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Theorem 2.13. For a twice continuously differentiable function f : R" —
R, assume pl < V2f(x) < LI where L > > 0 are constants (eigenvalues
of Hessian have uniform positive bounds), thus f is strongly convexr has a
unique minimizer X,. Then the steepest descent method (2.9) satisfies
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Proof. For convenience, let hy, = V f(x). By Multivariate Quadratic Tay-
lor’s Theorem (Theorem 1.4), for any o > 0, there exists # € (0,1) and

z;. = Xy, + 0(x) — ahy) such that — —
k= Xk + 0(xk k) Yt = %k V]kl’\k
_ — ) — W T 1 o 700
fxk — ahy) = f(x) — ahy Vf(x) + 5o he VS (z)hy.
The assumption V?f(x) < LI, Vx implies

F(xq — aby) < f(xk> - ahTVf<xk> Loy .
L) < AL 00 +Llat JW/

The minimum of the left and SldC with respect to &is f Xj11). The
right hand side is a quadratic function of . The inequality above still holds
if minimizing both sides with respect to a:

Fosin) < fOu) = 52 IV Gl

thus

fxr1) = F(x) < f(xk) — fxa) — —IIVf(Xk)II2 (2.10)
Similarly, by Multivariate Quadratic Taylor’s Theorem and lower bound
assumption I < V2f(x), we get A L (%7 v \( () (e %)
F(x) > f(x) + V)" (x = xp) + —||X — x|
Minimizing both sides w.r.t. x, we get ‘g X)) > Q( X‘Q) _ L‘ \7@ &
f(xe) = flx) — _||Vf(xk)||2

thus —||Vf(xx)||? < 2u[f(x+) — f(xx)]. Plugging it into (2.10), we get the

convergence rate. ]
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Theorem 2.10.| The assumptions\Yhat a function f(x) : R" — R is convex
and its gradient V f(x) is Lipschitz-continuous with Lipschitz constant L are

equivalent to the following for any x,y:

1
0< fly) = f(x) = (Vf(x),y —x) < §||X—y||2 (2.5)
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F)+ (VF).y =) + 5 V) - V@I < fr)f (26)
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HIVF) = VI < (V) - Vi) x4y 27)
ASSumptiong <
0<(Vf(x) - Vf(y)x—y) < L|x—yl>* (2.8)
Proof. First of all, assume a function f(x) : R® — R is convex and its

gradient V f(x) is Lipschitz-continuous with Lipschitz constant L, then (2.5)
holds because of the first order condition of convexity (Lemma 1.1) and

descent lemma (Lemma 2.1).
Second, assume (2.5) holds, then (2.5) implies ¢(x) = f(x)—(V f(xq), X)
satisfies

D 0<6(x)—aly) = (Voly).x—y)

and
Q9 <o)+ (Vo) x—y) + 5 lx - yI?

([(a,b)[ < [lal[[b]l) < &(y) + [[Vey)lllIx -yl + g”x -yl
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By Theorem 1.5, ¢(x) is also convex. Moreover, V¢(xg) = 0, thus by
Theorem 2.4, x is a global minimizer of V¢ (x). So we get

L
(o) = main 9(x) < muin | 6(3) + Vo) I - ¥ + 3 1x ~ yI7]
L
< min | 6(y) + Vo)l + 577
= 6(y) — 57 V6P
Thus ¢(x0) < ¢(y) — 57 [|VA(y)||* implies

f(x0) = (Vf(x0),x0) < f(y) = (Vf(x0),y) - iHVf(Y) ~ Vf(xo)|I”.

Thus ¢(x0) < ¢(y) — 57 Vo (y)||* implies

f(x0) = (Vf(x0),%x0) < f(y) = (Vf(x0),y) — %va()’) =V f(xo)|*.

Since X,y are arbitrary, we can also write is as

f(x) = (Vf(x),x) < fly) = (Vf(x),y) - illvf()') - V)P,

which implies

f) +(VI(x),y —x) + illvf(.Y) - VI* < f).

Switching x and y, we get

F) + (V1) % =) + 5 197() = TFI? < £,

and adding two we get (2.6)



Third, assume (2.7) holds, then (V f(x) — V f(y),x —y) > 0 implies the
convexity by Lemma 1.1, and Cauchy-Schwartz inequality gives Lipschitz
continuity by

%I\Vf(X)—Vf(Y)H2 < {Vfx) = V() x-y) < V)= VI)lllx-yll.

Finally, we want to show (2.8) is equivalent to (2.5). Assume (2.5) holds,
we get (2.8) by adding the following two:

0 < f(y)— f(x) —(Vf(x),y —x) <

0<f(x) —fly)=(Vily)x—y) <
Assume (2.8) holds, we get (2.5) by Fundamental Theorem of Calculus on
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