n) — 2p(m,n) + p(m — 1,n)>
(Az)? ‘

At 2

Let At — 0, Ax — 0, mAx — x, nAt — t, with % = D. Then presumably
p(m,n) — f(z,t), which we now interpret as the probability density that particle

is at = at time t. The above difference equation becomes formally in the limit

D
ft = ?f:cma

and so we arrive at the diffusion equation again.
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MATHEMATICAL JUSTIFICATION. A more careful study of this tech-
nique of passing to limits with random walks on a lattice depends upon the Laplace—
De Moivre Theorem.

As above we assume the particle moves to the left or right a distance Az with
probability 1/2. Let X (¢) denote the position of particle at time ¢t = nAt (n =

0,...). Define
S 1= X,
i=1
where the X; are independent random variables such that
{ P(X;,=0)=1/2
P(X;=1)=1/2

fori=1,.... Then V(X;) = I.

Now S, is the number of moves to the right by time ¢t = nAt. Consequently
X(t) = SpAx + (n— S,)(—Az) = (25, — n)Ax.
Note also

V(X(t) = (Az)*V(2S, —n)
= (Ax)%4V(S,) = (Az)%4nV(X,)

Ax)?

= (Az)?n = ( .

(Az)*n Az t

Again assume %ﬁ = D. Then

Sn— 5 Sn— 7%
X(t) = (28, —n)Az = NE: VnAzx = —= | VtD.

4 4

The Laplace—De Moivre Theorem thus implies

Jim Pa < X(t) = lim S %< b
B n—o00 — \tD
t=nAt, (M) =D

/

= e‘ﬁdx.
V2w Dt /a

Once again, and rigorously this time, we obtain the N (0, Dt) distribution. OJ
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LAPLACE-DE MOIVRE ($ 4 €(>rzw( Corse a‘é Centead Lt
Thum
LEMMA. Suppose the real-valued random variables X1, ..., X,,... are inde-
pendent and identically distributed, with

{P(Xizl):
P(X;=0)=gq
forp,q>0,p+q=1. Then
EXi+---+X,)=np
V(X1 +-+ X,,) =npg.

THEOREM (LAPLACE-DE MOIVRE). Let Xi,...,X, be the independent,
identically distributed, real-valued random variables in the preceding Lemma. Define

the sums
S, =X;1+---+X,.

Then for all —oo < a < b < +00,
. Sn —np ) 1 /b_L
lim Pla< ————<b)|=—— ][ e
n—00 < - \/npg T V2T Ja

plm,n+1) = p(m.n) = 5 (p(m +1,n) = 2p(m. n) + plm — 1,n)).

Now assume

2
(AAZ) =D for some positive constant D.
This implies
(s Thigne pm + 1)~ 2p(m.p) 4l — 1.1)
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