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Preface

These notes are supposed to be self-content. The main focus is currently the
classical analysis of popular algorithms for large-scale optimization. Typos
are inevitable. Use with caution.
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Notation

Unless specified otherwise:

1.

2.

3.

x denotes a single variable, and x denotes a column vector.
x! is the transpose of x, thus a row vector.

f(x) is a scalar-valued multi-variable function.

. Vf(x) is a column vector.

. For a matrix A € R™ ", ||A]| is the spectral norm; o;(A) and \;(A)

denote its singular values and eigenvalues respectively.
VY means for any, and 3 means there exists.

C* functions: the partial derivatives up to k-th order exist and are
continuous.

(a,b) denotes the dot product of two vectors.
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Taylor’s Theorems, Lipschitz
continuity and convexity

In this chapter, we first introduce some tools that will be needed for ana-
lyzing the simplest gradient descent method.

1.1 Multi-variable Taylor’s Theorems
We first start with the well-known mean value theorem in calculus without
proof:

Theorem 1.1. If a function f(x) is continuous on an interval [a,b] and
1/ (x) exists, then there exists ¢ € (a,b) s.t.

fb) = f(a) = f'(c)(b - a).

Remark 1.1. The geometrical meaning of this theorem is simply saying

that there is a point ¢ where the tangent line (with slope f'(c)) is parallel to
1b)—f(a) )

the secant line passing two end points at a and b (with slope ==~

Theorem 1.2 (Single variable Taylor’s Theorem). Suppose that I C R is
an open interval and that f(x) is a function of class C* (f"(x) ewists and
is continuous) on I. For any a € I and h such that a + h € I, there exists
some 0 € (0,1) such that

2
Flat h)= (@) + hf'(a) + " (a+ 01).
Proof. Consider

g1(x) = f(x) = f(a) = (z —a)f'(a)
then g1(a) = g (a) = 0. Define
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then g(a) = ¢'(a) = g(a + h) = 0. By Mean Value Theorem on g(x), we
have
g(a)=gla+h)=0= ¢g'(a+ah)=0, ac(0,1).
Use Mean Value Theorem again on ¢'(x):
gda)=4g(a+ah)=0=¢"(a+6h)=0, 0¢€(0,a).

Since g"(x) = f"(x) — s%g1(a + h), ¢"(a + 6h) = 0 implies that we get
the explicit remainder for the second order Taylor expansion as gi(a + h) =
B £"(a + 0h). O

Theorem 1.3 (Multivariate First Order Taylor’s Theorem). Suppose that
S C R™ is an open set and that f : S — R is a function of class C* on
S (first order partial derivatives exist and are continuous). Then for any
a €S and h € R" such that the line segment connecting a and a + h is
contained in S, there exists 6 € (0,1) such that

f(a+h)=f(a)+Vf(a+6h)-h.
Proof. Define g(t) = f(a+ th). By Mean Value Theorem on ¢(t), there is
0 € (0,1) s.t.
g(1) = g(0) + ¢'(0).
By chain rule, we have ¢’(0) = V f(a+6h)-h, which completes the proof. []

Theorem 1.4 (Multivariate Quadratic Taylor’s Theorem). Suppose that
S C R" is an open set and that f : S — R is a function of class C? on
S (second order partial derivatives exist and are continuous). Then for any
a € S and h € R" such that the line segment connecting a and a + h is
contained in S, there exists 0 € (0,1) such that

fa+h) = f(a)+ V(a) h+ %hTVQf(a + Oh)h.

Proof. Define g(t) = f(a + th). By Theorem [1.2] on g(¢), there is 6 € (0, 1)
s.t.

9(1) = 9(0) +9'(0) + 34"(6).

By chain rule, we have ¢'(0) = Vf(a) - h and ¢”(0) = hTV2f(a + 6h)h,
which completes the proof. O

We need to be careful that these Taylor’s Theorems may not hold for a
vector-valued function. For instance, consider a smooth scalar-valued func-
tion

f:R" — R,
its gradient is a vector-valued function
Vf:R" — R"

One might presume a formula like Vf(a + h) = Vf(a) + V2f(a + 6h)h,
which could be wrong!
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1.2 Convex functions

1.2.1 Definition

Definition 1.1. Consider a function f : R" — R and any x,y € R" and
any A € (0,1).

1. f(x) is called convez if f(Ax+ (1 = N)y) < Af(x)+ (1 =N f(y).
2. f(x) is called strictly convex if f(Ax+(1—=N)y) < Af(x)+(1=N)f(y).
3. f(x) is called strongly convex with a constant parameter > 0 if
FOS 4+ (1= X)y) M)+ (L= VF(y) = EAQC =N x -yl
4. f(x) is (strictly or strongly) concave if —f(x) is (strictly or strongly)
convex.

5. East to verify that f(x) is strongly conver with pu > 0 if and only if
f(x) = Ellz||? is convex. Strong convexity with p =0 is convezity.

6. It is easy to see that

strong convexity = strict converity = convexity.

A convex function does not need to be differentiable, e.g., the single
variable absolute value function f(z) = |z| is convex.

Example 1.1. Any norm of a matric X € R™ "™ is convexr due to the
triangle inequality of norms:

IAX + (1 = VY| < []AX]| + [|(1 = MY ]| = A[X ]+ (1= D).
See Appendiz[A.] for examples of matriz norms.
It is straightforward to verify the following from the definition:
Theorem 1.5. Let f(x) and g(x) be two convex functions. Then
1. f(x)+ g(x) is convex;
2. If g(x) is strictly convez, so is f(x)+ g(x);
3. If g(x) is strongly convez, so is f(x) + g(x).

If a single variable function is continuously differentiable, then being
convex simply means that the derivative f/(z) is increasing, i.e., [f'(y) —
f'(x)](y—=x) > 0. If twice continuously differentiable, then convexity simply
means f”(z) > 0, and strong convexity means f”(z) > p > 0. The following
subsections provide justifications.
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1.2.2 Equivalent conditions

Geometrically convexity also means that function graph is always above any
tangent line: f(z) > f(y) + f'(4)(z — v).

Lemma 1.1. Assume f: R™ — R is continuously differentiable. Then the
following are equivalent definitions of f(x) being convez:

1 f(x) > f(y) +(Vf(y)x—y), ¥xvy.
2. (Vf(y) - Vf(x),y —x) >0, Vx,y.

If replacing > with > above, then we get equivalent definitions for strict
convexity. For strong convexity with parameter p > 0, the following are
equivalent definitions:

1L f(x) > fly) +(Vfly),x—y)+ 5lx—yl? vxy.
2. (Vf(y) = Vf(x),y —x) > pllx—y|? Vx,y.

Proof. We only prove the equivalency for strong convexity, since convexity
is simply strong convexity with u = 0 and discussion for strict convexity is
similar to convexity.

First, assume f(x) is strongly convex, then

JOR 4 (1= N)y) S Af() + (1= N (y) = 5A0 = Nlx — v

<F60) = fy) = Ea=Nx -y

_ fOx+( —AA)y) — f(y)

Let g(t) = f(tx+ (1 —t)y) then g(0) = f(y) and
Jt)=Vfitx+1-t)y) (x—y) = (Vfltx+(1-t)y).x~y).
By the Mean Value Theorem on g(t), there exists s € (0,¢) such that ¢'(s) =

g(t);g(o) , thus

fltx+(1 —tt)y) —fy) _9(®) ;9(0) =g/ (s) = (Vf(sx+(1—5)y),x—y),

and
(Vi(sx+ (1= s)y).x—y) < f(x) = f(y) = 50 =Dl =]
Let t — 0 then s — 0, we get f(x) > f(y) + (Vf(y).x—y) + §lx —y|?>
Second, assume

F60) 2 F(y) + (V). x = ) + Slx — ]
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Then combining with

F9) 2 £0) + (VI (). y =) + S lx = yIP,

we get (Vf(y) = Vf(x),y —x) > pllx —y||*.

Third, assume (Vf(y)—Vf(x),y—x) > pl|x—y||?. Let x; = tx+(1—t)y,
then
(Vf(xe) = Vf(y)sxe —y) = pllxe =y,
thus
(Vf(tx+ (1= t)y) = VI(y), t(x = y)) > ut?x - |,

and
(Vtx+(1=t)y),x—y) > (Vily),x—y)+ pt|x—y|*.

Consider g(t) = f(tx + (1 — t)y), then
1 1 1
| gt = [ (T 1-ty)x-yide = [ (F)xoy) ety
0 0 0

= (VF(¥),x—y) + Slx =y
So

F60) = £(y) = 9(1) = 9(0) > (VF(y), x = )+ Slx—¥II”

Finally, assume
1
Fx) = F) + (Vi) x—y) + 5 Ix=yl% vxy.
Let x; = tx + (1 — t)y, then we have

FO0) 2 Fx0) + (V) x = 1) + 5 x = ],

F(9) 2 Fx0) + (V)3 = x0) + Slly = ],

Combining the two inequalities with coefficients ¢t and 1 — ¢, notice that
x—x=(1-t)(x—-y)andy—x = (—t)(x—y),

flx+ (1 =t)y) <tf(x)+ 1 -1)f(y) - gt(l —1)|lx —y*.

O

Lemma 1.2. Assume f: R"™ — R is twice continuously differentiable (sec-
ond order partial derivatives exist and are continuous).
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1. f(x) is conver if and only if V?f(x) > 0 (Hessian matriz is positive
semi-definite) for all x.

2. f(x) is strongly convex if and only if V2 f(x) > pl for all x.

3. f(x) is strictly convex if V2f(x) > 0 for all x. This is not necessary
even for single variable functions: f(x) = x* is strictly convex but
f"(x) > 0 is not true at x = 0.

Proof. First, we shown assumptions on the Hessian are sufficient for con-
vexity, strict convexity and strong convexity. Apply Multivariate Quadratic
Taylor’s Theorem (Theorem [1.4)), we get

£ = F9)+ V1) (- y) 5 (c—3) V2 Iy +0(x—y)](x—3),0 € (0, 1)

Strong convexity is proven by Lemma [I.I] and the fact that

VS 2l = 5 (x— )y 00— ) —y) = bllx -y

Convexity and strict convexity are similarly proven.
Second, assume f(x) is strongly convex. By Lemma we have

V> 0,¥p,x € R”, [(x +1p) = F(x) + (V/(x), tp) + 5 |tp]*

With the Quadratic Taylor’s Theorem we get
T Lo 72
30 € (0,1), f(x +1tp) = f(x) +tVf(x)"p+ 5t°p" V" f[x + 0p]p

thus
p’ V2 f[x + 0p]

Ip||?

1 %
t'P' V2 f[x+oplp > S tp|* =

Let ¢ — 0, then 8 — 0, we get

p’ V2 f[x]p

T >p, VpeR",p#0.

By the Courant-Fischer-Weyl min- max principle in Appendix we get
V2f[x] > pul. Repeat the same argument for u = 0, we prove the Hessian
condition is sufficient for the convexity. O

Problem 1.1. In gas dynamics, governing hydrodynamics equations are
defined by conservation of mass p, momentum m = (my, my, m,) and total
energy E. The pressure is defined as p = (y—1)(E — %W) in equation of
state for for ideal gas where v > 1 is a constant parameter, e.g., v = 1.4 for

air. Regard p as a function of conservative variables p, my, my, m., E, verify
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that p(p,m, E) is a concave function for p > 0 thus satisfies the Jensen’s
inequity:

P p p P
pla lm| +as |m <aip| |m| |+asp| |lm| |, ai,as>0,a14+as =1.
E E E E
Hint: show the Hessian matrix is negative definite. Start with an easier
2
problem by considering 1D case: p= (v —1)(E — %m?) where m is scalar.

1.2.3 Jensen’s inequality

A convex function by definition satisfies the Jensen’s inequality:
Vx,y, flax+ay) <aif(x)+azf(y), Vai,az >0,a1 +az =1

It is straightforward to extend it to n terms by induction, i.e., Jensen’s
inequality also implies

VXZ', f (Z aiXi> S Zaif(xi), Vai Z 0, Zai =1.
i=1 i=1 i=1

Theorem 1.6 (Jensen’s inequality in integral form). If a single variable
function ¢ : R — R is convez, and fé)g(:c)d:z exists, then

0 (bi / bg(m)dx) <y [ olot@an

Proof. First of all, this result can be proven without assuming the differen-
tiability of the convex function. But for convenience, assume ¢'(z) exists,
then Lemma [I.1] implies

o(t) > d(to) + ¢'(to)(t — to). (1.1)

Plug in tg = ;- ffg(w)dw and t = g(x) we get

dlg(x)] > ¢ (b_la /abg(x)dx> + ¢/ (to) (g(x) -3 i - /abg(x)dac> .

Integrate both sides for variable z, we get

b b
b i a/a olg(z)ldx > ¢ <b—1a/a g(:v)dx) .
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Remark 1.2. The proof above can be easily extended to a nondifferentiable
convex function which is bounded from below by a linear function, e.g., the
proof still holds if assuming there is a slope Sy, for any to € R such that

o(t) = ¢(to) + St (t — to).
For instance, ¢(t) = |t| is not differentiable at to = 0, but we have

[t] = [to] + Sty (t — o)

1 to >0
it S :{ ’1 to <0
-4 0

Recall that the spectral norm of a matrix X is a convex function due
to the triangle inequality. Next, we prove a Jensen’s inequality about the
spectral norm.

Lemma 1.3. Let g : R — R" be a single variable vector-valued function,
which is integrable on [a, b]. Then

/abg(x)das

Proof. Let v = ff g(z)dz, then

b
< [ lg@l do.

Iv]2 = g [ atwyar= [ [g vz-gx:c)] o= [ v.g(@)dr

With Cauchy-Schwartz inequality (v,g(z)) < ||v|||lg(z)|, we get

b b b
vIE < [ Ivllig@lde = VI [ llgG@)lde = [vI [ lg(e)da.
]

Theorem 1.7 (Jensen’s inequality of the spectral norm). Let A(t) : R —
R™™ be a real symmetric matriz valued function. Assume it is integrable
on [0,1]. Then

[ ] < [ 1acopae.

Remark 1.3. The integral of a matriz-valued function A(t) is called the
Bochner integral (for functions mapping to any Banach space). And the
inequality above can be regarded as Jensen’s inequality applying to the spectral
norm, at least for Hermitian matrices, see [, [1]



1.3. LIPSCHITZ CONTINUOUS FUNCTIONS 13

Proof. For real symmetric matrices, the singular values are the absolute
value of eigenvalues. Let v be the unit eigenvector of the matrix fol A(t)dt
for the extreme eigenvalue A\ such that

/01 A(t)div = \v, |A] = H/; A(t)dtH .

Lemma [1.3]and ||v|| = 1 imply

vl = | [ | < [Cacviae s [C1aeiiviae= [ jaiae

The left hand side is

1
vl = Wlivl =13 = | [ A

1.3 Lipschitz continuous functions

Definition 1.2. A function f : R™ — R is called Lipschitz continuous with
Lipschitz constant L if

vx,y € R, [f(x) = f¥)I < Llx -yl

We can easily verify that f(x) = |z| is Lipschitz continuous with L = 1.

Remark 1.4. For a continuously differentiable function f(x), by the Mean
Value Theomem, we have w =|f'(x+6(y—=x))| for some d € (0,1).
Assume |f'(x)] is bounded by L for any x, we obtain Lipschitz continuity.
Assume Lipschitz continuity, and take the limit y — x, we get |f'(x)] <
L. Thus for a continuously differentible function, Lipschitz continuity is
equivalent to boundedness of first order derivative.

Example 1.2. Assume ||V f(x)|| < L,Vx, then f(x) is Lipschitz continuous
with Lipschitz constant L. Apply the Mean Value Theorem to g(t) = f(y +

t(x—y)), we get
l9()=g(0)] =1g'(O)], 0 € (0,1) = [f(x)=f(y)| = (VI (y+0(x~Y)), x=y)I.

With the Cauchy-Schwartz inequality for two vectors (a,b) < |al|||b||, we
get

&)= = [V (y+0(x=y)),x=y)| < [Vf(y+0(x=y))[lx=yll < Llx=yl|.
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Theorem 1.8. For a twice continuously differentiable function (second-
order derivatives exist and are continuous) f : R™ — R, if

IV <L, vx,

where |V2f(x)| denotes the spectral norm, then V f(x) is Lipschitz contin-
uous with Lipschitz constant L.

Example 1.3. Let f(x) = 3x' Kx — x'b where b is a given vector and
—K s the discrete Laplacian matriz as in Appendix @ Then V2 f = K and
we have ||V2f|| < (n+1)2. See Appendiz @

Proof. By Fundamental Theorem of Calculus on a vector-valued single vari-
able function g(t) = Vf(x + th), g(1) — g(0) = [} ¢'(t)dt gives

V/(x+h) = Vf(x) = /01 V2f(x + th)hd.

The definition of spectral norm (See Appendix [A.5)) gives || Ax|| < || A]|||x]]-
With Lemma we have

IVF(x+h) — Vf(x)| = H/Ol v2f<x+th)hdtH
g/ol V2f(x + th)h|| dt

< [ |9 e+ | s

0
/01 VQf(X+th)”dt||h|| = L|h|.

Finally, let h =y — x, we get the Lipschitz continuity. O

Remark 1.5. The proof above can be also be done as the following by The-
orem [T

Vf(x+h)-Vf(x)= /01 V2 f(x + th)hdt

_ </01 v2f(x+th)dt) h.
thus
1
V76 B) = V00l < | [ 925+ ehyae] ]
< [ |9 sc )i

1
< [ Lat|n] = L],
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Unconstrained smooth
optimization algorithms

In this chapter, we consider the unconstrained smooth optimization, i.e.,
minimizing f(x) for x € R".

2.1 Optimality conditions

Definition 2.1. For f : R® — R, x* is a global minimizer if f(x*) <
f(x),vx € S. x* is a local minimizer of f(x) if there is a ball B C R"
centered at X* on which x* is the global minimizer of f(x) restricted on B.

We review the well-known optimality conditions.

Theorem 2.1 (First Order Necessary Conditions). For a C' function (first
order derivatives exist and are continuous) f(x) : R" — R, if x* is a local
minimizer, then V f(x*) = 0.

Proof. Assume Vf(x*) # 0. Let p = —Vf(x*), then g(t) = p" Vf(x* +tp)
is a continuous function, thus

g(0) = —|Vf(x"|?> < 0= 3T > 0,Yt € [0,T],9(t) < 0.
For any fixed t € (0,71, by Theorem [I.3] there is 6 € (0,¢) s.t.
f(x* +1tp) = f(x*) + tp" Vf(x" + 0p) < f(x7).

So along the line segment connecting x* and x* 4 tp for arbitrarily small ¢,
f(x*) is not the smallest function value, which is a contradiction to the fact
that f(x*) is a local minimizer. O

Definition 2.2. x* is called a stationary point or a critical point of the
function f(x) if V f(x*) = 0.

15
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Theorem 2.2 (Second Order Necessary Conditions). For a C? function
(second order derivatives exist and are continuous) f(x) : R* — R, if x*
is a local minimizer, then Vf(x*) = 0 and V2f(x*) > 0 (Hessian matriz is
positive semi-definite).

Proof. Assume V2 f(x*) is not positive semi-definite, then there exists p €
R"s.t. p! V2f(x*)p < 0. The continuity of the function g(t) = p? V2 f(x*+
tp)p implies that

3T > 0,Vt € [0, 7], p? V2f(x* + tp)p < 0.

For any fixed t € (0,7, by Theorem there is 6 € (0,1) s.t.
* * T * 1 2. T2 * *
FxT+tp) = f(x7) +tp" V(X)) + 5t VEf(x™ + Op)p < f(X),

where we have used Theorem So along the line segment connecting x*
and x* + tp for arbitrarily small ¢, f(x*) is not the smallest function value,
which is a contradiction to the fact that f(x*) is a local minimizer. O

Theorem 2.3 (Second Order Sufficient Conditions). For a C? function
(second order derivatives exist and are continuous) f(x) : R" — R, if
Vf(x*) =0 and V2f(x*) > 0 (Hessian matriz is positive definite), then x*
is a strict local minimizer.

Proof. First of all, for the real symmetric Hessian matrix V2 f(x), positive
definiteness means that all eigenvalues are positive.

Second, eigenvalues are continuous functions of matrix entries because
polynomial roots are continuous functions of coefficients, thus the smallest
eigenvalue of V2f(x) is a continuous function of x. Thus, V2f(x*) > 0
implies that there is an open ball centered at x* with radius r» > 0:

B={xeR":|x—x"||<r}

such that V2f(x) > 0,Vx € B.
For any y € B, we have y = x* + p where p € R" with ||p|| < r. By
Theorem there is 6 € (0,1) s.t.

PO +8) = F() + BTV () + 50T VS + 0p)p > (),

which is due to the positive definiteness of V2 f(x* 4+ 6p) (because x* +6p €
B). Tt implies x* is a strict local minimizer on the ball B. O

Theorem 2.4. Assume f(x) : R" — R is convex.

1. Any local minimizer is also a global minimizer.
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2. If f(x) is also continuously differentiable (the same as C* functions),
then x* is a global minimizer if and only if V f(x*) = 0.

Remark 2.1. A conver function may not have any minimizer at all, e.g.,
f(2) = z.
Proof. Let x* be a local minimizer. For any y, there exists 7' > 0 s.t.

vt e (0,T], [f(x"+tly—x")) = f(x),

because x* is a local minimizer. The convexity implies

F+ iy —=x7) = fF(A =) fx" +ty) < (1 =) f(x7) +tf(y)
thus we get f(x*) < f(y).

Next, assume x* is a global minimizer thus also a local one, then Theorem
implies V f(x*) = 0. If assuming V f(x*) = 0, then Lemma [L.1] implies
fx) = f(XT) +(Vf(x),x =x7) = f(x).

O

Theorem 2.5. Assume f(x): R" — R is strongly convex and also con-
tinuously differentiable (the same as C functions). Then f(x) has a unique
global minimizer x*, which is the only critical point of the function.

Proof. By Theorem [2.4] we only need to show f(x) has a global minimum
and the minimizer is unique.
By Theorem [1.1} we have

) 2 f3) + (V) x =)+ Elx—yl%, vx.y.
Plug in y = 0, we get
F6) = £(0) + (V£(0), %) + SIx|%,

which implies f(x) — 400 as ||x|| — oco. Thus for any fixed number M,
there is R > 0 s.t.,

f(x) > M, Vx satisfying [|x] > R.
In particular, consider the R > 0 for M = f(0), and the close ball
B={xeR": x| <R}

The closed ball B is a compact set thus f(x) attains its minimum on B, see
Appendix |C| Let x* be one minimizer of f(x) on B, then x* is the global
minimizer because f(x*) < f(0) = M.

Let x*,y* be two global minimizers, then

) 2 FYIHVF),x =y )+ 5 =y P = Sl =y [P < 0= x" =y,

where we have used Vf(y*) =0 and f(x*) = f(y*). O
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Similar proof also gives

Theorem 2.6. Assume f(x) : R" — R is strictly conver and also con-
tinuously differentiable. If f(x) has a global minimizer x*, then it is unique
and also the only critical point.

Remark 2.2. Strict convezity is not enough to ensure the existence of a
minimizer. For instance, f(x) = e* is strictly convex.

2.2 Gradient descent

The gradient descent method with a constant step size > 0 is the most
popular and also the simplest algorithm for minimizing f(x):

Xp1 =X — NV [f(xx), n>0. (2.1)

In this section, we need to assume the gradient V f(x) is Lipschitz contin-
uous, which however does not necessarily imply f(x) is Lipschitz continuous.
For example, f(z) = x? is not Lipschitz continuous because f’(z) = 2z is
not a bounded function (see Remark [L.4), but f'(2z) = 2z is Lipschitz
continuous because its derivative is a constant.

2.2.1 Stable step sizes

Lemma 2.1 (Descent Lemma). Assume V f(x) is Lipschitz-continuous with
Lipschitz constant L, then

F¥) < £+ (V) y =)+ wlx— vl

Remark 2.3. Notice that there is no assumption on the existence of Hes-
sian. But if assuming ||V2f|| < L, then by Theorem[1./

F(¥) < FO)+ (VI y =) + 50x— 3) V24 (@) (x — y)

which implies

F9) < 00+ (VF6)y = %)+ 5 = %

F9) 2 00+ (563 = %) = Sl = I

where the spectral |V2f| is the largest singular value thus also the largest
magnitude of eigenvalue for a real symmetric matriz, and we have used the
Courant-Fischer-Weyl min-max inequality, see Appendiz[A.1]]
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Remark 2.4. Notice that there is no assumption on convexity. But if as-
suming strong convezity of f(x), by Theorem (1.1

F(9) = () + (V)5 =) + S x — ]

Proof. Let g(t) = f(x + t(y — x)). The fundamental theorem of calculus
gives

o)~ 90) = [ ¢ 0

thus
1

fly) = f(x) = / (VF(x + ty — %)),y — x)dt.

0

Let z(t) = x + t(y — x). Then by subtracting (Vf(x),y — x) from both
sides, we get

55 = 160 = (95 0hy =) = | [ (9 F(0) — 7).y — i
< [ 195 0) - 109,y ~
(Couy-Schwart inequatit) < [ [9(e(0)) ~ 709y — x|
= [F19 56+ 1ty = x0) - 760l — x|
< ([ 2tlly = xlat) ly =<l = Sy = xI”

O
Remark 2.5. The proof also implies
Fly) > £+ (V700 y —x) — 2 llx -y
Lemma 2.2 (Sufficient Decrease Lemma). Assume V f(x) is Lipschitz-

continuous with Lipschitz constant L, then the gradient descent method ([2.1))
satisfies

F6) = £ = V() 2 n1 = Sm) IVFI% o, > 0.

Proof. Lemma [2.1] gives

Flo =V F(0)) < 1)+ (V). -1V F(60) + = [V 70
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Lemma implies that the gradient descent method decreases the
cost function, i.e., f(xx41) < f(xx) for any 1 € (0,%).

In practice, it is difficult to obtain the exact value of L. But any small
enough positive step size 1 can make the iteration stable in the sense
of not blowing up, e.g., f(xx+1) < f(Xx)-

Consider an ordinary differential equation (ODE) system:

d
£u(t) = F(u(t)), u(0)=uy,

T
where u = {ul (t) wuo(t) --- un(t)} . The simplest forward Euler scheme
for this ODE system is

U1 = ug + AtF(ug). (2.2)

If setting F' = —V f and At = 7, then the gradient descent method can
be regarded as the forward Euler scheme above. However, usually (2.2)) is
used for approximating the time-dependent solution u(t), whereas the (12.1))
is used for finding the minimizer ( the steady state ODE solution F'(u) = 0).

Nonetheless, since is exactly the same as , the stability re-
quirement from numerically solving ODE should give the same result as
n< g

Example 2.1. Consider solving the initial boundary value problem for the
one-dimensional heat equation

ur(z,t) = uge(x,t), x€(0,1)
u(z,0) = ug(z), =z €(0,1)
u(z,0) = u(x,1) =0

With the second order discrete Laplacian in Appendiz [B, a semi-discrete

scheme defined on a uniform grid x; = iAx with Az = %H can be written
as an ordinary differential equation (ODE) system:
d
—u(t) = Ku(t), u(0) = uy,
dt
T
where u = [ul(t) ug(t) - un(t)} and u;(t) approzimates u(xz;,t). The

simplest forward Fuler scheme for this ODE system is
ug1 = u + AtKug (2.3)

The linear ODE solver stability requirement ||ugi1]| < ||ug|| gives At <
%Aazz by using eigenvalues of K given in Appendix E

If regarding (2.3) as the gradient descent method, then f(u) = %uTKu,
and ||[V2f| = | K| < xi» as in Appendix [B] This implies the gradient V f
is Lipschitz-continuous with L = ﬁ, thus n < % gives n < %Al‘Q.
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2.2.2 Convergence for Lipschitz continuous V f

Theorem 2.7. Assume V f(x) is Lipschitz-continuous with Lipschitz con-
stant L, and assume f(x) has a global minimizer: f(x) > f(xx),Vx. Then
for the gradient descent method with a constant step size n € (0, %),
the following holds:

1.
Flokn) — F0xk) < (1 = EmIVFP <0, (24)

2. The sequence {f(xx)} converges.

3. lim |V f(xp)| = 0.
k—o0

4.

1 1
oréll?gn IV f(xk)] < \/m\/n(l _ %77) [

Remark 2.6. Notice that none of the conclusions can imply the sequence
{x1} converges to a critical point. As a matter of fact, {x}} may not have
a limit. See an example below.

f(xo0) = f(x4)].

Proof. First of all, by plugging y = x — nV f(x) into Lemma we get

Fsia) = Foxk) < —n(1 — n) V7 (x0)

Second, since 1 € (0, %), we have f(xp41) < f(xx) thus {f(x))} is a
decreasing sequence. Moreover, f(xj) has a lower bound f(x;) > f(xx).
Thus, the sequence {f(xx)} is bounded from below and decreasing, thus it
has a limit (a bounded monotone sequence has a limit, see Appendix .

Let w =n(1 — %n), then w > 0. By summing up (2.4)), we get

1
w

N
- IVF0IR < = 1F0x0) = foewsn)] < = [ 7o) = lim Fx)]
k=0

because {—f(xx)} is an increasing sequence.
N
So 3 |IVf(k)||? is an increasing and bounded above sequence, thus it
k=0

converges, which implies the convergence of the infinite series

00 N
SV = Jim VAR
k=0 k=0

The convergence of the series further implies (see Appendix |C.4)

lim [V £(K)2 =0 = Tim [V/(K)]| = 0.
k—o0 k—o0
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Let gn = max [V f(xy)], then

[f(x0) = F(x:)],

€|~

(n+ g2 < S IVFI < L [7x0) — Foeren) <
k=0

O]

Next, in order to understand the convergence of {xj}, we discuss suf-
[e.°]

ficient conditions for its convergence. For example, assume > ||V f(xy)]|
k=0

converges, then we can prove the convergence of {x} as the foIlowing.
n

n
Define y,, = > (x41 — X)) =1 > Vf(xg), then for any m > n
k=0

i Vf(xk)

k=n+1

<n > VIl

k=n+1

lyn —yml =n

We need to use the notion of Cauchy sequence (see Appendix|C.3). The con-
o0 n

vergence of Y ||V f(xg)| implies a, = Y ||V f(xx)| is a Cauchy sequence,
k=0 k=0

thus
Ve > 0,3N,Ym,n > N, |ay, — ay| < e.

So y, is also a Cauchy sequence, because
Ve > 0,AN,Vm,n > N, |lyn — yml| < nlam — an| < ne.

Therefore, y,, has a limit, which further implies the convergence of x;. How-

ever, the assumption of convergence of § |V f(xk)|| is in general
not true. By the proof of the theorem above, Wz only have the convergence
§ |V f(xx)||?, which does not implies the convergence of § IV f(xk)]]- A
Z;?ck counter-example would be ||V f(xz)|| =  (see App];l(ziix on why

[e.e] o0
> k% converges but > % diverges).
k=0 k=0

Example 2.2. We construct an example for which the gradient descent

method produces almost ||V f(xz)|| = 1. Consider the following function
e, <0
flz) = ;
g(z), >0

where we pick a function g(x) such that
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1. f(x) is very smooth;
2. |f"(x)] <1 for any z, which implies f'(x) is L-continuous with L = 1;

3. f(z) has a global minimizer x..

4

N o

For instance, see the plotted function f(x), which can satisfy all the
assumptions of Theorem[2.7, with Lipschitz constant L = 1 for the derivative
function f'(x).

So a stable step size can be chosen as any positive n < 2. We consider
the following gradient descent iteration with n = 1:

Th+1 = Tk — f/(l’k)
Trog = 0

Notice that all iterates xi stays mon-positive, it can also be written as
Tpy1 =Tk — €%, xo=0.

One can easily implement this on MATLAB to verify that numerically we
have | f'(zy)| = £ for this iteration.

1 % A MATLAB code of an example for Gradient Descent

2 % producing non—-convergent x_k, which goes to infinity.
3 % The cost fuction f(x)=e"x 1f x<0.

4 % Must use zero initial guess and step size eta=1.

5 x=0;

6 eta=1;

7 figure;

8

9

for k=0:10000000
x=x-etaxrexp (x); % simple Gradient Descent
if (mod(k,10000)==0 | k<100)
% plot the iterates (x_k, f(x_k)) the first 100
% then every 10,000 iterations

e e
=W N = O

semilogy (x,exp(x), 'o");
xlabel ('x_ k')

ylabel ('log[f(x_k)]")
hold all

=R e
~N O >
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18 drawnow

19

20 end

21 $ print values of [|f'(x_k)|-1/k](1/k): an indicator
22 % of how close [f'(x_ k)| 1is to 1/k

23 fprintf('¢d ¢d \n', k, abs(exp(x)-1/k) k)

24 end

More importantly, Theorem implies that e** = |f'(z)| — 0 thus
T — —oo. Fwven though we can informally write it as xp — —oo, the
sequence {x1} diverges because it is not Cauchy (see Appendiz , e.g., it
does not have any cluster point.

So in the example above, we can see that Lipschitz-continuity of V f may
not ensure the convergence of the gradient descent to even a critical point!

2.2.3 Convergence for convex functions

Theorem 2.8. Assume V f(x) is Lipschitz-continuous with Lipschitz con-
stant L and f(x) : R® — R is convezr. Then for any x,y:

1. f(y) = f(x) + (VI(x),y —x) + & [IVF(x) — V(¥
2. |Vf(x)=Viy)I? < LVf(x) = VI(y),x—y).

Remark 2.7. Without convexity, by the proof of Lemma|2.1], we only have

Fy) < 00+ (VF()y — %)+ 5 I~ %

F(9) 2 £+ (V) y —x) — olx -yl
With strong convezity, we can have
F(9) 2 F() + (VF(x),y =) + S x — ]

Proof. Define ¢(x) = f(x) — (Vf(x0),x). Then ¢(x) also has Lipschitz

continuous gradient:

IVo(x) = Vo)l = [Vf(x) = V)l < Lix -yl
Apply Lemma [2.1] to ¢(x):

B(x) < 6(y) + (V6(y). x —y) + 5 x— I

(Ka, )| < [lallllbl]) < o(y) + [Vo(y)llllx -yl + gllX ~ vl
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By Theorem [L.5| ¢(x) is also convex because —(V f(x0), %) is convex. More-
over, Vo(x¢) = 0, thus by Theorem X is a global minimizer of V¢(x).
So we get

8(x0) = min 6(x) < nain [0(y) + [ Vow)lx — v + 5~ ¥1?
< min [o(y) + [Vo(y) I + 577]
= 6(y) — 57 IVo)I
Thus ¢(x0) < ¢(y) — 5| Vé(y)||* implies

f(x0) = (Vf(x0),x0) < f(y) = (V[f(x0),y) — %IIV}“(Y) ~ Vf(xo)|*.

Since xq,y are arbitrary, we can also write is as

f(x) = (Vf(x),x) < f(y) = (Vf(x),y) - %I!Vf(Y) - Vi)

which implies

£ + (VI 00,y =) + 5 IVF) = VG < £().

Switching x and y, we get

P HVF)x = 3) + 57 IV )~ VG < f),
and adding two we get

IVf(x) = VI)I® < LVFx) - Viy).x—y).
O

Theorem 2.9. Assume f(x): R™ — R is conver and V f(x) is Lipschitz-
continuous with Lipschitz constant L, and assume f(x) has a global mini-
mizer: f(x) > f(x«),Vx. Then for the gradient descent method with
a constant step size n € (0, %), in addition to conclusions in Theorem
the following holds:

: < olo = xalP,

f&xR) = f(x0) < .

1 1
- TR e
where w = n(% —n).

Remark 2.8. We obtain convergence rate (’)(%), assuming only convexity of
the cost function and Lipschitz-continuity of its gradient. We cannot expect
convergence of X to X, because a convex function may have multiple global
minimizers, e.g., f(x) =0.
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Proof. Define ri, = [|x; — x.||. With Vf(x,) =0, we get

V“k+1 [%k+1 — X*H
= |lxk — nllV.f (xk) — %42
= [l — %12 + [V f (i) 1 + 20k — %, =V f (x1))
= [Ixk — % [? + PPV F(0) 17 = 20(xk — %0, VI (x1) = Vf(x4))

It~ + IV T Ge0) | — 29 ) — V()

=2+ (0~ IV )P,

where we have used Theorem [2.8in the last inequality.
Define Ry, = f(xx) — f(x«). By Lemma|[L.1] we have

f(x) > f(xx) +(VF(xk),x —xx), VX,

IN

thus
J(xe) = f(xk) + (Vf(xk), %0 — xp).
With Cauchy-Schwartz inequality,
f(xp) = f(x) < =(VF(xp), e —xk) < [V F(xn)[lIxe — %],

which can be written as
Ry, < rgl|V f(x)||

thus R
k
=Vl < —-
T
Recall Theorem [2.7] gives

F(ra1) < flxn) = wl[VF ),

thus
Fxas) = F0x2) < Fo) = Fx) =l V£GP
2
0< Ry < Ry~ VIGa)> < R — o k.
k

Multiplying both sides by m, we get

1 1 1 Ry
Ry = Rpqq T Rit1
11 LR 1
> — 4w w—
Ryy1 = Ry 17 Ry1 = Rk ri’

Summing it up for all k =0,1,--- , N, we get

1 1
> +w >—+wN—|—1
RN+1 ;;)Tk Ro >0
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Example 2.3. Consider minimizing f(z) = %w‘l. Its derivative f'(z) = 23
is NOT Lipschitz continuous because f(x) = 3z is not bounded. Theorem
in this section can still apply, because f'(x) = x3 is Lipschitz continuous
with L = 3a® on the interval x € [—a,a], and the gradient descent with
xo = a and sufficiently small step size satisfies xj, € [—a,a).

2.2.4 Convergence for strongly convex functions

Now we consider a strongly convex function f(x) : R” — R with parameter
p > 0, and assume V f(x) is Lipschitz continuous with Lipschitz constant
L. Then Lemma [T.7] gives

(VI(x) = Vf(y),x—y) > pullx—yl

and Lipschitz continuity with Cauchy Schwartz inequality gives

(VIf(x)=Vf(y),x-y) < HVf(X) ~Vilx -yl < Lix - y|I*.

Thus p < L and the Qy = + can be called the condition number of the
function f(x).

Example 2.4. Consider a quadratic function f(x) = %XTKX —xTb with
the negative discrete Laplacian matriz K, then V2f(x) = K > 0. Let oy

and oy be the largest and the smallest singular values of K, respectively.
Then by Appendiz[B, we have

onl <K < o1,

which implies that the Lipschitz constant L for V f (see Theorem@) 1S 07.
By Lemma the strong convexity parameter j = opn. The number Z- is
also called the condition number of the matrix K. So the condition number
of a strongly convex function with Lipschitz continuous gradient, is also the
condition number of the Hessian matriz, if the Hessian matriz is a constant
matriz.

Theorem 2.10. For a function f(x) : R" — R with continuous gradi-
ent Vf(x), the assumptions that f(x) is conver and V f(x) is Lipschitz-
continuous with Lipschitz constant L are equivalent to the following for any

X,y:
0< fy)— F0)— (VFxLy —x) < Clx—yl% (29)
£ +(VI00,y =) + 5 IVI) - V)P < fly). (26)
LIV = VI < (VS6) - Vi) x—y). (@7)

0<(Vf(x)-Vf(y),x—y) <Llx-yl> (2.8)
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Proof. The proof is done by the following steps:
1. convexity of f(x) and Lipschitz continuity of V f(x) imply (2.5));
2. ([25) implics (2.6);

3. (2.6) implies (2.7));
4. (2.7) implies convexity of f(x) and Lipschitz continuity of V f(x);

5. (2.8) is equivalent to ([2.5).

First of all, assume f(x) is convex and V f(x) is Lipschitz-continuous
with Lipschitz constant L, then (12.5)) holds because of the first order condi-
tion of convexity (Lemma and descent lemma (Lemma [2.1)).

Second, assume (2.5)) holds, then (2.5)) implies ¢(x) = f(x) —(V f(x0),x)

satisfies
0<o(x)—o(y) = (Vol(y),x—y)

and
6(x) < 6y) + (Voly). x — y) + = lx — yI
(b)) < bl < 6(y) + Vol Ix ~ ¥l + ¢ Ix — ¥

By Lemmall.1} ¢(x) is also convex. Moreover, V¢(xq) = 0, thus by Theorem
X0 is a global minimizer of V¢ (x). So we get

Hlx0) = min 6(x) < 6(y) + [ Vo()lIx ~ vl + 5 e~ yI?
thus
¢(x0) < min [¢(Y) +IVo)lllix -yl + gHX - sz}
< min [o(y) + Vol + 577]
= 6(y) — 57 IVo)I
Thus ¢(xo) < ¢(y) — 51 [Ve(y)|* implies
Flx0) ~ (T (x0),%0) < ) = (VF(x0),3) = 57 IV () — V(o)

Since xg,y are arbitrary, we can also write is as

fx) = (Vf(x),x) < fly) = (Vf(x).y) - illvf(Y) - Vi),
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which implies

F6) + (VI 00,y =) + 5 IVF ) = VG < £(3).

Switching x and y, we get

fy)+(Vi(y),x— .V>+*||Vf( ) = V)|? < fx),

and adding two we get .

Third, assume . holds then (Vf(x) — Vf(y),x —y) > 0 implies the
convexity by Lemma [1.1} and Cauchy-Schwartz inequality gives Lipschitz
continuity by

%IIVf(X)— FOIP < (V) =V (y).x—y) < [IVx)-VIllx-yl.

Finally, we want to show ({2.8]) is equivalent to (2.5)). Assume (2.5)) holds,
we get (2.8)) by adding the following two:

h

0= f(y) = f(x) = (Vf(x),y —x) < S llx— vl

h

0< f(x) = F(y) = (VS(¥)x—y) < Sy —x[*

Assume (2.8)) holds, we get (2.5)) by Fundamental Theorem of Calculus on
g(t) = f(x+ t(y —x)):

F3) = 1) = [ VGt oy = X))y - X

1
= f(y) = f(x) = (VF(x),y —x) = /0 (VI +ty = x)) = VI(x),y — x)dt
_ /011<w<x+t<y x)) — V£ (x), t(y —x))dt
< [ ntlly —xldt = Sy~ xI”

O]

Theorem 2.11. Assume V f(x) is Lipschitz-continuous with Lipschitz con-
stant L and f(x) : R™ — R is strongly convex with u > 0. Then for any

X,y:
(Vf(x) = Vf(y),x Y>>7H —yl*+ JlrLHVf(X)—Vf(Y)HQ-

Remark 2.9. Plug in =0 and compare it with Theorem [2.8
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Proof. We prove it by discussing two cases.
First, if u = L, then we need to show

(V1) = VE)x—y) > glx =yl + 57 IVF6) — Vi)l
Theorem gives

(VI(x)=Vf(y),x—y)

N | —

S IV I = V)| <

and Lemma gives

(V(x)-Vf(y),x—y) > plx—y|?* = %<Vf(X)—Vf(Y),X—y> > gllx—yllz.

Thus adding two gives the desired inequality.
Second, if i1 # L, define ¢(x) = f(x)—4||x||?, then Vo(x) = V f(x)—
So ¢(x) is a convex function, thus

0 < (Vo(y)=Vé(x),y—x) = (Vf(y)=Vf(x),y=x)—ply—x|? < (L-p) [y —x]*.

By (2.8), V¢ is Lipschitz continuous with the Lipschitz constant L — p.
Thus by using (2.7)) on ¢(x), we get

(Voly) = Volx).y =) = 72— Vo(y) - Vo)

(V1) = T 109y =) = ullx = Y| = 72— V() = V() = uly )|

(VF(y) = VI (x)y =) = ulx — P > L%\\Vf(.v) - Vi)

2
+L Hy X||+ <Vf() Vix),y —x)

Lp
(y) = VS)*+ mHy — x|

L) - Ty - x) >

O

Theorem 2.12 (Global linear rate of gradient descent). Assume f(x) :
R™ — R is strongly convex with u > 0 and V f(x) is Lipschitz-continuous
with Lipschitz constant L. Then f(x) has a unique global minimizer: f(x) >
f(xx),Vx. The gradient descent method with a constant step size n €

(0, L%ru] satisfies

2L\
s =l < (1= 222) o = el
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In particular, if n = Liﬂ, then we have
£y’
[xpt1 — x| < | T [Ix0 — x|,
Lt
m
2k
L(%-1
fErp) —f(x) < 5 | L [Ix0 = % -
2 +1
m
Remark 2.10. For any n € (0, Li—m]’ the convergence rate for the error
Ixx — X«|| has a linear convergence rate O(c¥) with ¢ = (/1 — % which
is a decreasing function of n. The best rate is achieved at n = ﬁ with

L

-1 Lo . . . L. .
c= ﬁH which is an increasing function of the condition number ﬁ This

zmplzes that the best convergence rate will be worse for a larger condition
number.

Proof. Define 1y, = ||x — x«||. With V f(x4) = 0 and Theorem we get

i1 = Xk — x?
= |lxk — nll V. f (x&) — %7
= [l = xl” + 19V £ () |1 + 2(x1 — %, =0V f (%))
= [lxx — %l + IV F (%) 1* = 20(xk — %0, VI (x1) = V(x2))

< Hsz—X*IIQJr772||Vf(X1~<:)||2 —2n I¢e+1 — x4

w+L
-2 IV G) = V)P

2
= (12t ) ik O = IV

Thus for any 7 € (0, Liﬂ),

7
13 < <1 2nu+L> 2

With descent lemma (Lemma , we get

2k
Flo0)= () = (V7 xe) x5 x| = ot < 5 (1= 202 )
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2.2.5 Steepest descent

We can consider a variable step size 1 > 0 in the gradient descent method

Xpy1 = Xk — MV f(Xk) (2.92)

where ;. can be taken as the best step size in the following sense
Nk = arg I;l;l&f(xk —aVf(xg)). (2.9b)

Such an optimal step size is also called full relaxzation. The method
is often called the steepest descent, which is rarely used in practice unless
(12.9b)) can be easily computed. Nonetheless, analyzing its convergence rate
is a starting point for understanding practical algorithms.

Theorem 2.13. For a twice continuously differentiable function f: R"™ —
R, assume pl < V2f(x) < LI where L > p > 0 are constants (eigenvalues
of Hessian have uniform positive bounds), thus f is strongly convex has a
unique minimizer X,. Then the steepest descent method satisfies

k
Fooun) = Fie) < (1) 15x0) = 7o)

Remark 2.11. The rate (1 — %) is not sharp and in general we have

2
(%) <1—1£, eg., the provable fastest rate in Theorem |2.14 for a con-

stant step size ) is better than the provable rate of steepest descent.

Proof. For convenience, let hy = V f(x;). By Multivariate Quadratic Tay-
lor’s Theorem (Theorem , for any a > 0, there exists § € (0,1) and
zr, = X, + 0(x — ahy) such that
1
f(xr — ahy) = f(xx) — ahf V f(xz) + §a2hfv2f(Zk)hk-

The assumption V2f(x) < LI,Vx and the Courant-Fischer-Weyl min-max
principle (Appendix |A.1)) implies

1
f(xx — ahy) < f(xi) — ahIVf(xp) + §La2||hk\|2.
The minimum of the left hand side with respect to « is f(xxr1). The
right hand side is a quadratic function of a. The inequality above still holds

if minimizing both sides with respect to a:

Floks1) = min fxi — aby) < Fxk) — ahf V£ (xi) + 3 Lo

Floks1) < minlf(cx) ~ ahd ¥ (i) + 3 La? g 2] = Foce) — 519 £GP
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thus
1

f&Kig1) = Fx) < f(xr) = f(x4) = ﬁllvf(Xk)llz- (2.10)

Similarly, by Multivariate Quadratic Taylor’s Theorem, and lower bound
assumption I < V2 f(x) with the Courant-Fischer-Weyl min-max principle

(Appendix , we get
F0) > F) + V£ () (¢ = x0) + SlIx = i

Minimizing first the right hand side then the left hand side w.r.t. x, we get

ﬂwzf@w—JNVﬂmm%

f@nzf@w—;JVﬂmﬂ%

thus —||Vf(xx)||? < 2u[f(x«) — f(xx)]. Plugging it into (2.10]), we get the

convergence rate. O

2.2.6 Quadratic functions

2
The better convergence rate (f—jﬂ’j) can be proven for the steep descent

method (2.9)) for a quadratic function

f(x) = %XTAX —xTb,

where A is a positive definite matrix with eigenvalues
O< A< < Ay

Since V2f(x) = A > ul, f(x) is strongly convex thus has a unique
minimizer x, satisfying V f(x.) = 0 < Ax, = b. Define

1
E(x) = i(x —x)TA(x —x,).
Notice that
I ¢ I ¢ 1
Ax, =b = §x* Ax, = gx*b = f(x4) = —ix* Ax,,

thus 1
B(x) = [() + 5x" Ax. = f(x) = [(x.).

For convenience, let hy = V f(x) = Axy — b, then

f(xx —nhy) = %(Xk — nhy) " A(x — nhg) — (xx — nhy)"b.
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The quadratic function of n above is minimized at n, =

h!
hT Ah . Thus

becomes
hl'hy,

hI An;,

Xk+1 = Xk —

So
1

E(Xp41) = §(Xk — x, — mehy) T A(xg — % — mihy)
= E(Xk) — nkth(xk — X*) + T}khTAhk,

E(xi) — E(xpy1)  mehl A(xg — x.) — 3n7h] Ahy,

E(xp) I - x)TA(xg — x2)
Notice that A(x; — x,) = Axx —b = hy and n;, = hhT,;lh , we get
BE(xi) ~ B(xio) _ 2phfh—gfhf Ay [
E(xx) hTA-1h (hTAh)(hTA-1h)

We have proved that

h 4
E(Xk—i-l) = (1 - (hTAh|)|(l’|l|TA1h)> E(Xk)7

or equivalently

4
f(xpt1) — f(x0) = <1 - (hTAh’)l(QI!TA—lh)> [f (k) = f ()]

By the min-max principle (Theorem , we can only get

n” Ah WA~'h 1 NE A
2 ., 0 e g <1-2L
/2 Y (hTAn)(WTA-Th) = X,

which is the same rate as in Theorem In order to get a better rate, we
can use the Kantorovich inequality in Theorem

[h* N\ VR OO YL e O

1= (hTAh)(hTA-1h) = (A +M)2 A/ +1)2

2.3 Line search method

Now we consider a more general method for minimizing f(x):

Xk+1 = Xk + NPk,

where 7 > 0 is a step size and px € R" is a search direction. Examples of
the search direction include:
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1. Gradient method pp = —Vf(xg).
2. Newton’s method py = —[V2f(xx)] 1V f(x).
3. Quasi Newton’s method pj = —BiV f(x1), where By, =~ [V2f(xz)] .

4. Conjugate Gradient Method pp = —(Xp — Xp—1 + BV f(xk)), where
Bk is designed such that py and xj — x;_1 are conjugate (orthogonal
in some sense).

The search direction pg is a descent direction if (px, —V f(xx)) > 0, i.e.,
Pr pointing to the negative gradient direction.

2.3.1 The step size

To find a proper step size 7y, it is natural to ask for a sufficient decrease in
the cost function:

J(xk +mepr) < f(xk) +aamdVf(xx),Pr), c1€(0,1). (2.11a)

The constant c; is usually taken as a small number such as 10~4, and (2.17al)
is called Amijo condition. To avoid unacceptably small step sizes, the cur-
vature condition requires

(Vf(xk +m6Pk)s Pr) = c2(Vf(xk),Pr), c2 € (c1,1). (2.11Db)

Define ¢(n) = f(xx + npx), then ¢'(n) = (Vf(xx + npx), Pr), thus (2.11D)
simply requires ¢'(ng) > c2¢’(0), where ¢'(0) = (Vf(xk),pr) < 0 for a
descent direction pg. Usually, ¢y is taken as 0.9 for Newton and quasi-
Newton methods, and 0.1 in conjugate gradient methods.

The two conditions in with 0 < ¢; < ¢ < 1 are called the Wolfe
conditions.

The following are called the strong Wolfe conditions.

f(xk +npk) < f(xx) +an(VFf(xk)pr), c€(0,1). (2.12a)

[(Vf(xk +m6Pk), Pr)| < ca{V f(xk),Pr)|,  c2 € (c1, 1). (2.12b)

Lemma 2.3. Assume f : R™ — R is continuously differentiable and has
a lower bound, and py is a descent direction. Then for any 0 < ¢1 < co < 1,
there are intervals of n satisfying the Wolfe conditions and the strong
Wolfe conditions (2.12)).

Proof. The line ¢(n) = f(xx) + nei(Vf(xk), pr) has a negative slope with
0 < ¢1 < 1. So the line must intersect with the graph of ¢(n) = f(xx + npk)
at least once for n > 0, because 0 > ¢/(0) > ¢(0), £(0) = ¢(0) and ¢(n) is
bounded below for all 7.
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Let 1 > 0 be the smallest such intersection point. Then

Sk +mpe) = f(xk) + me(Vf(xk), Pr),
and (2.11a]) holds for any n € (0,71) because 11 > 0 is the smallest intersec-
tion point.
By the Mean Value Theorem on ¢(n) = f(xx +npx), there is 2 € (0,71)
such that

f(xk +mpr) — f(xx) = (Vf(xk + n2Pk), mPk)-

By the two equations above, we have

(Vf(xr +m2Pr), Pr) = ci{V f(Xk), P) > c2(V (X)), Pr)-

So n2 satisfies . Since Vf is continuous, there is a small interval
containing 7, in which 7 satisfies (2.11b]). Notice that the left hand side of
the inequality above is negative, thus the strong Wolfe conditions also hold
at 72 and in a small interval containing 7. O

In practice, the search of a proper step size satisfying the Wolfe condi-
tions can be achieved by backtracking, e.g., use 1 < ¢n with ¢ € (0,1) until

the step size satisfies (2.11)).

Example 2.5. For the gradient descent method pr, = —V f(xy) with a fized
step size n < %, where L is the Lipschitz constant for the gradient V f(x),
the descent lemma (Lemma and sufficient descrease lemma (Lemma

gives
L

IV SGI2

f(xe) = f(xp41) 2 0(
ie.,
ot i) < F0) (1~ SV Fxk), b
Son < % satisfies with ¢ =1 — %77.

If we further assume f(x) is strongly convex with > 0. Then Lemma
[17] gives
(VI (%kr1) = VF(xR), X1 — Xu) > pllxrgr — xi],
thus
(Vf(xk +10x) = V(x8), =0V f(x1)) = |0V f ()|
So we get
(VI (xk +npr), =V f(xx)) = (un = DIV f(xi)[1%,

which can be written as

(Vf(xr +mpr), Pr) = c2(V f(Xk), Pr)

with co = 1 — un. By requiring c1 < ca < 1. So if assuming L > 2u, which
is usually satisfied in practice, then any stable step size n < % satisfies the
Wolfe condition (2.11]).
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2.3.2 The convergence

We consider the angle 6, between the negative gradient and the search

direction:
(=Vf(xx), Pr)
IV f(xe) [Pl

Theorem 2.14 (Zoutendijk’s Theorem). Assume f : R"™ — R is contin-
uously differentiable with Lipschitz continuous gradient V f(x), and f(x) is
bounded from below. Consider a line search method X411 = X+ kP, where
Pr s a descent direction and ny, satisfies the Wolfe conditions (2.11f). Then

cos b, =

Z cos? 04|V f (xp) ||> < 4-o0.
k=1

Proof. By , we have
(VF&p1) = VIxR), pr) = (c2 = D)V f(xk), Pr)-
The Lipschitz continuity and Cauchy Schwartz inequality give
(Vf(xpt1) = VI(xr), pe) < IV (xp41) = VI &) Pell < Lkl okl
Combining the two inequalities, we get

ca — 1 (Vf(xx), Pr)
L Ipel?

Mk =

Plugging it into (2.11al), we get

1— s [(VF(xk), Pr)|?
L pel?

f(xk +mpr) < f(xi) — a1

which can be written as

FOs) < F00) — weo BIVI I, w =i
Summing it up, since f(x) > C, we get
Moo, , 1 1
> cos® OV f(xi)|1* < S (x0) = f(xn1)] < —[f(%0) = €.
k=0

N
So ay = Y cos? 0|V f(xx)||? is a bounded and increasing sequence, thus
k=0

the infinite series converges. O

The convergence of the series in Zoutendijk’s Theorem gives cos? 0 ||V f (x| —
0. Thus if cos? 0, > § > 0,Vk, then ||V f(xz)|| — 0.
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Example 2.6. Consider Newton’s method with pr = —[V2f(xx)] 'V f(xz).
Assume the Hessian has some uniform positive bounds for eigenvalues (i.e.,
the Hessian is positive definite with a uniformly bounded condition num-
ber:):

pl <V2f(x) < LI, L>p>0,Vx,

then we have (eigenvalues of A are reciprocals of eigenvalues of A~%)
1 1
SV <1 L2 p> 0
1

For convenience, let By = [V2f(x)]7! and hy = Vf(xy). Since By is
positive definite, its eigenvalues are also singular values. By the definition
of spectral norm, we get

1 1
[Pl = 1BEV f(xi)[| < BRIV f (x)[] < ;IIVf(Xk)II = ;Hth-

By the Courant-Fischer-Weyl min-mazx principle (Appendiz , we have

cos by, — (—=Vf(xx),pr) _ hi Byhy > 4 h{ Byhy Sk 1 7
IV fxi)lllpell  [[hell[[px]l Ihellhell — L L/p

where L/ = ||Bg|||| By} s the condition number of the Hessian. With
Theorem [2.14, we get ||V f(x)|| — 0. Recall that a strongly convez function
has a unique critical point which is the global minimizer. So the Newton’s
method with a step size satisfying the Wolfe conditions (2.11)) converges to
the unique minimizer x, for a strongly convex function f(x) if |[V2f(x)||
has a uniform upper bound, see the problem below.

Problem 2.1. Recall that |V f(xx)|| — 0 may not even imply x, converges
to a critical point, see Example[2.9 Prove that ||V f(xy)|| — 0 implies xj,
converges to the global minimizer under the assumption

pl <V2f(x) < LI, L>p>0,Vx.

2.4 Local convergence rate

So far we have only discussed the global convergence, e.g., the convergence
for arbitrary initial guess xg in an iterative method. If the initial guess is
very close to a minimizer, we can discuss the local convergence.

We will make the following assumptions:

1. The Hessian exists and is Lipschitiz continuous with parameter M > 0:
IV2f(x) = V2f(y) < Mllx —yll, Vx.y,

where the left hand side is the matrix spectral norm.
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2. There exists a local minimum x,, and the Hessian V2 f(x*) is posi-
tive definite:
pl < V2f(x*)< LI, L>pu>0.

Notice that this does not imply the function is strongly convex.

2.4.1 Gradient descent

Consider the gradient descent method

Xp+1 = Xk — NV f(Xk).
By Fundamental Theorem of Calculus on the single variable vector-

valued function g(t) = VFf(x, + t(xx — Xx)), we get

1
V(xp) = VF(x:)-Vf(x2) :/0 V2 f (ot (3 —50)) (30— )t = G (x—%0),
where )
Gr = / V2 f (x4 + t(xp — x.))dt.

0

Then
Xk4+1 — X5 = X — Xi — nGk(Xk - X*) = (I - nGk)(Xk’ - X*)
= [Xpks1 = x| < T = nGrllllxe — x|
Lemma 2.4. If V2 f(x) is Lipschitiz continuous with parameter M > 0 and
lx —yl|| =, then
V2 f(x) — Mrl < V?f(y) < V?f(x)+ Mrl.

Proof. Let H = V2f(y) — V2f(x). Since H is real symmetric, its singu-
lar values are absolute values of its eigenvalues, Lipschitiz continuity gives
|H|| < M||x —y|| = Mr = |\(H)| < Mr, where \;(H) denotes the eigen-
value. So \j(H) — Mr <0 and Mr — \;(H) > 0. O

Theorem 2.15 (Local linear rate of gradient descent). Let f(x) satisfy
the assumptions in this section. Let xqg be close enough to a strict local

MINIMIZETr Xy :
_ 2u
ro = ||X0 *X*H <r= M
Then the gradient descent method with a fixed step size 0 < n < L%ru satisfies
[xrg1 = x| < crllxn — %],

where

1 1
e = mac{[1 =l — 5 M|, = )], 1= (L + 5 Mg = x|} < 1.
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In particular, if n = %ﬂ?

= k

70 2

XK1 — x| < — (1— a ) Ix0 — x|
F—ro 1

Remark 2.12. The numbers i and L in this local convergence rate theorem
are eigenvalues bounds of the Hessian at only X, rather than uniform bounds
for the Hessian at all x.

Proof. Let ry, = ||x; — X«||, by the lemma above, we have
V2 f(xi) — tMrl < V2 f(x + t(xp — x4)) < V2 f(x0) + tMry]

thus
(b — tMri)T < V2 f (% 4+ t(xp — %4)) < (L4 tMry)1.

Notice that the inequalities still hold after integration. For instance,
(—tMrp)I < V2 f ()t (xp—%4)) © V2 f (xatt (=% ))— (u—t Mri) T > 0,

and
[ 196+ 05— x0) — (3 DM 2 0

because

Vz, 2 [V2f(xe +t(xp — %)) — (u— tMrp)I]z >0

=zl /Ol[sz(x* + t(xk — X)) — (. — tMry)I]dtz > 0.

So after integration we get

1 1
(/J — iMTk)I < Gk < (L + iMrk)L

1 1
[1—n(L+ iMTk)]I <I-—nGr<[l—nu- iMTk)]I‘

So
1 = nGrll < max{[ax(n)], [bx(n)[}
where
1 1
ag(n) =1 —=n(p—5Mry), be(n) =1-n(L+ 5 Mrg).
Notice that a;(0) = 1 and aj(n) = —(u — $Mry) < 0, if assuming
rp < ZM“ And b,(0) = 1 and bj(n) = —(L + $Mry) < 0. For small

enough 7, ||[I — nGy|| < 1, which can ensure 71 < 7 since ||xp41 — Xy <
1T = nGrllllxk — %-
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In particular, under the assumption r; < 7, it is straightforward to check
that 5
n< T lar(n)] <1,

< = |b <L
n< = Il
Now set n = Li , then bg(n) < 0 and ax(n) > 0. In this case, with
n = +— it is straightforward to check that

L+u

L—pu
— bl M
lax(n)] = |bk(n)| = I + N5 Mk

Therefore, i1 < ||I — NG|k gives
L—yu M

T < rE + T
LA AR

Let a; = Lﬂtrk and ¢ = L+# < 1, then it is equivalent to
1— (ar — q)? 1 ag
apt1 < (1—q)ap+ai = ag[l+(ar—q)] = ax < ak = .
+ ( ) k [ ( )] 1_(ak_Q) 1—(ak_q> 1+q—ay
1 1 1
= Sl SR B [ ) A R R T Y
agr1 a+tk k41 ay a
So we get
q q r
—1> 1+ -1) = (1+g"— -1,
Ak+1 ao 7o
thus

1
qro < qro

< .
“ro+ 14+ @kF—ro) T F—ro(1+q)*

2.4.2 Newton’s method

Newton’s method is the most well-known method to approximately solve a
nonlinear equation F(x) = 0 where F': R"™ — R" is a smooth function:

Xp+1 =X — VE(x) 1 F(xp),

where VF' is the Jacobian matrix.
The Babylonian method for finding square roots, especially the root of 2,
has been known since the ancient Babylon period around the 17th century

BC. It is preciously Newton’s method applying to the function F(z) = 2%—2:

Tp1 = xp — F(ag) [ F' () = o3, — (2 — 2)/(2ex) = 2x/2 + 1/ 5.
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If 29 = 1, then x3 = 1.41421568627 and |23 — /2| = 2.12E — 6.
When applying the Newton’s method to V f(x) = 0 for finding minimiz-
ers of f(x), we obtain the Newton’s method for finding critical points:

Xpp1 = Xp, — [V2f(x8)] 7'V F(xp).

Another way to derive the simplest Newton’s method is to consider a
quadratic function:

B = )+ (x =) £ 1) 3 0 — 2"V () o — ).

Assume the Hessian is positive definite, define x;1 as the minimizer of ¢(x).
Then

0 = Vo(xri1) = VI (xx) + V2 (x0) (X1 — X2)

gives the Newton’s method.

Theorem 2.16 (Local quadratic rate of Newton’s method). Let f(x) satisfy
the assumptions in this section. Let xqg be close enough to a strict local
MINTMIZEr Xy !
_ s 2u
ro = ||x0 — Xu|| <7 = YR

Then ri, = ||xx — x«|| < 7, and Newton’s method converges quadratically,
M||xg — X ||? 3M

Xpr1 — Xy < < T lxp — x|

Proof.
Xpr1 — X = Xp — X, — [V2F ()] [V (1) = V()]
1
=0 =3, = (V2] [ 9200+ 100, = ) o =)l
= [V2f(xx)] ' Gr(xs — %)

where .
Gy = /O (V2 (x) — Vf2(xs + t(x5 — x.)]dt.

By Theorem and Lipschitz continuity of the Hessian,

1
Gl < /0 IV2 f (i) = V(3¢ + t(xp — %) |1t

1
< [ M- 0l - x|
0

1
— Zp M.
9"k
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With Lemma We also have
V2 (xp) > V(%) — Mryd > (pn— Mry)1.
Soif rp < 44, Vf%(x)) > 0 and
IV 2 ()] 7L< (e — Morg) ™
Thus if r, < f—ﬂ, we get

2
My,

2(p — Mr) — "

rep1 < V2 (x0)] " I Grxe—x0ll < NV F2(x0))HIGRllre <

O]

2.5 Accelerated gradient method

The accelerated gradient descent method is a very popular class of first order
methods for large scale minimization problems. The original accelerated
gradient method [3] proposed by Nesterov in 1983 takes the following form:

Xit1 =Yk — MV (Yk)

tht1 :%<1+1/4ti+1> X0 = Yo, = 1.

— tp—1 _
Vit = Xpp1 + - (Kep1 — %)

For convenience, we can take n; = % where L is Lipschitz constant of the

gradient Vf(x), and use a slightly different t51; = %, then we have a

slightly different version of Nesterov’s accelerated gradient method:

{Xk+1 =yr — 1V £(yr) X0 = o

k—1
YE+1l = Xkl + 1z (Xet1 — Xx)

This method requires only one evaluation of the gradient per iteration,
yet a global O(k%) convergence rate can be proven for a convex function
f(x) with a Lipschtitz continuous gradient. Recall that the gradient descent
method has a global (’)(%) convergence rate for the same function as proven
in Theorem 2.9

However, the provable rate O(%) or O(k%) usually represents the worst
case scenario of all iterates in an iterative algorithm. The worst case may
or may not happen in practice. Thus the accelerated gradient method is
not necessarily faster than the gradient descent method for a given convex
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functions f(x) with Lipschtitz continuous gradient, even though it is indeed
better in many applications.

Recall that we get the stable step size n € (0, %] for the gradient descent
method by requiring cost function to decrease in each iteration f(xp4+1) <
f(xx). But in the accelerated gradient method, there is no monotonicity
guarantee on the sequences {f(xx)} and {f(yx)}.

2.5.1 Convergence rate

To prove the convergence rate O(k%) and also to see how the sequence g
and step sizes 7 should be chosen, we consider the following method for
a convex function f(x) with Lipschitz continuous gradient (with Lipschitz
constant L):

X0 = Yo-

{Xk-i-l =y — MV f(yr)

— tr—1 —
Vi1 = Xpp1 + F (e — %)

Apply the descent lemme (Lemma toy = Xp41 and X = yg:

L
Firr) < flyi) + (VI (yh) Xper = yi) + S llye = X1 . (2.13)
The convexity implies

f) =2 fy)+&x -y, Vi),

thus
f(xk) = f(yr) + Xk — ¥k, VI(YE))-

Subtracting two inequalities, we get

L
J(xx) = f(Xng1) > _EHYk — xpp1 ]2+ (X — Xpr1, VI (YE))

L 1

= —§||Yk — Xp1 I+ Xk — X1, — Yk — Xkg1))

Nk

L ) 1

= —EH}% — X1 || + Xk — YE + Yk — Xbt1, %(Yk — Xj41))
1 L , 1

=(— = MYk — Xg+1]|” + — (V& — Xk+1, Xk — Yk)-

(77k 2)II w1 77k< + )
Thus

L
el f () = F ()] 2 (L= llyn — X1 |* 4 (Yk — X1, Xk — Yi)-
Similarly, convexity implies

f(xe) > f(yr) + (X« — Y8 VI (yr))-
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Subtract it with (2.13)), we get

V

F0) = Foken) = — 5 vk — il (e x40, V()

L 1
= —§|’}’k - XkJrlH2 + (%o = Xpg1, — (Vb — Xk41))
Nk

= —§||Yk — Xpp1]]” + (X — Yr + Vi — Xit1, %(Yk — Xk+1))

1 L , 1
=(— = S)¥Ye — Xg+1]|” + — (Y& — Xg+1, X« — Yik)-
(77k 5l +1l 77k< +1, X )

Now assume 7, = %, then we have

L
> =
2
L
> =
2

yE — Xk l” + LYk — X1, Xk — Vi),

fk) = f(Xet)
f) = f(Xh41)

vk — Xks1l? + L(YE — Xkt 1, Xe — YE)-

Next, let Ry = f(xx) — f(x.) where x, is a global minimizer. Then
multiplying the first inequality by ¢; — 1 and add it the second one, we get

L
(tk—1) R —ti Rg1 > §tkHYk_Xk+1H2+L<Yk_Xk+17 (th— )X —tpyr —Xs).
Multiply it by t:
2 L 2

b (te—1) R —tp Rier 2 106 (=g T+ Lt (Y —X041) (B —1)xp—tky k=)
(2.14)

Assume we have

thp1 — the1 <t
then

L
th_1 Ry—tjRyt1 > §\|tk(}’k*><k+1)H2+L<tkz(§’k*Xk+1), (t—1)Xk—tryr—Xu).
(2.15)
For the right hand side dot product, let

a=1tyr, b=tX1, c=(r—1)x;+ X,

then the right hand side can be written as

L ) L
5(Ha—bu +2(c —a,a-b)) =3

(b= el — la—cl?)

It can be written as

ti  Re—tiRyq1 >

N | b

(Htwxrs = [ = D+l = ewyn = [t = e+ 1) -
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Let upt1 = texpr1 — [(tk — l)Xk + X*], then with
tp — 1
Ukt

Yit+1 = Xgr1 + (Xp1 — Xi) = b1 X1 + (B — 1)Xp = Lo 1 Vi1,
we get

ey — [(te — D)xp + x4 = thaxp — [(te—1 — DXp—1 + X = uy.

So

N |

2 1 Re — iR > = (|l wepr || — [[ugl/?)
thus

L L
tiRkH + §||uk+1||2 < ti—le + §||Uk:\|27

which implies
2R < 2R £ 2< 2R £ 2
ik < tp R + 5 [ < t5R: + 3 [ ||,

and ) I
Ry < 5 [t3R1 + = [lu]|?).
ti 2
So in order to obtain O(k%), we should use tj satisfying ¢, = O(k).
For instance, assume t% —t = t%fl with 9 = 1, then we can easily show
ty > % by induction.
All the discussions can be summarized as:

Theorem 2.17. Assume the function f(x) : R" — R is conver with a
global minimizer x,. Assume V f(x) is Lipschitz continuous with constant
L. Assume tz — ity = tz_l with tg = 1. Then the following accelerated
gradient method

X0 =Yo,

{Xk+1 =yi— tVf(yk)

_ tp—1 _
Yhtt = Xpp1 + o (Kes1 — Xp)

satisfies

Fxu) = 700 < o (Fox0) = 1) + Sl = ).

Remark 2.13. Obviously the theorem still holds if we plug in t, = £,

2
then the algorithm is simplied to

{Xk+1 =yi— tVf(yr) X0 = Yo

k1
Ye+1l = Xkl + 15 (Xkt1 — Xk)
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_ 1 ;
To consider a variable step size, now assume n; = b—f < (a+ )Z with
a > 0, then
L 1 1
Uk—*ZaLv 7:bkL7 kaa‘F*
2 Nk 2
we have

F(xk) = f(xp41) > aLllyk — Xpp1||” + bk L{Yr — Xk+1, X5 — Vi),
f(x) — f(xig1) > aLllyr — i ||® + 0pL(yr — Xp41, X — Vi)

Multiplying the first one by (¢ — 1) and add it to the second one, we get
(th—=1) Ry —ti Rpy1 > aLty|[yn—xpp |2 +0k LYk =Xk 115 (b= 1) Xk~ ey b —Xe).
Multiply it by tg:

tr(te—1) Re—t; Riy1 > aL |t (yr—%p41) [P0k Ltk (Yr—Xk11), (be—1)Xp—try e —Xa).-
(2.16)
Assume we have
Bor— b <12

then

th 1 Ri—ti Riy1 > aLlltr(ye—%ps1) [P H0k Ltk (Ye—Xn11), (e —1)Xp—tryk—X).-
(2.17)
For the right hand side dot product, let

a=tyyr, b= tkXk+1, C= (tk — 1)Xk + Xk.

Assume b < 2a, which implies a > %, then the right hand side can be

written as
#aRe iR = 25 ((a bl + 2(c - aa b))
szQ\—bW+2®—aa—b»
=P (ol ~ la—cl?)
> DL (1o )

It can be written as

2a +1

th 1Ry — t; Ry > L(ups]* = [Juel?)

thus 2 +1 2 +1
a a
Lllug|* < i Ri +

tiRk+1 + LHukHZ
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which implies

2a + 1 2a +1

ti Ry < tiRis1 + Llugs|® < tgRy + L,
and 1 %041
a
Rpq1 < ?[thl + =Ll
k

Theorem 2.18. Assume the function f(x) : R® — R is convex with a
global minimizer x,. Assume V f(x) is Lipschitz continuous with constant
L. Assume 2 —t, = t3_, with to = 1. Consider the following accelerated
gradient method

{Xk—l—l =yr — MV f(ye)

_ X0 = Yo-
Vel = Xppt + E (X — Xe)
If
11 1 1 1
— =< < — > — vk
2al == IT YT T
then
4 2a +1
F60) = 7o) < 1 (000 = £ + 2 L = xR

Remark 2.14. Notice that we only have 1 < % FEven though it may
converge with a slightly larger ny, in practice, the accelerated gradient method
might blow up for a step size like n = %, which is however a stable one for
the gradient descent method.
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Appendix A

Linear algebra

A.1 Eigenvalues and Courant-Fischer-Weyl min-
max principle
Notations and quick facts:
o AT denote the transpose. A* denote the conjugate transpose of A.

e A matrix A € C"" is called Hermitian if A* = A. Any Hermitian
matrix A has real eigenvalues A\ > Ay > --- > )\, with a complete set
of orthonormal eigenvectors.

o Any real symmetric matrix has real eigenvalues A\;y > Ao > --- > )\,
with a complete set of real orthonormal eigenvectors.

For a Hermitian matrix A, Rayleigh-Ritz quotient is defined as

*A
Ra(z) = ==X zeq™
T
Let {v; € C": j =1,--- ,n} be orthonormal eigenvectors of A then they

n
form a basis. Thus any vector x can be expressed as x = ) a;jvj. Let V be

7=1
a matrix with columns as v; and a be a column vector with entries a;. Then

n
z=Vaand z*z = a*V*Va = a*a = . |a;|>. Let A be a diagonal matrix

7j=1

n
with diagonal entries A\;. We have Av; = A\jv; thus Az = > ajAv; =
j=1

> ajAjvj = VAa. Thus 2* Az = a*V*VAa = a*Aa = Y A\jla;|?. So we get
j=1 j=1

n n n
MY lag? <o Njlag? < A eyl
j=1 j=1 j=1
which is the min-max principle.

o1
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Theorem A.1 (Courant-Fischer-Weyl min-max principle). Let A\ and A,
be the largest and the smallest eigenvalues of a Hermitian matriz A, then
for any vector x € C™,

x*Ax

x*x

Ap <

< A1

Next, we consider a positive definite matrix A, i.e., the eigenvalues are
positive:
AM>A > 2> 0, > 0.

Then A is invertible and A~! has the same eigenvectors v; with eigenvalues
AL
Theorem A.2 (Kantorovich inequality). Let A € C™*" be a positive defi-

nite matriz, then

[l AAiAn

> "
AN @ A 1D = gt el

Proof. With similar discussions as before, we get

" 2
2
.
] B L—l' i ]

1
j=1 j=1 B

Il
—

J

laz|?
n

> lag)?

j=1

where b; = . We can rewrite it as

Izt e)
(x*Ax)(z*A~1z) (b))’

where ¢(b) = ——L— and ¥(b) = . b;/A;.
Z )\jbj j=1

Consider the convex function g(\) = 1, then ¢(b) = g(\.) with a specific
point A\, = > \;b;.
j=1

Consider a line segment connecting (A1, )\%) and (A, %) in the same
plane where the graph of g(\) lies. Then this line segment intersects with
the vertical line A = A, at some point (A, /\—Cl + %) where ¢+ d = 1 and
c,d > 0.

Notice that all the b; form a set of convex combination coefficients, thus
the value of ¥(b) can be regarded as a convex combination of points (A, %)
for all j, which is a point in the same plane. In particular, this point is on
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the vertical line A = A, and lower than the intersection point (A,
and higher than (A, )\—1*) due to the convexity of the function g(\)

So we have
o) 1/A
— c d "
) T £+ L
Notice that A\* can also be written as \* = ¢A\y + d\,. Since ¢ =1 — d and
d=1-—c, we get

c d cAp+dyi (I—=d)A+ 1 —c)A1 A1+ A — A

SVRLED WS V5 W A, = 0
Hhos s(b) 1/ 1/A 1/
> N * > min @ —F——.
O e s v R O D v oy

The minimum value is achieved at A = (A1 + A,)/2. Plug it in, the proof is
concluded. O

A.2 Singular values

For a matrix A € C™*", let A* denote the conjugate transpose of A. Then
A*A and AA* are both positive semi-definite (or definite) Hermitian matri-
ces thus have real non-negative eigenvalues, denoted as A\;(A*A) and \;(AA™)
ordering by magnitudes.

The matrix A has [ = min{m, n} singular values, defined as

0i(A4) = \JNi(A*A) = (A4,

The singular values are defined for any matrix A and are always real non-
negative. Eigenvalues are defined for square matrices and are not necessarily
real.

A.3 Singular value decomposition

Theorem A.3. Let | < min{m,n}. Any matric A € C"™*" of rank k has a
decomposition A = UXV* (singular value decomposition (SVD) where
U of size m X1 and V of size n X | have orthonormal columns and ¥ of
size I x | is diagonal matriz with singular values of A. It also has a compact
decomposition A = U;X1 V) (compact SVD) where where U of size m X k
andV of size nxk have orthonormal columns and X1 of size kx k is diagonal
matriz with nonzero singular values of A.

Proof. Assume n < m, we consider the matrix A*A (if n > m, similar
procedure for AA*). The matrix A*A is positive semi-definite Hermitian
thus has non-negative real eigenvalues with a complete set of orthonormal
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eigenvectors. And A*A has the same rank as A (why? good excercise to

figure it out), thus A*A has k nonzero eigenvalues. Let D be a k x k diagonal

matrix with all nonzero eigenvalues of A*A as diagonal entries, and V be a
n X n matrix with orthonormal eigenvectors as columns. Then

D 0

V*A*AV = :

Let V' = [V} V3] corresponding to nonzero and zero eigenvalues, then
V'l i« D0
lVf] AA V| = lo 0] .
By multiplying matrices in the left hand side above, we get
Vi A*AVy = D, VyA*AV, =0.

Recall V' = [V} V5] has orthonormal columns thus VV* = I, which implies
ViVY + Vs = L.

Next, since V5 consists of eigenvectors to zero eigenvalue of A*A, we
get A*AVy = 0 thus V5A*AV, = 0. So we must have AVy = 0 because it
contradicts with V5" A* AV, = 0 otherwise.

Let Uy = AV, D3 where D3 is defined as taking square root for diagonal
entries of D. Then

U\D2Vy = AWV = A(I — VaVif) = A — (AVL)Vy = A.

The decomposition A = UlD%Vf‘ is exactly the compact SVD. Pick any U,
of size n x (n — k) such that U = [U; Uy| is a unitary matrix and define ¥

of size n X n as
5_|D? o)
0O O

then A = UXV is the full SVD. O
From the proof above, we get the following facts:
e The columns of V' (right-singular vectors) are eigenvectors of A*A.
o The columns of U (left-singular vectors) are eigenvectors of AAx.
o A real matrix A has real singular vectors.

e Let u; and v; be i-th columns of U and V corresponding i-th singular
value 0;(A), then

Av; = oy, A*u; = ojv;.
KA Ty T Y
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e The rank of A is also the number of nonzero singular values of A.

e The compact SVD of A looks like this:

A= &Eﬁ

01
X =

with

Ok

It is a convention to order o; in decreasing order: o1 > g9 > - -+ > 0.

o For a Hermitian (or real symmetric) positive semi-definite (PSD) ma-
trix A and its SVD A = UXV* we must have U = V, thus its SVD
A = UXU* is also its eigenvalue decomposition. Therefore, singular
values are also eigenvalues for PSD matrices.

A.4 Vector norms

T
Fora::{xl Tog - l‘n} :

n
o 2-norm: ||z|| = |x|§
\/ =1

n
o I-norm: ||z|1 = X |zl;.
j=1

o 00-norm: ||z||e = max; |xl;.

A.5 DMatrix norms

For a rank k matrix A = (a;;) of size mxn, assume its SVD is A = UXV with

T
nonzero singular values o1 > g9 > --- > 0. Let o = {01 oy - ak] .
There are many norms of matrices. The following are a few important ones:

o Spectral norm: ||A|| is defined as ||A|| = max ”ﬂqgﬁH
zeCn [l

matrices) and ||A| is equal to the largest singular value of A. By
Courant-Fischer-Weyl min-max principle Theorem

| Az|| | Az||? o* A* Ax
= = — < * .
el =\ T2 e S

By taking x = v, the eigenvector of A*A corresponding to Aj(A*A),
we get [|A|| = /A1 (A*A) = 0;.

(x € R™ for real
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o Frobenius norm: |A||rp = /tr(A*A) =

APPENDIX A. LINEAR ALGEBRA

3

lai;j|>. We have ||A||lp =

n
i=1j5=1

Il
—

||| because

|Allp = \Jtr(V*SU-USY) = \/tr(V*£2V) =\ [tr(VV*52) = [3 02,
J

where we have used the property of trace function tr(ABC) = tr(CAB)
for three matrices A, B, C of proper sizes.

Nuclear norm: ||A||x = 01+ o2 + -+ - 0. Then the nuclear norm of A
is simply ||o]|:.

Matriz 1-norm: ||A|; = max | Azlls (x € R™ for real matrices). Since

geCn Nzl
Az is a linear combination of columns of A, therefore ||Ax||; for ||z||; =

1 is less than or equal to a convex combination of 1-norm of columns
m
of A thus [|Al|; = max }_ |asl.
Joi=1

Matriz co-norm: ||Allcc = max LAz oo (x € R" for real matrices). It

geCn Nzl

n
is easy to show ||A|lcc = max Y |ai;|.
iog=1

Useful facts:

o For a matrix norm ||A[| induced by vector norms such as spectral

norm, 1 — norm and oco-norm, by definition we have
Azl < Al - |l
Since [[ABzx||| < [[All - [ B[] < [I[All - I BII - lz]ll, we also have

ABI| < 1Al - [ Bl

o For a matrix norm [|A|| defined through singular values such as spec-

tral norm, Frobenius norm and nuclear norm, it is invariant after uni-
tary transformation: let 7' and S be unitary matrices, then ||Al| =
ITAS||. Notice that TAS = (TU)X(V*S) is the SVD of T'AS, so
T AS has the same singular values as A.

A.6 Normal matrices

A matrix A is normal if A*A = AA*. The following are equivalent:

o A*A=AA*.
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e oi(4) = (A

e A is diagonalizable by unitary matrix: A = UAU* where A is diago-
nal. (Obviously, A = UAU* is also its eigenvalue decomposition. In
other words, A has a complete set of orthonormal eigenvectors (but
eigenvalues could be negative, could be complex). If A has negative
or complex diagonal entries, then A = UAU™ is not SVD and its SVD
has the form A = U|A|V* where |A] is a diagonal matrix with diagonal
entries |A;|. )

The equivalency can be easily established by SVD. All Hermitian matrices
including PSD matrices are normal. Here is one non-Hermitian normal
matrix example: a matrix A is skew-Hermitian if A* = —A. Skew-Hermitian
matrices are normal and always have purely imaginary eigenvalues.
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Appendix B

Discrete Laplacian

B.1 Finite difference approximations

For a smooth function u(z), define the following finite difference operators
approximating u'(z) at the point z:

o Forward Difference:  Dyu(Z) = M

o Backward Difference: D_u(z) = W
o Centered Difference:  Dou(z) = W
By Taylor expansion, the truncation errors of these operators are

Dyu(®) = o'(F) + O(h), Dou(F) = ' (7) + O(h2).

Define Dyu(z) = “(Cﬂh/m;u(i*hm, then a classial second order finite
difference approximation to v”(z) at 7 is given by (denoted by D?):
u(z+ h) —2u(z) +u(z —h)
2

D?u(z) = Dy D_u(&) = DyDou(z) = =u"(2)+O(h?).

The Poisson’s equations are

e 1D: v (x) = f(x)

o 2D: Au(z,y) = gy + Uyy = f(,7).
o 3D: Au(z,y,2) = f(z,y, 2).

B.2 1D BVP: Dirichlet b.c.

Consider solving the 1D Poisson’s equation with homogeneous Dirichlet
boundary conditions:

{ —u'(z) = fx), @ e(0,1), (B.1)
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Discretize the domain [0, 1] by a uniform grid with spacing h = %H and
n interior nodes: z; = jh, j =1,2,--- ,n. See Figure Let u(z) denote
the true solution and f; = f(x;). For convenience, define two ghost points
zo = 0 and zp41 = 1. Let u; be the value of the numerical solution at x;.
Since two end values are given as u(0) = 0,u(1) = 0, only the interior point
values u;(j = 1,--- ,n) are unknowns. After approximating ngTZ? by D?, we
get a finite difference scheme

—Uj_ 2Ui — U
—DQ’U,]: J 1+h2] i+l :f]> J=L2--n (B2)
° o 0 O-------- O-------- o 0O
0 T T2 T3 xj = jh Tn—1 Tn

Figure B.1: An illustration of the discretized domain.

Define
2 -1
u1 fi -1 2 -1
U2 Ja 1 -1 2 -1
Uy, = , F= e K= 72
Un fn -1 2 —1

With the boundary values ug = 0 and u,11 = 0 from the boundary condi-
tion, we can rewrite the finite difference scheme in the matrix vector form:

KU, = F.

B.2.1 Eigenvalues of K

In general it is difficult to find exact eigenvalues of a large matrix. For
the K matrix, if U is an eigenvector, then KU = AU approximates the
eigenfunction problem:

—u" = Au, u(0) = u(1) = 0. (B.3)

This is standard knowledge in an ordinary differential equation course to
find such eigenfunctions as sin(mmx) with eigenvalues \,, = m?r? for m =
1,2,---. So we expect that the eigenvectors of K would look like sin(mmz)
for small h. With the following trigonometric formulas,

sin(mnzji1) = sin(mm(xj+h)) = sin(mnz;) cos(mmh)+cos(mnx;) sin(mnh),

sin(mnzj_1) = sin(mm(x;—h)) = sin(mnz;) cos(mnh)—cos(mnx;) sin(mnh),
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thus,
—sin(mnrx;j_1) + 2sin(mnx;) — sin(mnzj11) = (2 — 2 cos(mmh)) sin(mnz;).
Notice the facts that sin(mmxg) = 0 and sin(mnx,+1) = 0, we also have
2sin(mmzy) — sin(mmzy) = (2 — 2cos(mmh)) sin(mnrxy),
—sin(mnxy—1) + 2sin(mnrzy,) = (2 — 2 cos(mmh)) sin(mnz,).

Let x = [x1, 29, - ,2,]7, then the eigenvectors of K are v,, = sin(mmx):

K sin(mnx) = — (2 — 2cos(mmh)) sin(mnx), m=1,2,--- n,

h2

with eigenvalues

1 1 5,
Am = ﬁ[Z — 2cos(mmh)] = 4? sin (mgh)

Since all eigenvalues are positive, K is a positive definite matrix, thus
singular values are also eigenvalues. We have

1 1
K| = o1 = m£x4sin2(mgh) =47 sinZ(gnLH) <dos,
and 1 1
n},ilnélsinQ(m%h) = 4? sinz(gn n 1)

Thus we have 1 4
41— sinz(gh)l <K< I

h? h?
for any n where h = %H
Define the eigenvector matrix as S = [sin(rx) sin(27x) --- sin(n7x)]
and consider the diagonal matrix A with diagonal entries H#S‘Q(m”h), m =

1,---,n. Then K = SAS™!, and K~! = SA=1S~!. Therefore we get

Yerege
4~ 4sin?(Zh)
We can check that 4% sin?(Zh) is a decreasing function of h, and 4}%2 sin?(Th) —
7% as h — 0 L’Hospital’s rule.
Thus we also have

1 1
CRAEI<Kl'< oo
4 - w2’

and |[K71| < W—IQ
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Appendix C

Basic Theorems in Analysis

The following results are standard in many real analysis books, e.g. [2].

C.1 Completeness of Real Numbers
Theorem C.1 (Completeness Theorem for Sequences). If a sequence of real
numbers {a,} C R is monotone and bounded, then it converges.

Theorem C.2 (Completeness Theorem for Sets). If a set of real numbers
S C R is bounded, then its supremum and infimum exist.

C.2 Compactness
Definition C.1. A subset S in R" is called compact if any sequence {a,} C
S has a convergent subsequence {ay,} with limit point in S.

Theorem C.3 (Heine—Borel). A subset S in R"™ is compact if and only if
it is closed and bounded.

Theorem C.4 (Bolzano-Weierstrass). Any bounded sequence in R™ has a
convergent subsequence.

Using Theorems above and proof by contradiction, we can show

Theorem C.5. A continuous function f(x) attains its maximum and min-
imum on a compact set in R™.

C.3 Cauchy Sequence

Definition C.2. A sequence {x;} C R" is Cauchy if
Ve > 0,3N,Vm,n > N, ||xpm — X, <e.

Theorem C.6. A sequence {x;} C R"™ converges if and only if it is a
Cauchy sequence.

63
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C.4 Infinite Series

o0
Theorem C.7. If > a, converges, then lim a, = 0.
n—0 n—00

o0

Theorem C.8. For a decreasing function f(z), > f(n) converges if and
n=1

only if [ f(z)dz is finite for some N > 0.

[e.e]
The theorem above implies > # converges and the Harmonic Sum
n=1

= +o00.

02
S|=
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