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Preface

These notes have been and will be evolving. A considerable amount of
content consists of original discussions thus it is less likely to be flawless. I
will correct them whenever possible. Even for the typo free part, please use
it with caution.
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Introduction

There are many different types of partial differential equations. A good
choice of numerical schemes is often dependent on the type of equations,
which is the key difficulty of studying numerical methods. For instance,
successful and popular schemes for solving compressible flows are funda-
mentally different from the ones for solving incompressible flows in fluid
dynamics.

1.1 Partial differential equations

Most of classical PDEs originate from modeling physical phenomenon, used
in science and engineering problems. One thing we should always keep in
mind is that these equations are chosen models, which are supposed to be
valid, suitable or acceptable only under certain assumptions or only within
certain context. For instance, compressible Navier-Stokes equations is a
good continuum description of gas dynamics, if gas is not as rarefied as in a
space shuttle entering the outer atmosphere.

In many applications, a PDE is a simplified approximated continuum
modeling, as opposed to alternative particle models, e.g., the Boltzmann
equation describes the statistical behaviour of a thermodynamic system,
which can also be descirbed via molecular dynamics. PDEs have also been
used for an efficient surrogate modeling of pedestrian flows or a flock of birds
for which a particle model might seem more reasonable at least intuitively.

For beginners, equations can be assumed as given and well-posed, which
roughly means that the equation has a unique nice solution. For a better
understanding of the numerical methods, eventually one must understand
the origin of the equation, which often plays a critical role in designing
numerical schemes. Classical equations were mostly derived from physical
principles (e.g., compressible Euler equations were derived from conservation
of mass, momentum and energy) along with some empirical formula (e.g.,
equation of state for descrbing pressure dependence on mass, momentum

3



4 1. INTRODUCTION

and energy). On the other hand, in practical applications, many ad hoc
equations have been proposed and used. For example, if we know u; =
U, represents convection, u; = Uy, represents dissipation and u; = Uggpy
represents dispersion, then it makes sense, at least seemingly, to use u; =
AUy + bz, + Clyz, as a model equation for modeling a system of convection-
dissipation-dispersion. Nonetheless, a common practice does not necessarily
mean that it is the right way.

1.2 Numerical schemes

For PDEs, usually there are no exact solution formulae, and even if there is
one, the formula can be demanding or dfficult to compute. One practial goal
of numerical methods for PDEs is of course to provide a computationally
tractable way for generating some kind of accurate approximations of the
solution. Be aware that not all computational methods are tractable with
given computational resources.

There are many popular numerical methods, which one may not have
used but likely have heard of, such as finite difference, finite element, finite
volume and spectral methods. As shown in Figure approximations are
obviously quite different in different numerical methods, which is however
only a superficial way of understanding numerical schemes for PDEs. As a
matter of fact, many of these different numerical methods can sometimes be
regarded equivalent, especially for solving a one-dimensional problem.

The key is not the difference in the choice of approximation methods,
but rather the PDEs that one needs to solve. For certain types of PDEs such
as wave equations uy = Awu, almost all kinds of numerical methods can be
used to obtain a useful numerical scheme. For many other types of PDEs, it
can be hard to use even a very popular numerical method. Even though the
popular finite element methods are equipped with various software packages
and the most complete and beautiful mathematical theory, there are equa-
tions and problems that they cannot handle. There is no single numerical
method to serve as a silver bullet, unless one is content with solving only
particular kinds of PDEs.

For example, finite volume schemes are successful for solving hyperbolic
conservation laws and they are derived by discretizing the integral form of
the conservation laws, and it is a perfectly natural thing to do because those
PDEs are derived from the integral equations in the first place. On the other
hand, it is very challenging to construct a scheme for hyperbolic conserva-
tion laws using spectral methods and continuous finite element methods.
For conservation laws, there are other popular and useful schemes such fi-
nite difference WENO (weighted essentially non-oscillatory) methods and
discontinuous Galerkin methods, all of which can be interpreted as some
kind of finite volume scheme.



1.2. NUMERICAL SCHEMES
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Figure 1.1: An illustration of a few popular methods.



6 1. INTRODUCTION

1.3 Computational tools

One particular emphasis of this lecture notes is the breadth of the scope.
We will discuss a few different types of equations, thus different chapters
might seem irrelevant to one another. The variety of different equations and
different methods might seem overwhelming thus pose challenges, which
however can become opportunities later because various methods provide
ample inspiring perspectives of computational philosophy.

Many numerical methods go beyond solving PDEs. The simplest cen-
tered difference for Poisson’s equation naturally extends to graph Laplacian
on a graph. Numerical schemes for differential equations and numerical opti-
mization algorithms are closely related. Many classical algorithms find roots
in both territories. To name a few, the proximal point method for solving
convex optimization, is nothing but backward Euler time discretization for
numerical ODE. The most popular splitting method for convex composite
optimization is called Douglas-Rachford and Peaceman-Rachford splitting,
proposed by Lions and Mercier in 970s, which is also called ADI (alternat-
ing direction implicit ) method for solving PDEs, originally designed for
efficiently solving two-dimensionally heat equation in 1950s.

Put simply, methods in numerical PDEs are also useful tools for other
modern computational tasks.



2

Finite difference methods for
the Poisson’s equation

We start with the Poisson’s equation, one of the most popular linear PDEs,
to understand basic concepts for numerical methods. The numerical method
introduced in this chaper is the traditional or classical way of construct-
ing a finite difference scheme, which thrived since 1950s (e.g., the book of
Kantorovich and Krylov in Russian [5] and Collatz’s book in German [2],
originally published before 1960), and still a popular method nowadays [7].

The traditional finite difference method is easy to pick up for beginners,
because only simple tools like calculus and linear algebra are needed. How-
ever, substantial difficulty will emerge if one tries to use such a numerical
method for solving the Poisson’s equation in a generic context, even on a
rectangular domain, such as constructing a high order accurate scheme for
solving a variable coefficient problem with Neumann boundary conditions.

Most of the numerical schemes in this chapter can be derived from the
finite element methods on structured meshes with suitable numerical inte-
gration in Chapter 3| It has been well known that a finite element method
can be equivalent to the traditional finite differen scheme since the finite el-
ement theory was born, e.g, , Kang Feng’s first paper in Chinese in 1965 on
finite element method was titled Finite Difference Method Based on Vari-
ation Principles. It has also been an effective approach to derive various
finite difference schemes from different fintie element methods. On the other
hand, such an equivalence is often overlooked in textbooks, resulting in a
superficial impression that finite difference and finite element methods are
completely different. To be precise, the traditional finite difference approach
simply approximates the Poisson’s equation directly, because of which most
of its difficulties persist. Instead of approximating PDEs, the finite element
approach approximates their equivalent variational formulation, which is the
real and key difference here. However, the prerequites for fully understand-
ing the finite element theory include functional analysis, which is probably

7



8 2. FINITE DIFFERENCE METHODS FOR THE POISSON’S EQUATION

the reason why the traditional finite difference approach is still useful and
interesting for rudimentary tasks, e.g., for teaching beginners without func-
tional analysis background, or solving —Awu = f on simple domains with
only Dirichlet boundary conditions.

2.1 Finite difference approximations

For a smooth function u(z), define the following finite difference operators
approximating u/(z) at the point Z:

o Forward Difference:  Diu(z) = w

o Backward Difference: D_u(z) = w

u(Z+h)—u(z—h)

o Centered Difference:  Dou(z) = o)

By Taylor expansion, the truncation errors of these operators are
Diu(z) =/ (z) + O(h), Dou(z) ='(z) + O(h?).

Define Dou(z) = u(iJrh/Q)Z"(i*h/Q), then a classial second order finite
difference approximation to u”(z) at 7 is given by (denoted by D?):

(@ + h) — 2u(@) + u(z — h)
h2

D*u(z) = D D_u(z) = DoDou(z) = = = (Z)+O(h2).

2.2 Poisson’s equation

The Poisson’s equations are
o 1D: u"(z) = f(x)
o 2D: Au(z,y) = Ugs + uyy = f(z,9).
o 3D: Au(z,y,2) = f(z,y, 2).
They are used and involved in many different contexts. To name a few,
o It is the steady-state equation of the heat equation u; = ug,, — f.

e It is often involved in solving a time-dependent problem with a di-
vergence free constraint. For example, in the incompressible Navier-
Stokes equations

u+(u-Vu+Vp=vAu+f, V-u=0,

take the divergence of the both sides in the momentum conservation
equation, we get Ap = V- (vAu+f — (u- V)u). By solving this
equation, we get the pressure p from the velocity u.
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2.3 1D BVP: Dirichlet b.c.

Consider solving the 1D Poisson’s equation with homogeneous Dirichlet
boundary conditions:

—u”(z:) = f(x)a T e (07 1)7
(2.1)
u(0) =0, u(1) = 0.
Discretize the domain [0, 1] by a uniform grid with spacing h = n%rl and
n interior nodes: x; = jh, j = 1,2,--- ,n. See Figure Let u(z) denote
the true solution and f; = f(x;). For convenience, define two ghost points
xzo = 0 and x,41 = 1. Let u; be the value of the numerical solution at z;.
Since two end values are given as u(0) = 0,u(1) = 0, only the interior point

values u;(j = 1,--- ,n) are unknowns. After approximating % by D?, we
get a finite difference scheme
9 —Uj—1 + 2Uuj — Uit .
—D?uj = —2 h; T =f, j=12,---,n (2.2)
° o o @----nn-- @----n-n-- © o
0 T To T3 ;= jgh Tn—1 Tn

Figure 2.1: An illustration of the discretized domain.

Define
2 -1
uy fi u(ry) -1 2 -1
U, — U CFe fa 7 B u(:cg) K= -1 2 -1
Un, fn u(in) -1 2

With the boundary values ug = 0 and 4,41 = 0 from the boundary condi-
tion, we can rewrite the finite difference scheme in the matrix vector form:

1

2 KUy = F.

2.3.1 Consistency, stability and convergence

o Local truncation error (LTE): the LTE is defined as the residue af-
ter replacing the numerical solution by the true soluion in the nu-
merical scheme. For instance, the scheme (2.2) can be written as
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—Ujo 12U Uy
h2

— fj = 0. By the Taylor expansion of the exact solu-
tion u(x) a x;, the LTE of this scheme is

_— —u(zj_1) + Qngj) —u(rjy1) ,

— —u”(:rj) . %hluml(l‘j) + O(h4) o f(ﬂjg)

1
= — b2 () + O(h') = O(h?),

where —u"(z;) = f(x;) is used. Denote 1, = [11, 72, -+ ,7n]T.

e Consistency: if 7, — 0 when h — 0, we say the scheme is consistent.

e Global error: Ej = U-U 1 is the actual error of the scheme, defined as
the global error. Let A), = %K, then 7, = AyU —F = A, U - AU, =
Ay E,), thus B, = A;lTh if Ay, is invertible.

o Stability: we say the scheme A,Uj, = F is stable if |A; | < C for

small h, where ||A]| denotes the spectral norm of the matrix A (i.e.,
[l Ax||
S

with ||x| denoting the norm for vectors). If ||A; || < O, then ||Ej| =
1AL 7l < 1A 7l < Clill.

the largest singular value of A, or equivalently || Al = maxxer

o Convergence: if ||Ep| — 0 when h — 0, we say the scheme is conver-
gent. For this simple linear problem, we have

Consistency + Stability — Convergence.

Remark 2.1. For a normal matriz (normal means A*A = AA* with A*
denoting conjugate transpose, e.g., real symmetric matrices, compler Her-
mitian matrices) A, | Al = max; |\;| where \; are eigenvalues of A.

2.3.2 Eigenvalues of K and stability in 2-norm

Since the eigenfunctions of —u” = Au,u(0) = u(1l) = 0 are sin(mnx) for
integers m, we expect that the eigenvectors of K would look like sin(mmz)
for small A. With the following trigonometric formulas,

sin(mmxj41) = sin(mm(xj+h)) = sin(mnz;) cos(mmh)+cos(mnx;) sin(mmh),

sin(mmxj_1) = sin(mm(x;—h)) = sin(mnz;) cos(mnh)—cos(mmnx;) sin(mmh),

thus,

—sin(mmzj_1) + 2sin(mnx;) — sin(mnzj;1) = (2 — 2cos(mmh)) sin(mnz;).
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Notice the facts that sin(mmzg) = 0 and sin(mnx,+1) = 0, we also have
2sin(mmzy) — sin(mmzy) = (2 — 2cos(mmh)) sin(mnzxy),

—sin(mnx,—1) + 2sin(mnzy,) = (2 — 2 cos(mmh)) sin(mmx,).

Let x = [x1, 22, -+ , 2], then the eigenvectors of K are sin(mmx):
K sin(mnx) = (2 — 2cos(mnh)) sin(mnx), m=1,2,--- ,n.
Define the eigenvector matrix as S = [sin(7rx) sin(27x) --- sin(n7rx)]

and consider the diagonal matrix A with diagonal entries 2—2 cos(mmh), m =

1,---,n. Then K = SAS™! and A;' = h2SA~1S~!. By L'Hospital’s
h 1 : h? i

rule we have T Dcos(mrh) —3=2,h — 0. Notice that T Tcos(mrh) 1S &

monotonically increasing function of h. Therefore, we can conclude that
141 < C.

Problem 2.1. Show that ||A; || < C for any h, where C is a constant
independent of h.

So we obtain the global error E} in vector 2-norm:
I1ER ] < 145 7l < Cllall.

On the other hand, the standard vector norm || E},|| is a not a good choice
of measuring errors. For instance, assume E; = h? for any h, then

1Bl = J iEf = $ En: ht=O(h'?)
j=1

J=1

because of h = — 7- To this end, we define the 2-norm for errors:

ol
n
_ 2
| Enll2 = hzlEj.
]:

Remark 2.2. The new 2-norm is a natural discrete version of the function
L?-norm. For instance, the L?-norm of a single variable function f(x) on
an interval x € [0,1] is defined as

1
1£llze = /0 f(w)2da.

If we discretize the inverval = € [0,1] by grid points as in Figure
and use the simple approximation of integral (numerical integration, a.k.a,
quadrature) hf; for each small interval, then for a function f(x) satisfying

F(0) = F(1) =0, we get[h ilfm)?.
P
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Notice that we do have
IER < AL - Imall = (1 Enllz < AL I7alle-

Assume that the one-dimensional boundary value problem has a
solution u(x) with high order derivatives, e.g., if f(z) = —¢”(z) where g(x) is
a smooth function satisfying ¢g(0) = g(1) = 0. Then we have the truncation
error 7; = u""(z;)h? + O(hY) = & f"(z;)h* + O(h?). Assume f”(z) is
bounded, then we simply have

17l = O(h?) = || Enll2 = O(h?).

Problem 2.2. Consider the n x n matriz

a -1
-1 o -1
-1 o -1
T(a) = )
-1 o -1
-1 «

Find its eigenvalues and eigenvectors. For what kind of o, this matriz will
become positive definite?

2.3.3 Poisson’s solver by eigenvectors

The matrix S = [sin(7rx) sin(27x) --- sin(n7x)] is the Sine Matrix
Sjr, = sin( %) thus mutliplying S to a vector v is equivalent to the discrete

sine transform of v which can be computed with O(nlogyn) complexity.
Mutliplying S~! would be the inverse DST. For instance, the DST can be
computed by the dst function in MATLAB:

1 % the grid points vector x has length n
2 dx=1/(n+1);

3 x=[0:dx:1];x=x(2:end-1) ; lambda=2%ones(n,1)-2*cos([1:n]*pi*dx) ;
4+ v=sin(x*pix*[1:n]);

5 % verify the eigenvectors and eigenvalues of K
6 norm(K*v-vxdiag(lambda)); % it should be machine zgro,
7 % i.e., around 10°{-16}

o % verify that multiplying the eigenvector matrix igs
10 % equivalent to DST on a random vector b
11 a=randn(n,1);

12 b=K*a;

13 norm(a-dst(idst(b)./lambda)) % it should be maching zero,
14 % i.e., around 10°{-1p}
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Since K is a tridiagonal matrix, Gaussian elimination costs only O(n) which
is faster than the DST. But in 2D and 3D, the eigenvector method would
be advantageous.

2.3.4 Nonhomegeous Dirichlet b.c.

Consider solving the 1D Poisson’s equation with nonhomogeneous Dirichlet
boundary conditions:

{ —u"(z) = f(z),  x€(0,1),
u(0) = a, u(l) =0b.

Then the scheme ([2.2)) can be changed as

2u1 — uo
T:fl‘i‘a/hQ?
—U‘_1+2U'—u' 1 X
! hQJ A :f]7 .7:27"'777'_17
—Up—1 + 2u
%:f}ﬁ—b/h?

In other words, we can use the same coefficient matrix in the scheme for
the nonhomogeneous b.c. with modified right hand side data compensating
the nonzero boundary conditions. So from now on we just focus on the
homogeneous case.

2.4 1D BVP: Dirichlet and Neumann b.c.

Consider solving the 1D Poisson’s equation with homogeneous Dirichlet and
Neumann boundary conditions:

{ —u”(a:) = f(l‘), UAS (Oa 1)7
v/ (0) =0, u(l) =0.

Discretize the domain [0, 1] by a uniform grid with spacing h. For the
interior nodes, we can use the same finite difference scheme ([2.2)).

2.4.1 A symmetric matrix T

Discretize the domain [0, 1] by a uniform grid with spacing h = %_H and n

interior nodes: x; = jh, j = 1,2,--- ,n. See Figure Let g = 0 and
LTn+1 = 1.

For the boundary condition u/(0) = 0, we can first consider a simple first
order approximation by forward difference:

Uy — Ug

- s U/(x()) = Ul — U

h

=0= ug =uy,
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thus the scheme (2.2 at x1 becomes:

Uy — u2
h2

= fi.

Then our scheme can be written as h—12T U;, = F with

This scheme can be at most first order accurate in the local truncation error
since forward difference is used for the boundary condition u/(0) = 0. Recall
that the local truncation error is not the true error. Even though intuitively
we expect first order accuracy for the convergence as well due to the first
order local truncation error, it is possible to have a higher order convergence
than the order of truncation error in boundary treatment.

1 1 3 5 7 9
—5h 3h sh Sh sh 5h
o -0 o o o o o
0
Figure 2.2: The grid.
By considering a new grid z; = (j — %)h (j=1,2,--- ,n) with h = H%,
2
the #TUh = I becomes second order accurate. Let xg = —%h then “12“0
is the centered difference approximating u/(0), i.e.,
Uy — U Uy — U
: h S =u/(0) + O(h?) = ——— = 0= up = uy.

Let x = 21,22, ,2,]7 in this new grid, then the eigenvectors of T are

cos[(m — 3)mx] with eigenvalues 2 — 2cos[(m — 3)7h], m =1,--- ,n.

2.4.2 Nonsymmetric matrix 75

We can also construct a second order scheme on the integer grid z; = (j—1)h
with h = % Let xg = —h then 2% is the second order centered difference
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approximation to u’(0). We get a scheme %TgUh = I with

Problem 2.3. Find the eigenvalues and eigenvectors for To. Implement
an eigenvector method for the scheme %TgUh = F' by using dct and idct
functions in MATLAB.

Unfortunately, 75 is no longer symmetric, not even a normal matrix. But
we can convert it to T by deviding the first equation by 2, then the scheme
becomes

f1/2

1 J

—TU, = 52 (2.3)
fn

However, the matrix %T in the scheme (2.3)) is not exactly the approxima-

. 2
tion to —% any more.

Problem 2.4. Find the local truncation error of the scheme (2.3)) at the left
boundary.

Problem 2.5. Prove the stability and convergence of the scheme %TgUh =
F'. Notice that T5 is not normal thus eigenvalues of Ty do not give its spectral
norm. Instead, try to eigenvalues of T and the inequality ||AB|| < || A|||| B]]
to estimate || Ty ']

If we perform local truncation error at the first grid point, then we will
find out that it is only first order even though it is obtained by a second
order approximation to the Neumann boundary condition. So only first
order convergence can be proven by estimating ||, '||. On the other hand,
the scheme is actually second order accurate not only in the discrete 2-norm
but also in the maximum norm. See next subsection for explanation.

2.5 Convergence in maximum norm

T
For a vector x = [1‘1 e xn} , its {!-norm and [*°-norm are defined as

n
el =32 fail, (oo = mae .
=1
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For a matrix A = [a;j], its corresponding induced matrix norms are

A n
1Al = max AL o 5™ a1,
x - [1x i
A n
0o = Inax Xloc = max ai;l.
| l S
P e

For a numerical scheme in the form of AU = F with local truncation error
T = AU — F, the true error is given as U — U = A~l7, thus |47} is
needed if one needs the convergence in the maximum norm.

Of course, in general it is even harder to find what || A~!|| is than finding
eigenvalues of A. However, the matrices we have seen so far, e.g., K, T and
T5 are very special: they are M-matrices. The sharp characterization of an
M-matrix is complicated and we only need a convenient sufficient condition
here:

Theorem 2.1. For a real square matriz A with positive diagonal entries
and non-positive off-diagonal entries, A is a nonsingular M-matrix if all the
row sums of A are non-negative and at least one row sum is positive.

We need the following well-known but nontrival result to proceed:

Theorem 2.2. Nonsingular M-matrices are monotone. Namely, the inverse
matriz of a nonsingular M-matriz has non-negative entries.

By this theorem, we have K~ > 0,771 > O,T{1 > 0, where the in-
equalities are entry-wise inequalities, i.e., these matrices have non-negative
entries. If a matrix has an inverse with non-negative entries, then we call it
monotone. So K, T and 75 are monotone matrices.

Usually monotonicity of A can help to establish the estimate on co-norm
of A=1. If we can find a vector v such that Av = 1 where 1 is a vector with
each entry being 1, then ||[A™ ||oc = |47 1 |oo = [|V]]oo-

2.5.1 Dirichlet boundary conditions

For the K matrix, in order to find v such that Kv = 1, first think about
the exact solution to the problem —u” = 1,u(0) = w(1l) = 0, which is
v(z) = $2(1 — ).

Let v = v(x) where x is the grid points for the corresponding scheme,

T
ie, x = {h 2h .- nh} with h = n%rl It is straightforward to verify
that 75 Kv = 1. On the other hand, since 0 < v(z) < § for z € (0,1), we
have ||[v||s < %, thus [[(7K) oo = ||[V]lso < &, with which we can easily

establish the second order convergence in maximum norm.
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2.5.2 Dirichlet and Neumann b.c.

The exact solution to the problem —u” = 1,4/(0) = u(1) = 0, which is

v(z) = 3 — 12% Let v = v(x) where x is the grid points for the corre-
T
sponding scheme to Tb, i.e., X = [0 h 2h - (n— l)h} with h = % It

is straightforward to verify that #Tgv = 1. Thus similarly as in previous
subsection, [|(;27%) oo = [|V]lec < 3-

Let D = dmg{§, 1,---,1} be a diagonal matrix.

Recall that the local truncation error is only first order at the left bound-
ary. In order to establish second order convergence, we need the estimate

for the first column of T2_1. Let A = %Tg, if we can find a vector w
T
such that Aw > [1 0o --- 0} . Then the first column of A~! is given by
T
Al [1 0o --- O} < w ( inequality holds because A~! has non-negative
entries).
Let w(z) = h(3 — ) and w = w(x), then it is straightforward to verify
T
s Thw = [1 0o - 0} . (Obviously w(z) is not the exact solution to
—u” =§(0),4/(0) = u(1) = 0. So how would you find w?)
. T
Let A = [a;j] and A™! = [a¥]. Then w = A~! [1 0o - 0} implies

A

1
=h.
=32
So the true error is (U — U); = (A '7)i = ainm + Yj_g ai7; where
71 = O(h) and 7; = O(h?),j = 2,3,--- ,n (see previous section for the local
truncation errors).

that max; |a;1| = max; |w;]|

. 1 S
(U-0)] < ihﬁ + T?g%‘ﬁjz:%aij
1 2
5}1’7’1 + max 7 Zaz] < hT1 + maXTjHA Heo = O(?).

2.6 1D BVP: Neumann b.c.

2.6.1 The matrix B on the one-half grid

Consider solving the 1D Poisson’s equation with homogeneous Neumann
boundary conditions:

{ —u"(z) = f(x), xz € (0,1),
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h =1 and obtain a second order scheme %BUh = I with

“n

The eigenvectors of B are cos(mmx) with eigenvalues 2 — 2 cos(mmh), m =
0,---,n—1.

Problem 2.6. Why do we choose eigenvectors as cos(mnx), m =0,--- ,n—
1 rather than cos(mnx), m=1,--- ,n?

2.6.2 An alternative point of view for one-half grid

For the boundary condition «’(0) = 0, instead of considering the ghost point,
we can obtain the scheme in Section by approximating the second order
derivative u/ ’(%h) by the centered difference of the first order derivative:

1 - u'(h) — u/(0) _ u'(h) u(3h) — u(%h)

:\
=
L
L

Figure 2.3: The integer grid and the one-half grid.

2.6.3 The matrix B on the integer grid
Following Sectiomm7 onthe gridz; = (j—1)h,j=1,--- ,nwithh = ﬁ,

f1/2
1 f2 .
we have a second order scheme 75 BUp, = . with
fn/2
1 -1
-1 2 -1
-1 2 -1
B = '
-1 2 -1
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The eigenvectors and eigenvalues of B are the same as before. The advantage
of B is its symmetry.
2.6.4 The matrix B; on the integer grid

Onthe grid z; = (j—1)h,j=1,--- ,n with h = ﬁ, the scheme in Section
is equivalent to %BgUh = I with

The eigenvectors and eigenvalues of this matrix are: cos(xmm), 2—2 cos(mmh), m =
0,1,2,...,n — 1. Notice that the eigenvectors are not the same as those for

the B matrix.

2.6.5 Compatibility Condition of Neumann b.c.

Consider a general purely Neumann boundary value problem

{ —U”(I’) = f($)7 S (Oa 1)7

u'(0) = 09, ¥/(1) = o1.

Integrating the equation, we get

1 1
/ f(z)dz = / —u"(x)dx = —u'(1) + ' (0) = 09 — 071. (2.4)
0 0

Thus the Poisson equation with a purely Neumann boundary condition has
no solutions unless the compatbility condition is satisfied. When ({2.4)
is satisfied, the solution is unique up to any constant.

Next we consider the scheme in Section 2.6.4

2 =2 U, f1—200/h
-1 2 -1 Us p)
1 -1 2 -1 Us f3
-1 2 —1]||U.4 Jn-1
-2 2 U, fn+201/h
which can be denoted as ]
—ByU = F.
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Obviously By is not invertible since each row sums to zero. The linear system
h%BgU = F' has a solution only if F' is in the column space of Bs, which is
not necessarily true even if is satisfied. In other words, we still need a
discrete compatbility condition so that the numerical scheme has a solution.

Notice that F' € Col(By) is equivalent to F L Null(B7), and Null(B1)

is spanned by the vector [% 1 -1 %} (namely all columns of By are

orthogonal to this vector). So we obtain the following discrete compatbility
condition

h h
§f1+hf2+"'+hfn—1+§fn:0'0—0'1. (25)

Notice that Lfi + hfo + -+ + hfao1 + % f0 = [y f(x)dz + O(h?) by the
trapezoidal quadrature rule.

Thus given a problem satisfying , we would like to have a second
order scheme %BQU = [ by generating a new right hand side vector F
belonging to the column space of Bs, which can be obtained by projecting
F to Col(B3). In general, such a projection might be nontrivial to obtain.
However, the rank of Bs is n — 1 and we know the orthogonal complement
of Col(By) is spanned by [% 1 - 1 %}T, thus it is straightforward to
obtain this projection. First we have the compatbility error as

h h
C:§fl+hf2+"'+hfn—1+§fn—0'()+0'1:O(h2).

Second, the projection F can be written as

f1—2a0/h %

fo 1

_ f 1
F= .3 +al .|,

fn—l 1

where a is a parameter determined by requiring F is orthogonal to [% 1

So we obtain a = , thus

fi =200/h—c/h/(n—3/2)/2
fa—c/h/(n—3/2)
fs—c¢/h/(n—3/2)

far = ¢/hf(n—3/2)
fn+201/h—c/h/(n—3/2)/2
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Finally, if we prefer to solve a symmetric system, we can symmetrize the
system by dividing the first and last row by two:

1 —1 U1 %fl—Ug/h—C/h/(n—?)/z)/ﬁl
-1 2 -1 Us fa—c¢/h/(n—3/2)
-1 2 -1 Us fz—c¢/h/(n—3/2)
h? S N :
-1 2 —1 Un—l fn—l —c/h/(n—3/2)
-1 1 Un Y+ o1/h—c/h/(n—3/2)/4

Problem 2.7. Suppose h—IQBgU = F does not satisfy the discrete compatbil-
ity condition. Consider the least square solution U which is the minimizer
for the function ||JzBU — F)|| for the vector 2-norm. Show that Uis a
solution to %BQU =F.

2.6.6 Inverting B and B,

Notice that B is a singular matrix. In other words, there are infinitely many
numerical solutions. The true solutions to the Neumann b.c. are not unique
(any solution plus a constant is still a solution). To "invert" B, we can do
the following by choosing a particular solution for h%BU =F:

1 % eigenvectors and eigenvalues of B

2 h=1/n;

3 x=[h/2:h:1-h/2] ;lambda=2*ones(n,1)-2*cos([0:n-1]*pix*h);
4 S=cos(x*pi*[0:n-1]);

5 % Multiply the "inverse" of B/h”2 to a vector f

6 U=(inv(S)*F)./lambda;

7 U(1)=0; % special treatment for the zero eigenvalne
s U=S*xUxhx*h;

Let \; = 2 —2cos((i — 1)7h) then A\; = 0. Define A~! as a diagonal matrix
with diagonal entries 0, /\%, /\%’, cee /\% Let S denote the eigenvector matrix
then we set U = SA~1S~LF. Here we choose to set %1 = 0, but of course
you can choose it to be any other number. Since B is a positive definite
matrix, thus if each column of S is normalized to be unit vector, its eigen-
decomposition B = SAS~! is also its singular value decomposition (SVD).
By setting /\% = 0, the numerical solution has zero component along the
first eigenvector which is [I 1 --- 1]7. This means that the numerical
solution U is perpendicular to [1 1 -+ 1] thus >, U; = 0.

Problem 2.8. Use SVD to show that setting )\—11 = 0 gives the least square
solution for %BU =F.
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Problem 2.9. For the Bs matriz, we can use the same procedure as above by
setting )\1—1 = 0. However, it no longer gives a solution satisfying 3_; Uj = 0.

Why is this?

Remark 2.3. Since the exact solution is mot unique, we should compare
our numerical solution satisfying >_; U; = 0 with a shifted exact solution:
suppose U = [u(wz1), -+, u(wn)]” where u(x) is any evact solution, then we
should compute the error as Ep, = U —U with U = [u(x1) — 10, () —
LU and U = >, u(Ty).

For the By matrix, let By = SAS™! be its eigendecomposition with
A1 = 0. Recall that the eigenvectors and eigenvalues of By are: cos(xmm),

2—2cos(m7rﬁ),m:0,1,2,...,n—1,Wherex:[O ﬁ % 1}.

T
Let w = [% 1 -1 %} . Let v; be the eigenvector for \;. Then 0 =

w! Bov; = \wlv; implies w/v; = 0 if \; # 0. Thus the eigenvectors
associated with nonzero eigenvalues are orthogonal to w, i.e., the orthogonal
complement of the column space of Bs.

Problem 2.10. For any vector F satisfying the discrete compatbility condi-
tion ([2.5), F is orthogonal to w. Show that U = SA='S~™'F (with )\% being
defined as zero) is a solution to BoU = F'. In other words, show that

0
1
1 -
S ST F=F
1
1
Hint: show that F lives in the eigenspace for eigenvalues Aa,--- , A, thus
0
da
F=5|ds
dn,

For the By matrix, and a vector F' which does not satisfy the discrete
compatbility condition , i.e., F'is not in the column space of By, the
vector U = SA~1S™LF (with /\% being defined as zero) is the least square
solution to BoU = F. In other words, BoU = By SA™1S™!F is the projection
of F onto the column space of By. To see why it is true, assume F' is the
projection of F onto the column space of B, then we know BaSA™1S~1F =
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F, therefore we get

BoU = BoSA™LS™ Y (F—F)+8 , STF = BySATISTHF-F)+F.

1

So we only need to show By SA~'S~H(F—F) = 0. And we know F—Fis
orthogonal to the column space of By. Notice that F'— F' should be exactly
the shift we added to generate F' in ([2.6]).

Problem 2.11. Show that BoSA~1S~Y(F — F) = 0.

2.7 1D BVP: periodic b.c.

Consider solving the 1D Poisson’s equation with periodic boundary condi-

tions:
—u"(z) = f(z), z€(0,1),
u(0) = u(1).

We use the grid ; = (j —1)h, j =1,--- ,n with h = % and obtain a second
order scheme %CUh = F with

2 -1 -1

The eigenvectors of C' are exp(—im27x) with eigenvalues 2 — 2 cos(m2wh),
m =0, ---,n — 1. By choosing these eigenvectors, the eigenvector matrix is
precisely the discrete Fourier transform matrix, i.e., dftmtx(n) in MATLAB.
Multiplying the DFT matrix is equivalent to FFT.

Remark 2.4. The matriz C is circulant. The columns of DFT matrix are
etgenvectors to any circulant matriz thus the DFT matrix can diagonalize
any circulant matriz.

The matrix C' is singular. To "invert" the matrix C, we can do the same
thing as previously for the matrix B: set the component along the zero
eigenvector to be zero, which gives a numerical solution summing to zero.
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2.8 2D BVP: Dirichlet b.c.

Consider solving the 2D Poisson’s equation with homogeneous Dirichlet
boundary conditions:

—U;m;(l‘, y) - “yy(x,y) = f(a:,y), (‘Ta y) € (07 1) X (07 2)a
{ u(z,y)|lr =0,
where I' denotes the boundary of the rectangular domain.

We use the grid z; = iAx,i =1,--- , Nx with Az = ﬁﬂ and y; = jAy,
j=1,--- , Nywith Ay = ﬁ Let U;j be the numerical solution at (z;, y;).
Let U be a Ny x Nz matrix such that U(j,1) = Uj;.

We will use two operators:

o Kronecker product of two matrices: if A is m x n and B is p X ¢, then
A ® B is mp X ng give by

CLHB s alnB

A ® B — . .

amB - amnB

o For a m xn matrix X, vec(X) denotes the vectorization of the matrix
X, i.e., rearranging X into a vector column by column. In MATLAB
the reshape function can act as the inverse of the vec operator: if
v = vec(X), then reshape(v, m,n) recovers X.

The following properties will be used:
. (A® B)(C® D) =AC ® BD.
. (A®B)'=A"1e B

—_

. (BT @ A)vec(X) = vec(AX B).
. (A® B)l = AT @ BT,

= OC I \G)

The second order finite difference scheme for the interior nodes is given
by
—Ui—1,5 +2Ui5 — Uig . —Uij—1+2U; - U;
Ax? Ay?
Let F' be a Ny x Nz matrix with entries F'(j,7) = f(z4,y;). The matrix
vector form of this scheme can be written as

S flﬂ (27)

1 1
(A:L'QKT I, +1; ® Ay2Ky> vec(U) = vec(F),
where K, is the K matrix of size Nx x Nz, I, is the identity matrix of size
Nz x Nz, K, is the K matrix of size Ny x Ny, and I, is the identity matrix
of size Ny x Ny.
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Problem 2.12. Find Sy and A,.

Let K2D denote the matrix ﬁKz Iy + I; ® Ay 2K Since we know
the eigenvectors of K, and K,, we can find the inverse of the matrix K2D

by the following eigenvector method. Suppose the eigendecompositions of
K, and K, are K, = SyA.S; 1 and K, = SyAyS_l, then

1

@Kxéély Sp———5MA St @I, =5, —— A5 ! ®SIS_

A2 A2

:(SI®Sy)(A SAS ® 1,8, = (SI®Sy)(A2

where the first property of the kronecker product is used twice. Similarly
we get

A @ 1) (S, @ S,

1 1
L 5K = (5081 ® 5o

Thus we get the eigenvectors and eigenvalues of K2D:

—5 A (S @S,

K2D = (S, @ Sy)(A A @I+ 1, ® Al LANST @S,
Implementation:
1. (S:®Sy) lvec(F) = (S;1®Sy_1)vec(F) = vec(Sy_lFS;l) where SI' =
Sy is used.
2. Let A = reshape(diag(szA QI+ I, ® ALysz),Ny, Nz). Then
A(j,4) = 2_2(:0:1(/2%Ay) +2= QCZSJS?A@ Because A;QAx®Iy+Ix®A%J2Ay

is a diagonal matrix, we have

1
(A A @Iy + 1 ® Aysz)_lvec(Sy_lFSlfl) :vec(Sy_lFSx_l./A),

where ./ denotes the component-wise division.

3. (S;1'@S, ) tvee(S, T FS . /A) = (828, )vec(S, LS. /A) = vec(Sy (S, P FS; . /A)S,

where Sg Sy is again used.

To summarize, we simply have U = Sy(Sy_lFS:LTl./A)Sx, which has
O(N3) complexity if N = Nz = Ny. If DST is used for multiplying S,
and S, !, it reduces to O(N?logy N). The Gaussian elimination of K2D
costs O(N4) ( O(N7) in 3D) because the bandwidth is N (N? in 3D).

Problem 2.13. Show that K2D is symmetric.

Problem 2.14. Consider a matrix given in the form of AQ B+ B® A
where A and B are matrices of size n x n. Can it be inverted using a
similar procedure as described in this subsection through eigen-decomposition
of small matrices of size n x n? Find reasonable assumptions to make the
answer to be yes.

)
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2.9 2D BVP: Neumann b.c.

Consider solving the 2D Poisson’s equation with homogeneous Neumann
boundary conditions:

_uxx(xay) - uyy(:z’y) = f(l",y), (xay) € (07 1) X (07 2)7
amu(z, y)lr =0,

where I' denotes the boundary of the rectangular domain and %u(w,y)]p
denotes the directional derivative of u along the direction normal to I

2.9.1 The one-half grid

We first use the grid in Section Let z; = (i — 3)Az, i =1,--- Nz
with Az = ﬁ and y; = (j—%)Ay, j=1,--- Ny with Ay = le Then we
get the scheme

1
(Bx @I+ I, ®

)t = et

1
A
where the matrix B in Section is used for B, and B,.

The solution can be found by U = Sy(Sy_lFSz_l./A)SI where S, and S,
are the eigenvector matrices to B, and B,. Here A(1,1) = 0 so we set the
(1,1) entry in Sy_lFSm_l./A to be zero, which returns a soluition with zero

sum.

2.9.2 The integer grid: matrix B

If we choose to use the method in Section 2.6.3] to contruct the scheme in
2D on an integer grid x; = (i — 1)Az, i =1,--- , Nz with Az = ﬁ and

yj = —-1Ay,j=1,---,Ny with Ay = ﬁ, then the scheme becomes

1 1 ~
(Ax?Bx ®Ey+ E; ® AyQBy> vec(U) = vec(F),

where F is the modified right hand side data, and the diagonal matrix F
replaces the identity matrix

N[

N[
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To see why we should have the extra % factor in the 2D scheme, consider
the scheme at the point (x,,,y;) for some 2 < m < Nz on the left boundary
of the domain. Then the second FD approximation at (,,y1) is

2Um,1 - 2Um,2 + _Um—l,l + 2Um,l - Um
Az? Ay?

But in order to have the matrix B as in Section we need to convert it
to

+1,2

Uni—Unp . 1 =Un-11+2Un1 — Unti2
Az? 2 Ay?

Due to the extra % in the D matrix, the eigenvectors of ﬁBx ® By, +

FE,® A%JQBy is no longer S; ® S,.

1
= §fij-

2.9.3 The integer grid: matrix B,

The scheme in the previous subsection is equivalent to
1 1
(MBQC QI+ I; ® Ay2By> vec(U) = vec(F),

where the matrix B, and B, are the matrix By in Section

The solution can be found by U = S, (S, ' FS;'./A)S, where S, and S,
are the eigenvector matrices to B, and B,. Here A(1,1) = 0 so we set the
(1,1) entry in S, 'S 1. /A to be zero, which returns a soluition with zero
sum.

The normal derivatives at four corner points are not really well defined
though.

2.10 The 9-point Laplacian

The 5-point stencil scheme (22.7)) for the solving the 2D Poisson equation is
second order accurate. If we use As to denote the 5-point discrete Laplacian,
then

“Uic1j +2Us5 = Uipry | —Uij1 +2Us5 = Uijm

~Aslig = Ar? Ay? |

and the matrix representation of the operator —Aj for the homogeneous
Dirichlet boundary condition is
1

K2D =
Az

K

K, @I, +1I, v

2 1
Ay?
Now consider the following 9-point Laplacian for h = Az = Ay:

1
6h?
+Ui—1,j-1 + Uir1j-1 + Uig1j41 + Uip1,j41 — 20U 5).

AgU; j = (AU +4Uip15 +4U; j—1 + 4U; j
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For convenience, let u; ; denote the value of a smooth function u(x,y)
at the point (z;,y;), then we perform the Taylor expansion for the smooth
function around the point (x;,y;),

1 1 1
i ja1 = wij = Ay(uy)ij + §Ay2(Uyy)z’,j + gﬁy?’(%yy)m + ﬂAy4(Uyyyy)i,j

1
Ay7(8¢;u)i’j + O(Ayg),

1 66
+ —Ay (Uyyyyy)i,j + ﬁA?J (ayu)i,j + Il

thus

Uj 41U -1 = 2UZJ+AZ/ (uyy)i 7]+ Ay (Uyyyy)ii+ = Ay (8 u); ,J+O(Ay )-

6!
Similarly,
Uit j+Uim1, = 2u”+A$ (Ugs)i j—i— Aa: (Uzzza)ij+ A:E (3 w); ]—I—O(A:U ).

Next we first perform the Taylor expansion around the point (xi+1, Yj):

1
WUit1,j+1FWit1,j—1 = 2Uit1 J+Ay (Uyy)z+1,1+ A?J (uyyyy)z+173+ Ay (8 u),+173+(9(Ay )s

1
12Ay (uyyyy)z 1]‘1’ Ay (8 u)z 1]+O(Ay )

Then we perform the Taylor expansion around the point (z;, yj),

Ui—1,j+1FU—1,j—1 = 2u;— 1]‘|’Ay (uyy)z 1,5+

Wit 1,41 F Wit1,j—1 + Ui—1,54+1 + Ui—1,j-1
1
=2[2u;; + AwQ(um)i,j + EA:B4(umm)m + Aa: (8 w)ij + O(Ax )]
1
+ AYP[(uyy i1 + (Uyy)itrs] + EA?J [(uyyyy)i-1,5 + (Uyyyy)i+1,5]
6,Ay [(Bpu)i-1,j + (Ogu)iy14] + O(AY®)
1 4
:4ui7j + 2Aa:2(um)i,j + EA.’E4(UWM$)Z‘7]’ + aAl‘G(agu)i,j + O(A$8)
1
+ AZJQ [2(Uyy)i,j + Af’72(uyym)i,j + EA$4(Uyyxxxx)i,j + O(AfEG)]
1 2
+ EA?fl [2(uyyyy)ij + A (Uyyyyas)ij + O(Azh)] + aAyﬁ [Q(OSU)i,j + O(Az?)] + O(Ay®)
2 2 1, 4 L, 4 2A 2
:4Uij + 2A2% (Ugg )i j + 2080 (uyy)ij + 6A$ (Uzwaa)ij + EAQC (Uyyyy )i + AT Ay (Uyyaa )i j
1 1
+ 5 Ax 6(08u); ; + !Ayﬁ(agu)i,j + EAy‘*Am?(a;agu)i,j + EAJL’LL(Ayz@i‘aSu)M
+ (’)(Ax ) + O(AzZ8AY?) + O(A2AY5) + O(AY®)

Since we have assumed h = Az = Ay, we get

1
Agu(z;,yj) = um+uyy+ﬁh2(umx+2umyy+uyyyy) (82+82)(u,,,m+4umyy+uyyyy)+0(

360
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which implies the 9-point discrete Laplacian is only second order accurate.
However the second order error term is precisely A%u = A(Au) = Ugpee +
2Uzzyyy + Uyyyy, Where A? is the biharmonic operator. If u is the solution to
—Au = —Uzy —uy, = f, then A?u = —Af. Therefore, the following scheme
is fourth order accurate for solving —u,, — uyy = f:

—AoUij = Fij,
where
h2
Fij = f(zi,y;) + Eﬁsf(ﬂfzyyj)-

Let K2Dg be the matrix representing the 9-point Laplacian operator
—Ayg for the homogeneous Dirichlet boundary condition, then it can be
written as

1
where H is a symmetric tridiagonal matrix
4 1
1 4 1
1 4 1
H = )
1 4 1
1 4

Problem 2.15. Explain why the matriz representation of the 9-point Lapla-
citan operator is given as the matrix K2Dyg.

Problem 2.16. Find the eigenvectors and eigenvalues of K2Dg and use
them to establish the stability thus convergence of the scheme.

For the 9-point Laplacian, the size of the matrices H, and H, do not
need to be the same, and we do not need Az = Ay. As a matter of fact the
9-point discrete Laplacian for the Poisson equation can be also written as

) 1 1 -2 1 1 1 10 1 L (010

—|— 110 =20 10| +-—]-2 =20 —2||oU=-"-1]1 8 1]|oF
2 2 )

120822 o 1] A1 10 1 240 1 0

which reduces to the following under the assumption Ax = Ay = h,

L (14 L (010
— 14 —-20 4|loU=—1|1 8 1|oF.
6h2 ° 12 °
1 4 1 010

Here o denotes the Hadamard product of matrices, and U and F are matri-
ces:

B Ui—1j+1 Uijrr Uigr41 B Firj+1 Fijr1 Figija
U=\VUi-1; Uy Uy |, F=|Fa; Fj o Fig
Ui—1j-1 Uij-1 Uit1-1 Fi1j1 Fij1 Fipj
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Problem 2.17. Verify the fourth order local truncation error in the 9-point
scheme for Ax # Ay.

Problem 2.18. Prove that the accuracy of the 9-point scheme becomes sizth
order for solving the Laplace equation Aw = 0 with Dirichlet boundary con-
ditions.

2.11 Variable coefficient problems

2.11.1 1D Dirichlet b.c.

We first consider a 1D variable coefficient problem:

—(a()d'(x)) = f(z), €01,

with homogeneous Dirichlet boundary conditions. A conservative discretiza-
tion should be used:

1
A2 [_aj*%

Uj—1 + (aj % + a/]+%)u] - aj+%uj+1] = f]a

wherea; 1 = a(x;— %Aw) The matrix vector form of this scheme is Bu = f
2

where B is a real symmetric tridiagonal matrix:

a1r+as —as
1 2 2 2
B= N —ag aztas —as _ (2.8)
Notice that z; = j%—i—l for j = 1,---,n are the n grid points and the
coefficient function a(z) is sampled at n + 1 points Ti1 = (j — %)n%rl for
j=1,---,n+ 1. Let D denote the (n 4+ 1) x n matrix:
1
-1 1
D= 0 . 5
-1 1
-1
and A be a diagonal matrix with diagonal entries a1,---,a, 1. Then we
2 2

have D'D = K and B = s> DT AD.

Obviously it is impossible to compute eigenvalues of the matrix B any-
more. However, it is still possible to have a useful estimate of the smallest
eigenvalues of the matrix B as will be shown in Chapter [3| (Section [3.6.4)),
so that we can establish the stability thus the convergence of the scheme.
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2.11.2 2D Dirichlet b.c.

Now consider the following 2D problem

Via(z,y)Vu) = f(z,y),

with homogeneous Dirichlet b.c. on a rectangular domain, where a(z,y) > 0
is some known coeflicient function. If we use the same conservative centered
difference discretization as above, then we obtain

1
(DI ® 1,)A1(D, ® I,) +

AL I, ® Dg)Ag(Ix ® Dy)| vec(U) = vec(F),

At

where A; and As are two diagonal matrices defined as follows.

Let a1 be a 2D array of size Ny x (Nxz+1) satisfying az(j, 1) = a(xi_%,yj)
and as be a 2D array of size (Ny + 1) x Nz satisfying a1(j,7) = a(z;, yj_%).
The diagonal entries of A; are

reshape(ay, (Nz + 1)Ny, 1),
and the diagonal entries of Ay are
reshape(as, (Ny +1)Nz,1).

Problem 2.19. Show that the matriz = (DX ®1,)A1(D, ® 1) + A#yg(fx ®
Dg)Ag(Ix ® Dy) is symmetric.

2.11.3 1D Neumann b.c.
Next we consider the Neumann boundary conditions:
—(a(z)u'(x)) = f(z), 2€[0,1], ' (0)=00,u'(1)=o01.

The compatbility condition for this problem is
1
/ f(x)dx = —a(1)oq + a(0)oy.
0

In this section we use the grid points z; = jn%rl forj=0,--- ,n+1. The
half grid points are x; 1= (7 + %)n%_l For approximating the boundary

conditions, we can use a second order one-sided difference:

ﬁ <_§u(0) +2u(Az) — ;u(ZAx)) — 4/ (0) + O(Ac?),
A (5001~ 280) ~ 2u(1 = Ag) & Su(1) ) = /(1) + O(aa?),
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thus 5 .
—§U0 +2U; — §U2 = hoo,
% n—1—2U, + gUnH = hoy.
Therefore, we get
Up = %Ul - éUz - ;fwo,
1

4 2
Un+1 = —gUn_l + gUn + ghUl.

So we get a second order approximation to the first order derivative:

11 2
u'(z1) Uo -3 3 Ur $00
2 -1 1 Uy -1 1 U, 0
wlrg) | 8 ]
510 " : “nl0 I : :
/( ) -1 1 Un—l -1 1 Un—l 0
Thus we get a second order approximation for (a(z)u’)":
11 2
ai -3 3 U1 EO'O
-1 1 2 — 1 U, 0
1 as 1
- - : + 1 :
nlo0 . 0 : :
-1 1 -1 1 Un—1 0
A e
A second order scheme for —(a(z)u’)’ = f can be written as
s — 1 —qs + 1
I B A U,
. —as3 as + as —as Us
7 -
—G, 3 a, 3 + Q1 —a,_1 Up—1
1 1
30n} ~Onoj Ong ~30ng3) \ U

which can be denoted as
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The discrete compatbility condition is

as
2

_1
a 30

Njw

n—

N

Problem 2.20. Show that the discrete compatbility

2 n—z
— (hfi—a1=o0)+h ot A frt—— 2
23 a

33

and show it is a second order accurate approximation to the compatbility

condition for a(x) being a constant.

To obtain a modified right hand side F so that %AU = F has a solution
if F' does not satisfy (2.9)), we can project F' to the column space of A.

Similar to the discussions in Section [2.6.5] we have

f1—2a0/h CL%/(CL% -
P 1
, 7 1
Fe ? +b _
fn—l 1
fn+2a1/h an_;/(an_%

where b is obtained by requiring F is orthogonal to the vector

1 (hfn"i'an—i-lio-l) =0.
3041 :

(2.9)
condition is indeed ([2.9))
301)

1
- §an+%)
1
ag/(ag = 301)
1
1
1

an—%/<an—% - %a’n-‘r%)

Sometimes we may prefer to solve a symmetric system. For this matter,
we can symmetrize the system by dividing proper numbers in the first and
the last row of the system to obtain an equivalent symmetric one:

as —as
2 2
—a3 a3z +as —as
1 2 2 2 2
h? E
_anf% anfﬁ—i_a’nf%
—a, 1
n—3
as as
2 1 2 2
— ra1500) +
a;-%a;(fl h™33 ) <a3—§
2 2 2
fo+b
fn—1+b
a1
n-3 (f —|—la 2
T n nt1l Ul)+
an—%igan-ﬁ-% h 2 3 an—%

Ur

Us
a1 Un-1

U,
a1 n
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3

A brief introduction of finite
element methods

3.1 Motivation and plans

Finite difference method can only be used on a rectangular domain or a
domain which can be transformed to a rectangle such as a disk via polar
coordinates. For complicated problems in real applications, finite element
method is the most successful approach due to its rich theories and flexibil-
ity with geometries. In this notes, we mainly focus on rectangular domains,
on which finite difference method is the most convenient choice. On the
other hand, the finite element method on a rectangular domain can be im-
plemented as a finite difference method when integrals are replaced with
quadrature. For instance, there is no essential difference between grid point
values and piece-wise linear polynomials represented by its grid point values.
Even on unstructured triangular meshes, a linear polynomial on a triangle
can be represented by its point values on three vertices of the triangle, which
is often called nodal representation.

[
[
[ J
o O
o O

The conventional approach of constructing a finite difference method
that we have seen in Chapter [2] includes two crucial steps: first, develop a
consistent discretization or approximation to the differential operator and
the boundary conditions then try to establish the stability, i.e., try to show
|[A~L|| < C if the matrix-vector form of the scheme is Au = f. While the

35



36 3. A BRIEF INTRODUCTION OF FINITE ELEMENT METHODS

first step is a relative easy task, the second step seems to be fine with the
second order centered difference because we have eigenvalues and eigenvec-
tors, which is however nearly impossible to find for higher order accurate
schemes and more general problems such as variable coefficient problems. In
general there are quite a few drawbacks and challenges in such a traditional
approach. The key issues include:

o It is not elegant or convenient to design a high order accurate scheme
to use Taylor expansion (for instance, do you actually enjoy solving
Problem . It also becomes harder to deal with boundary condi-
tions in high order schemes.

e Stability is hard to establish in general: estimating the inverse of a
matrix is always hard. If using only linear algebra, singular values and
eigenvalues are impossible to estimate for more general schemes (think
about a high order accurate scheme for —(a(z)u’) = f).

Remark 3.1. 9-point discrete Laplacian is successful, but only for Laplacian
operator on uniform meshes with Dirichlet boundary conditions.

Moreover, there are practical concerns:

e Loss of accuracy on non-uniform meshes: if the local truncation error
is obtained by Taylor expansion on uniform grids, the proof of order of
accuracy breaks down regardless of whether the actual scheme is still
as accurate as on uniform grids or not.

e Loss of symmetry in the matrix A: the matrix in general is not sym-
metric and hard to symmetrize (think about —V(a(z,y)Vu) = f with
Neumann boundary conditions).

Remark 3.2. One of the main reasons why a symmetric A is much better is
for purely Neumann boundary conditions. The exact solution is not unique
for purely Neumann b.c.. So A in the numerical scheme Au = f is not
invertible thus the linear system Au = f may not have a solution (unless f
happens to lie in the column space of A, which is usually not true). So as
we have seen in Sectz’on one would have to instead consider Au = f
where f is the projection of £ onto the column space of A. The left null vector
v (i.e.. vI A = 0) is needed for such a projection. If A is symmetric, then the

left null vector is also the right null vector, which is usually |1 1 --- 1}
since A approximates a differential operator. If A is not symmetric, then one
would have to solve an eigenvalue problem ATv = 0% v which is even more
expensive (at least 2-3 times more expensive) than solving Au = f. The
difficulty of using a non-symmetric matrix for purely Neumann boundary
conditions will also be explained in Section [3.9
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Remark 3.3. For solving Au = f as above, it is mathematically equivalent
to solve the least square solution by solving AT Au = ATf, which is however
a lot harder to solve numerically, because the condition number of AT A will
be nearly the square of the condition number of A.

All these concerns and difficulties can be solved by using finite element
method! What is even better is that finite element method on rectangular
meshes (or regular triangular meshes) looks like exactly a finite difference
method. In this chapter, we will first see how a finite element method is
defined then implement it as a finite difference method.

Caution to readers: this is a very brief introduction to the finite
element method because

o We will give up certain math rigor such as complete definition of dis-
tribution and Sobolev spaces, proof of existence and uniqueness of
variational formulation and important estimates. Instead they will be
given and stated as facts.

e We focus mainly on rectangular domains and rectangular meshes.

Despite of these simplifications in mind, you will still learn and understand
the key ingredients of the finite element method.

3.2 Preliminaries

3.2.1 Weak derivatives and Sobolev spaces

Let C§°(R) be the set of all infinitely differentiable functions which are
nonzero only on a finite interval.

If a function f(x) is differentible, then after integration by parts, for any
smooth function v(z) € C§°(R) , we have

/_ ;OO Fa) (@)d = — /_ ;OO f(@)v(@)de. (3.1)

The function f(z) = |z| is not differentiable but we can define its weak
1 x>0
or generalized derivative as the step function g(x) = { ~ in the

-1 z<0
sense of (3.1)):

Definition 3.1. A function g(x) is defined to be the weak or generalized
derivative of f(x) if it satisfies

400 +o0
/_OO f(x) (z)de = —/_OO g(x)v(z)dx, Yv(z)e C(R).

Example 3.1. [t is straightforward to verify that the step function is the
weak derivative of the absolute value function.
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If a function is differentible, then its weak derivative is simply the deriva-
tive. From now on, in this Chapter, derivatives are understood as
generalized derivatives.

Next we need to define a few spaces:

. 12([0,1]) = {f(a:) : /Olf(g;)de < oo}.

For a general domain €2, L?(Q) is similarly defined. Here integral is
the Lebesgue integral if you know what it means. The L?(2)-norm
will be denoted as

Il = Wlzen = ([ f(x)zd:c)é.

When there is no confusion, we will drop Q in the subscript, e.g., || fllo
simply denotes the L?-norm.

1
H'(0.1)) == { @), /@) € I3 [ [f(@ + £/ < oo

The H'(Q)-norm will be denoted as

£ = Il = ([ (@2 + F@2dr)

We also define a seminorm:

|flue=flm@ = (/Q f’(:c)def .

When there is no confusion, we will drop 2 in the subscript, e.g., || |1
simply denotes the H'-norm.

Fact: in one dimension, H'([0,1]) c C([0,1]).

e H{([0,1]) is the subset H*(]0,1]) with the property of vanishing at the
boundary.

e H? space is similarly defined:

2 _ / " 2. ! 2 / 2 /] 2
H(0.1) = { (@), /@), 7" (@) € L5 [ £ 4 £/ + " (0)ldo < o0}

0

Norm and semi-norm are

1
2

17 = 15y = ([ [ + £ @ + (2 )

[flo.0 = |flu2@) = (/Q f”(:r)%:r)é.
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H?3 space and its norm are also similarly defined: just add f"(z).

More about continuity:

The most general statement is from general Sobolev inequalities [3],
which imply for a bounded open set 2 C R” with a C' boundary:

k> g,f(x) e H* Q) = f(x) € C(9).
The special case for one dimension: f(r) € H'(-1,1) = f(x) €
Cl[-1,1].
Two dimensions: f(z,y) € H?(Q) = f(z,y) € C(Q).
Three dimensions: f(x,y,2) € H*(Q) = f(z,y,2) € C(Q).

In two dimensions, H' is not enough for continuity: consider € as
a disk centered at the origin with radius R = %, then the following
function cannot be made continous or even bounded by changing any
point values:

f(z,y) = (~log(a® + %) € H'(Q), f(w.y) ¢ C(),

where a € (0, %) is a constant. Let r = \/x2 + y?2, we first have

// ]f\dedy—/ 0/{9 —log?)*Yrdrdf < C

because [— log 7?]?*r is bounded and continuous on r € [0, ] Then

a—11
IVfl =« (— log r2) o= C(—logr)*1rt,

1 2m
// \V f|?dxdy = /2 / C(—logr)?* 2r=2rdrdf
Q r=0.J6=0

1 oo
= 0/2 (—log T)QO‘_Qr_ldr(t =—logr) = —C/ 120720t « +00.
r=0 =—log1

3.2.2 Interpolation and quadrature

Finite element methods are built upon basic tools including interpolation
and quadrature (numerical integration).

Lagrange interpolation is a convenient polynomial approximation to a
function through its point values: given k + 1 point values of f(x) at
k+1 grid points z; (i = 1,2,--- ,k + 1), there is a unique polynomial
p(z) of degree k to satisfy p(x;) = f(z;) (i =1,2,--- ,k+1).
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The linear Lagrange interpolation at x;,z;+1 for a function f(z) is
given by

T — Ti41 T — X
fi+ fit1-
Ti — Ti41 Tit1 — X4

The quadratic Lagrange interpolation at x;_1,x;, ;41 for a function
f(z) is given by

(@ — @i1) (@ — Tit1) (@ — @) (x — wi1)

o= )@=z s = )~z

(z —xi)(® — zi11)
(wi—1 — ) (Tim1 — Tit1)

fi1+

¢ Quadrature means numerical integration, which is to approximate in-
tegrals on computer.

Trapezoidal rule :/_11 f(x)dz ~ f(=1) + f(1)

1
Simpson’s rule :/_1 f(z)dx =~ éf(—l) + gf(O) + %f(l)

Trapezoidal rule is exact if f(z) is a linear polynomial. Simpson’s
rule is also 3-point Gauss-Lobatto rule or 3-point Newton-Cotes rule,
which is exact if f(x) is a cubic polynomial.

Consider an uniform mesh with grids 0 = xg < 21 < - < zy < Tyy1 =
1 with spacing h = ﬁ for the interval [0, 1], which consists of N + 1
intervals I, = [zg—1,2k] (K =1,---,N +1). Then for each interval we can
use a linear polynomial to approximate f(z) if given f; = f(x;). Let II; f(z)

denote such a piecewise linear polynomial function.

/\*\

O O

Figure 3.1: Four grid points and three intervals. For each interval, a linear
polynomial is interpolated.

Next consider an uniform mesh with grids 0 = xg < 71 < -+ < any <
xn4+1 = 1 with spacing h = ﬁ for the interval [0,1]. And this time we
assume N = 2n—1 is odd. Then there are n small intervals I, = [xox_2, Tok]
(k=1,---,n), on which we can define a piecewise quadratic interpolation
polynomial, denoted by IIs f(z).

Here are the facts that we will use without any proof first: for a smooth
enought function f(z), the interpolation error and quadrature error are given
as
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G o o o o o ')

Figure 3.2: Seven grid points and three intervals. For each interval, a
quadratic polynomial is interpolated.

e L? and H! errors of piecewise linear interpolation:
If =T fllo < Ch?|fla,  |If —=iflls < Chlf|2. (32)

e L? and H' errors of piecewise quadratic interpolation:

If —afllo < CR*|fls, |If —Haf|1 < CR?|fls. (3.3)

Quadrature error of trapezoidal rule for each small interval in Figure

B.1:

N+1

f Ydx — Z 1h fzp_1) + f(zp)]| < Ch2|fla.

Quadrature error of Simpson’s rule for each small interval in Figure
0.2

n

/f )dx — Z fzor—1) + f(l'zk)+ f($2k+1)]

< Ch*|fla-

Notice that the estimate above only needs the minimal assumption on the
function, e.g., for we only need to assume f(z) € H?(f) (the second
order derivative exists in the weak sense). The same order can be obtained
by Taylor expansion, but obviously we need the derivatives to exist in the
classical sense. All these estimates above can be easily derived from the
Bramble-Hilbert Lemma in Section[3.7.2] On the other hand, you can simply
assume these estimates are true for now.

3.3 1D BVP: homogeneous Dirichlet b.c.

3.3.1 Variational formulation

Given a function f(z) € L%*(0,1), consider solving
—u" =f x€(0,1),

with boundary conditions

u(0) =0, u(1)=0.
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Multiplying a test function v € H}(0,1), after integration by parts, we get

/01 o (2)v (2)dr = /01 f(@)v(x)dz

which can be denoted as
(W', v") = (f,v),
if we define

(f,9) = /01 f(z)g(z)dz.

It can be shown that the solution to the PDE is equivalent to the solution
to the following variational formulation

seek w € H(0,1), satisfying (u/,v") = (f,v),Yv € H3(0,1). (3.4)

Theorem 3.1. Assume f(z) € C([0,1]) and u(z) € C%([0,1]) satisfies (3.4),
then —u"(x) = f(x).

Proof. After integration by parts in (3.4), we get
1
0= (f.0)—(,0) = (L) +(",0) = (F4a'0) = [ )+ S @)@
0
If u”(x) + f(x) # 0, then due to continuity, uv”(z)+ f(x) is either positive or

negative on an interval [zg, z1] C [0,1]. Without loss of generality, assume
u”(z) 4+ f(x) > 0 on [zg,21] C [0,1]. Consider a test function

0, T < I
U(:U) = (x - ‘TO)2($ - x1)27 HARS [33'071'1] )
0, T > 1T

and we have

1 T1
| W@+ f@lo@)ds = [ @) + f@)loe)de >0
0 T
which is a contradiction. O

Why the variational formulation implies the PDE is one big step that
we choose to skip. If this is your first time to learn finite element method,
it is the best to accept this fact without spending time pursuing why. But
if this is your fifth or even tenth time to read this chapter, it might be a
good time to start to learn why it should be true, in a different book! Of
course the solution of is also the solution to the PDE only when it is
a solution with a second order derivative at least in the weak sense. It can
be shown that the solution of has weak second order derivative, which
is called elliptic reqularity theorem.
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Consider the 1D variable coefficient problem
—(a(z)u') = f, x€(0,1), u(0)=u(l)=0, (3.5)

where a(z) > 0 is a smooth coefficient, with boundary conditions.
We can introduce a new notation called bilinear form

1
A(u,v) ::/ au'v'dz,
0

then the equivalent variational formulation is

seek u € Hj(0,1), satisfying A(u,v) = (f,v),Yo € H}(0,1).  (3.6)

3.3.2 The abstract finite element method

Given a mesh with n intervals I; (j =1,--- ,n), let V" denote the continuous
piecewise polynomial of degree k approximation to the space H'(0,1):

V"= {vp(x) € C(0,1) : vy(x) is polynomial of degree k on each interval I;}.

We will only consider £k = 1 or k = 2, i.e., linear or quadratic polyno-
mial approximation. In general, these small intervals I; do not have to be
uniform. But for convenience and also for the sake of constructing a finite
difference scheme on a uniform mesh, let us assume they have an uniform
interval size. Then Figure and Figure[3.2| are illustrations of elements in
Vv

The space V{ is similarly defined as an approximation to Hg(0,1):

Vi = {un(x) € C(0,1) : v (0) = v (1) = 0,v5(2) € P*(I;),V5}.

A continous piecewise polynomial can have a weak derivative as defined by
Definition [3.1] which is the piecewise derivative inside each interval, just like
that the weak derivative of f(z) = |z| is the step function. Thus we have
the following fact:

vhc HY0,1), V& c HL(0,1).
Given V{!, the abstract finite element method for is defined as
seek uj, € V', satisfying  A(up,vn) = (f,vn), Vo, € Vi (3.7)
We call the abstract finite element method because it can never be

exactly implemented. For example, the right hand side integral (f,v;,) can
never be computed exactly, unless f(x) is a very simple function.
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3.3.3 The abstract implementation

Assume we know how to compute all integrals in , e.g., if the coef-
ficient a(z) = 1 and f(z) is a polynomial in (3.6), then all integrands are
polynomials. Then let us think about how the scheme should be imple-
mented, e.g., in the scheme what does arbitrariness of the test function
vy, mean?

First of all, once the mesh is fixed and polynomial degree is fixed, the
piecewise polynomial space Voh is a finite dimensional vector space. Assume
it is N-dimensional with basis functions {¢;(z) : i =1,--- ,N}.

Second, in the scheme , both the left hand side and the right hand
side are linear operators with respect to the test function wv;. Therefore,
A(up,vn) = (f,vp) for arbitrary test function vy, in an N-dimensional vector
space V" is equivalent to A(up,vs) = (f,vn) for vy, being all basis functions

¢i(x). Namely, (3.7) is equivalent to
A(uha¢i):(fa¢i)a ZzlvaN

Third, u;, € VJ* implies that uy is a linear combination of the basis
functions:

N
up(z) = > ujg;(x).
j=1

Next, plugging in up(z) = Zj»v:l uj¢j(z) and using the linearity of the
bilinear form A, we get that

N
S wjAlds, ¢0) = (f¢4), i=1,---,N,
j=1

which is a system of IV linear equations.
The last step is to solve a linear system Su = f where the stiffness matrix
S has entries S;; = A(¢;, ¢;), and

Uy (f, ¢1)
U2 (f7¢2)
u= : , f= :

3.3.4 The simple practical implementation on uniform meshes

To implement the scheme , one needs to address the issue of how to
compute integrals. Omne convenient choice is to use quadrature. Let us
use trapezoidal rule for P! method (and Simpson’s rule for P? method).
Let Ap(-,-) and (f,vp)p denote the quadrature approximation to A(-, -) and
(f,vp) respectively. Then we get a new scheme

seek wuy € Voh, satisfying  Ap (up,vn) = (f, vn)n, Yop € Voh. (3.8)
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Recall that for both P! mesh Figure and P? mesh there are N
interior grid points. Let ¢;(z) (i = 1,---, N) denote the basis functions in
VI satisfying

1 i=y3, .
i . :512 7\v/ :17'--’N‘
gb(x]) J {0 i J

This kind of basis is often called Lagrangian basis or nodal basis. For

instance, ¢;(x) for P! method is given as

@ —2im1), x € [wim1, 3],
pi(z) = %(%‘H —z), T € [TyTip1],
0, otherwise,
and its weak derivative is
1
R YIS [l‘iflaxi}a
¢i(x) = *%7 T € [xi, i),
0, otherwise.

For Lagrangian basis ¢;(x), if we set u; = up(z;), then

N
up(z) =Y ujd;(x),
=1

thus the numerical solution u; can also be denoted as a vector of point
values
U

Uz
u =

G2\

N
Plugging > u;¢;j(x,y) into the bilinear form, we get
j=1

N
An(un,vn) =Y ujAn(di(x), o).

j=1
Since it suffices to ask Ap(up,vp) to hold for v, = ¢; for all i, the scheme

(3.8) is equivalent to

N
seek ue RY, satisfying ZAh(¢j(x>a¢i<m))uj = (f, ¢i(x))p,Vi=1,--- ,N.
j=1
(3.9)
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The right hand side can be explicitly written as
N1
(frdi(z)n = §h[f(ﬂsz)¢i($k) + f(@p41)@i(T41)] = fih

k=0

So the matrix vector form of (3.9) is Su = hf where the stiffness matrix
S has its (i, j)-th entry as

Sij = An(¢j(z), ¢i(2)).

Consider the simplest Laplacian case a(z) = 1, then

2 . .
Rot=J
Sij = An(#j(x), ¢i(x)) = (#(2), ¢i(a))n = —F i=j*1
0 otherwise.

In other words, for solving —u” = f,u(0) = u(1) = 0, the matrix vector
form of the P! finite element method with trapezoidal quadrature is precisely
the second order centered difference:

2 -1 [ uyp ] [ f1 ]
-1 2 -1 U2 P
1 -1 2 -1 ug f3
- . =h .
h . . . :
-1 2 1] |un-1 IN-1
—1 2 L UN ] L fN i

For the variable coefficient problem —(au’) = f,u(0) = u(1) = 0, simi-
larly we can derive the matrix vector form for the scheme (3.9)) with piecewise
linear basis:

ap + 2a1 + as —ai — as Up f1
11 —a1 — a2 a1+ 2a2 +a3z —az —as U2 _ fo
h?2 N
(3.10)

Recall that the traditional finite difference scheme (2.8) in Chapter [2| is

given as

tag  —ag uy N

5 —as U2 | = f2
2 2 ’
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and the matrix can be easily written as B = ﬁDTAD7 where A be a

diagonal matrix with diagonal entries a 1y Gyl and
1
-1 1
D=9 )
-1 1
-1 (n+1)xn

Notice that the two schemes (2.8)) and (3.10) would be exactly the same

if we use an approximation a,, 1 ~ %7;7“ for the mid point values of a(x)
2

in (2.8). For smooth a(z), the approximation a; , LR L;J“ is second order
accurate by Taylor expansion. Because of this, the stiffness matrix S in the
finite element method (3.10]) can be easily written as

11
—_--DTAD
5 2h

where A is a diagonal matrix with diagonal entries ag+a1, a1+as, as+as, - - -.

Problem 3.1. Are there any alternatives to compute or approximate inte-

grals in (3.7)) if we do not use quadrature?

Problem 3.2. For the variable coefficient problem —(au') = f,u(0) =
u(l) = 0, derive the equivalent matriz vector form (3.10) for the scheme
(3.9) with piecewise linear basis.

Problem 3.3. Derive the basis functions ¢;(x) for the P2 method and find
the explicit matriz vector form of the scheme (3.9) for the —u” = f,u(0) =
u(1l) = 0.

Problem 3.4. Implement both schemes (2.8)) and (3.10)), and compare their

errors for a problem with a smooth solution u for a smooth coefficient a(x).

Problem 3.5. For a rectangular domain ), consider a 2D wvariable coeffi-
cient problem
-V (a(x)Vu(x)) = f(x), xeQ

with homogeneous Dirichlet boundary condition, where a(x) > 0 is a scalar
coefficient. Consider a uniform rectangular mesh and using Q' finite ele-
ment method with trapezoidal quadrature for both x and y variables. The
finite element method is to seek uy, € V{ satisfying

Ap(un,vn) = (f, vn).
Using notation in Chapter 2, the scheme can be written as

1
—(DI'e 1,)A1(D, @ 1,) +

A7 I,® Dg)Ag(Ix ® Dy) | vec(U) = vec(F),

At
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where A1 and As are two diagonal matrices defined as follows.

Let a1 be a 2D array of size Nyx (Nxz+1) satisfying a1(j,1) = %a(:ﬂi, yj)+
sa(zi—1,y;) and ag be a 2D array of size (Ny+1) x N satisfying as(j, ) =
%a(mi, yj) + %a(:ﬂi,yj,l). Then A1 and As can be easily generated in MAT-

LAB as sparse diagonal matrices:

1 Al=sparse(diag(al(:)));
2 A2=sparse(diag(a2(:)));

Implement this scheme and test the accuracy for a smooth solution.

3.4 Basic properties of the bilinear form

3.4.1 Coercivity

We consider the bilinear form A(u,v) = fol au'v'dx with the smooth coeffi-

cient a(x) satisfying 0 < min a(x) < a(x) < max a(z) < +oo for any =.
z€[0,1] z€[0,1]

The first useful concept is called coercivity of the bilinear form:
1
Yo € HY} (), A(v,v) = / a(z)v'v'dr > mina(z)|v|? > C|v|3,
0 x

where C' > 0 is a constant.

To establish the coercivity, we have used the fact that the H!'-seminorm
| - |10 and the H'norm || - ||1.o are equivalent in H{(Q), i.e., there is a
constant C' > 0 depending only on 2 s.t. for any

Vo€ Hy(Q), Clolliq <lvlig < [vllf o (3.11)

The second inequality in is trivial. The first inequalilty in
simply says that the function value can be controlled by the derivatives,
which is in general not true. For example, if v(z) = 1 on Q = [0, 1], then
|v]lo =1 and |v]; = [|v/(z)|lo = O thus the first inequalilty cannot hold for
v ¢ HLHQ).

For Q@ = (0,1), here are some quick arguments to see why it is even
possible to control function values by derivatives for v(x) € HZ(0,1). If
v(0) = 0 and v'(x) exists everywhere in the classical sense, then by the
Mean Value Theorem we have % = v/(y) for some y € (0,z), thus
v(x) = 2v'(y) and |v(x)| < [v'(y)| for any = € [0,1]. You can simply assume
is true for now, and read Poincaré inequalilty in the Appendix for a
rigorous statement.

Remark 3.4. The estimates in (3.11) hold even for a function v(x) which
vanishes only along a part or a very small part of the boundary of §2.
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3.4.2 Continuity

The continuity of the bilinear form is simple implication of Cauchy Schwartz
inequality:

1 1
Vu,v € HY(Q), A(u,v) = / au'v'dz < max a(m)/ u'v'dx
0 0

T

< masate| [ e [ 1700 < ol

3.4.3 Coercivity is stability

Recall that the abstract finite element method can be casted as a linear
system:

Zu] (6,65) = (f,¢:), i=1,--- N.

Whenever a scheme is given as a linear system for an elliptic equation,
it must be addressed whether the linear system has a solution. In other
words, we need to show the solvability, i.e., the invertability of the stiffness
matrix S with entries S;; = A(¢;(z), ¢;). In Chapter [2| we computed eigen-
values of K matrix for constant coefficient problems so that we can show
the nonsingularity of the matrix K.

Obviously, for a variable coefficient problem, e.g., the scheme , the
eigenvalues of the stiffness matrix should be estimated rather than computed
because it is nearly impossible to compute. Such an eigenvalue estimate can
be done by the coercivity. In this section we only focus on the bilinear form
A and we will discuss Ay, later. For any vy, € Voh, we have

-/4 ’Uhvvh Zvl(ﬁl?zvjd)j ZZA(¢ja¢l)vjvl = VTSV-
=1 j5=1
The coercivity says that
Av,v) 2 Cilo||t = Cillollg,  Vo(z) € Hy (%),
where the constant C only depends on the domain 2. Thus
vh(:c) S Voh C H&(Q) = A(Uh,’l)h) > ClHUhH(Q)

Notice that ||vp||p and ||v]| are both norms of the same finite dimensional
vector space Voh, thus they are equivalent:

Col|v]|* < llvnll§ < CslIvII?,

where the constants Csy, C3 depends on the dimension N of the vector space
v
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Thus coercivity gives us

vl Sv

VTSV = A(Uh,vh) > C1||Uh||(2) > 0102“V||2 = vTv

> C1Ch.

Recall that A(u,v) = fol a(x)u/'(z)v'(z)dz, thus A(u,v) = A(v,u) im-
plies that S is real simmetric. By the Courant-Fisher-Weyl min-max prin-

ciple (see Appendix |A.1J), VVTTSL" > (1C5 implies that the smallest eigenvalue
of S is greater than or equal to C1Cs > 0. Therefore S is invertible.
In Section we will further show that we can get a useful estimate

for ||S71|| from the coercivity.

3.5 Error estimates of the abstract finite element
method

We have just seen that the finite element method with linear basis and
quadrature recovers the K matrix for approximating second order deriva-
tive. Even though a finite element method with quadrature becomes a finite
difference scheme, it is much more useful to understand the same scheme
from the finite element perspective. In Chapter 2, we had to find eigenval-
ues of K to discuss the stability thus convergence rate for the FD scheme
h%K u = f. Obviously, eigenvalues of a matrix are difficult to find in general,
e,g., the matrix (3.10]).

We first prove the error estimates for , i.e., the finite element method
without quadrature. We will focus on the analysis for P! finite element
method for the one-dimensional problem with homogeneous Dirichlet bound-
ary conditions to understand the key components in the finite element
method anaylysis, but keep in mind that all discussions in this section ap-
ply to much more general cases such as solving variable coefficient elliptic
equations by P¥ polynomial finite element method with Neumann boundary
conditions on unstructured meshes for a curved domain in multiple dimen-
sions.

3.5.1 H'-norm estimate: stability and consistency imply con-
vergence

The continuous piecewise polynomial has weak derivatives, thus we have
Vi € HE(Q), and such a finite element method is called conforming. Here
is one simple example of nonconforming finite element space for the Poisson
equation: the discontinuous piecewise polynomial space is not a subspace of
the H}(Q) function space.

Theorem 3.2 (Galerkin Orthogonality). Let u be the solution to (3.6). The
solution uy, to the conforming finite element method (3.7) satisfies:

.A(u — uh,wh) =0,YVwy, € Voh.
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Proof. The exact solution u satisfies
A(u,w) = (f,w),Yw € H}(Q)

thus
A(u,wp) = (f,wp), Vwy, € V&' € HY(Q).

The numerical solution uy, satisfies
Alup,wr) = (f,wp), Vwy, € Voh.

Subtracting these two equations, we get Galerkin Orthogonality, which is a
straightforward implication from the choice of approximation space Voh C
H (). O

Galerkin Orthogonality simply says that the true error u—uy is somehow
“orthogonal” to any test function wy, in Voh through the bilinear form A.

Remark 3.5. Galerkin Orthogonality is the analog of the consistency or
truncation error in Chapter([d Since A(up,wy) = (f,wp),

A(u — up,wp,) = A(u, wp,) — A(up, wp) = A(u, wp) — (f,wp).
So Galerkin Orthogonality is the same as
A(U,wh) - (f7 U)h) = Oavwh S ‘/Oha

which is nothing but replacing up, by u in the numerical scheme. On the other
hand, it seems that the “truncation error” is zero here, which is due to the
direct approximation of the variational form. Notice that the “truncation
error” A(u,wp) — (f,wp) is zero only when the test functions are in the
approximated space Voh.

Theorem 3.3 (Céa’s Lemma). Let u be the solution to (3.6). The solution
up, to the conforming finite element method (3.7) satisfies:

lu—up|li <C inf |Ju—wpl;.
wp,

vy |

Proof. First of all, we have uj, € V' C H}(Q) thus u — uy € HE(Q). The
coercivity implies

Cllu —up|)? < A(u — up, u — up).
Next, we have

Al — up, u —up) = A(u — up, wy, — up) + A(u — up, u — wp).
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Galerkin orthogonality implies A(u — up, wp, — up) = 0. So we get
A(u —up,u—up) = A(u —up,u —wp) < Cllu —up|1]ju — wpl1,

where continuity is used.
Finally, we have

Cllu—up|? < A(u—up, u—up) = Alu—up, u—wp) < Cllu—up|1||u—ws1,

thus
lw — up|l] < Cllu —upl1]lu — whl):.

So we have ||u — up|l1 < C||lu — wyl|1 for any wy, € V.
O

Céa’s Lemma says the finite element solution error is controlled by the
best piecewise polynomial approximation error, which we do not know. On
the other hand, we do know polynomial interpolation error estimates
and (3.3). Assuming u € H?(Q2) or u € H3(Q) (i.e., assuming u is smooth
enough), we easily obtain error estimate in H'-norm:

Ch|u’27 k - ]_

. (312
Ch2’u‘37 k - 2 ( )

lu=uplly <C inf flu—wp[1 < Cllu—Ilgul = {
thVOh

Céa’s Lemma gives , which is the convergence of the finite element
method. On the other hand, Céa’s Lemma is implied by both Galerkin
Orthogonality (consistency) and Coercivity (stability). So we get the same
conclusion as in Chapter [2] and Chapter [7] for linear schemes solving linear
PDEs:

consistency + stability — convergence.

Recall that u;, € VJ* € H}(Q) and u € H}(Q), thus the error function
u — up, is an element in the H&(Q) space, in which H'-norm is equivalent to
the H'-seminorm. So the H'-norm estimate above simply implies that P!
finite element method generates a numerical solution satisfying that

\//01 /() — , ()2]dz = O(h).

For function values, we will get one order higher, explained in the next
subsection.

3.5.2 L2-norm estimate: elliptic regularity and duality argu-
ments

Notice that H' estimate cannot explain why P! method gives a second order
accurate scheme. Recall that H'-norm, i.e., ||u — uy||1, measures the error
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both in the function value and the first order derivative. The L?-norm, i.e.,
|lu —up||o measures the error in the function value. For example, we already
know that the P! finite element method on a uniform mesh gives exactly
the standard centered finite difference, which is second order accurate for
the function value.

The L? estimate will be one order higher than H! estimate:

Theorem 3.4 (Aubin-Nitsche Lemma). Let u be the solution to (3.6)). The
solution uy, to the conforming finite element method (3.7)) satisfies:

|u —upllo < Chllu — upl|1,
where h is the mesh size.

For proving the Aubin-Nitsche Lemma, we need a basic fact about the
Poisson equation, which is called elliptic reqularity: the solution to
satisfies ||ull2 < C| f]lo, which simply says that the second order derivative
of u and lower order ones are controlled by function value of f(x).

Even though we only seek u(z) € Hj () in (3.6), the elliptic regularity
theorem guarantees that f(z) € L?(Q) = u(z) € H?(2). In particular, if
f(z) is infinitely differentiable, then so is u(z). The elliptic regularity can
be proven under certain assumptions for the domain €.

We also need a dual problem to help us here. A dual problem of is
to find w € H} () satisfying

A(w,v) = (u —up,v), Yove HI(Q). (3.13)
The equivalent PDE form of the dual problem above is
—w"(z) = u(z) — up(2),

if the original PDE we want to solve is —u(z) = f(x).
The elliptic regularity theorem on the dual problem gives the following

[wll2 < [lu = wunllo-

For the dual problem, its finite element solution for finding wy € Voh
satisfying
A(vp, wp) = (u —up,vp), Yo, € VP,

where we have used the symmetry of the bilinear form A(w,v) = A(v, w).
By Céa’s Lemma and H'-estimate applied to the finite element solution wy,

we have
[w — w1 < Chlwlz < Chllwl[2.

where we have used the interpolation error estimate.
So with elliptic regularity for the dual problem ||w|2 < C|lu — up||o, we
get
lw — w1 < Chlwllz < Chllu —uao.
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Proof. Let wy be the finite element solution for the dual problem. Then
Galerkin orthogonality implies A(u — up, wy) = 0, thus

A(u — up,w) = Alu — up, w — wp) + Alu — up,wp,) = A(u — up, w — wp).
Continuity implies
A(u — up, w — wp) < Cllu—up1]|w — wp;.

Recall that w is the solution to the dual problem thus plugging in v =

u—up € HY(Q) in (3.13), we get
Alu = up,w) = A(w,u — up) = (u — up,u—up) = |u— up|[j
Finally, putting everything together
lu— I = A(u—up, w) < Cllu—upl1flw—wpllt < Cllu—up|l1hu—wugllo,

which gives
lu = unllo < Chllu — upy

O
With the H'-norm estimate (3.12)), the Aubin-Nitsche Lemma gives us

the L2-norm error estimates:

Ch?luly, k=1

. 3.14
Ch3|uls, k=2 (3.14)

lu—unllo < Chllu —uplly = {
This is consistent with what we already know: P! finite element method
gives a second order accurate scheme for function values. The P? finite
element method gives a third order accurate scheme for function values,
which is consistent with the interpolation error order . However, if we
implement P? finite element method as a finite difference scheme, we can
actually get a fourth order accurate finite difference scheme, which is called
superconvergence. It will be explained in the rest of the chapter.

Remark 3.6. In estimates like (3.12) and , it is already assumed that
u should be smooth enough such that either u € H*(Q) or u € H3(Q). The
elliptic reqularity theorem implies that f(x) € L*(Q) = u € H?(Q) and
f(z) e HY(Q) = u € H3(Q).

3.5.3 Summarization and comparison

Now let us just focus on the P! finite element method and think about
how the second order accuracy is proven differently from the one we did in
Chapter 2] In Chapter 2] we computed the eigenvalues of the K matrix for
proving stability ||A~}|| < C in a matrix-vector form of the scheme Au = f.
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On the one hand, it only requires simpler knowledge of linear algebra. On
the other hand, it is highly restrictive because we cannot even compute
eigenvalues for a one-dimensional variable coefficient problem.

The discussion in this section obviously applies to the variable coefficient
problem, but we need so many much more advanced tools such as Solobev
spaces and elliptic regularity. Recall how exactly we can prove the second
order error in P! finite element method for function values:

1. The homogeneous Dirichlet boundary condition is built into the func-
tion space H{ (), which in return gives the Poincaré inequalilty:

/01 |v/(z)|?dz > C [/01 |/ (x)|?dx + /01 ’U<x)|2d4 . Yu(z) € H(Q).

2. The Poincaié inequalilty gives the coercivity
A(vp,vn) > Cllonllf,
which is the stability.

3. From the fact that it is conforming VJ* € HZ (), Galerkin orthogonal-
ity is easily obtained:

A(u —up,vp) =0, Yoy, € Voh.
Galerkin orthogonality is the consistency.

4. With Galerkin orthogonality and coercivity, we get Céa’s Lemma, which
says the finite element solution error is controlled by the best piecewise
polynomial approximation error:

lu —uplls < C inf ||lu—wp|;.
whEVOh

This is step is nothing but saything that consistency and stability
imply convergence.

5. We know the interpolation error using P* polynomials, so the H!-
estimate is simply by Céa’s Lemma:

llu —upls < C infh llu —vp)l1 < Cllu — yully <

vpEVY

Chlulz, k=1
Ch*luls, k=2

6. Finally, with the elliptic regularity on a dual problem and almost ev-
erything above, we get the Aubin-Nitsche Lemma

Ch2|uly, k=1

uU—u < Chllu—u < .
| nllo < Chl| nll < {Chg,’u‘& Lo
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3.6 V"-ellipticity: properties of the bilinear form
with quadrature

Since in practice quadrature is used to implement the finite element method,
we also need to know whether coercivity and continuity hold for Aj,. Usually
the discrete continuity can be easily derived from Cauchy-Schwartz inequal-
ity. The discrete coercivity is called V"-ellipticity.

We only consider the continuous piecewise linear space Voh as an example
in this section. Let x; (i = 0,1,--- , N+1) be an uniform mesh for the whole
interval [0, 1], where 9 = 0 and zx4; = 1 are boundary points. The grid

spacing is h = ﬁ

3.6.1 Equivalent norms of the piecewise linear polynomial
space

Everything in this subsection can be derived by abstract arguments. But
instead we use some explicit elementary tools to derive what we need for
coercivity.

T
For any vy, € VJ, let v; = vp,(z;) and v = {vl ’UN} . So ||vpllo and

|v|| are both norms of the same finite dimensional vector space Vg, thus
they are equivalent:

Col|v]|* < [lvnllf < CslivIl?,

where the constants Cs, C'5 depends on the dimension N of the vector space
Ve

It is useful to figure out the exact dependence of of these constants on
the dimension N or the mesh size h. For the one-dimensional problem
continuous piecewise linear polynomial space Voh on a uniform mesh with
mesh size h, we have

mm-Z/ thM—Z/

U+1 2
J :1:+v]} dx

a 5, 1
= Z 3J+1+ U 6’0]'+1Uj .

Recall that vy, (z) € VJ* = vp = vy41 = 0. With two simple inequalilties

L o 1 02 1 02
Tl T QY < SV < 5 g+1+ 5 Ui

we can derive

4
RIVI® < lloallg < Shllvi®. (3.15)
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Let us consider v (z), which is only piecewise constant. Recall that
vp(r) € V' is weakly differentiable thus vj(x;) is double valued unless
j = 0,N+ 1. Let vj(z;)” and v} (z;)" denote two values obtained by
taking derivatives in the intervals [x;_1, ;] and [z, x;41] respectively. For
convenience, we will also abuse the notation by denoting

vy, ()™ + g, (25) " Wl ()] = [V, ()1 + [vg, () TT?
2 A 2 '

vp(25) =

Recall that vg = vyy1 = 0. Let v/ denote the following vector

Uﬁ(xo) V1 — Vo U1
v;l(gm) . V1 —vo+v2—v1 . v2
v = U;l(ﬂCQ) _ - ’02—1)1-51)3—112 _ v3—U1 7
h h
/
vy, (TN41) UN{1 — UN —UN
) D)2 (2)+]2

Remark 3.7. Here forj =1,---, N, we have [v}(z;)]? := [y (25)”] Z[Uh(z]) F_
WHZUZL which of course can be regarded as the centered finite difference

approximation to the first order derivative at x;.

Remark 3.8. From these happy coincidences with the second order centered
difference, we should see that the piecewise linear space Voh is the better way
to understand or derive the centered difference.

Let V" denote the vector space of piecewise constant on the intervals
I;. Then v} () corresponds to an element in V", and obviously |v/|| and
||v7,]lo can be regarded as two norms for measuring this element in the finite
dimensional vector space V", thus they should be equivalent. However, to
derive the coercivity of Ay, (vp, vp,), we need to be careful with the dependence
of constants on the dimension N or mesh size h. Similar to (3.15)), we can
derive

1
SAIVIE < lohllg < 2R ]V, (3.16)

Problem 3.6. Derive (3.16)), where ||v},|lo is the L*-norm for the function

C1
c2
vy, (x). Hint: let ) denote the constants that v} (z) corresponds to.
CN+1
N+1
Notice that the boundary condition vo = vy41 = 0 implies that > c¢; = 0.
j=1

N+1
Then ||v} |13 = h Zl c?. Derive what ||V'||? should be in terms of c;.
‘]:
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3.6.2 Coercivity

If using trapezoidal rule for P! finite element method in each cell I; =
[z, ;1] in Figure then for any v, (x) € VJ' we have

N
An(onyon) = 3 & (ale)[eh(e3) 12 + ol an) )

7=0
> mina(x;) Z
j ¢
7=0

h
2

([vh (@) T2 + [h(z40)1?)

| >

= mina(z;)
J

N h

[o(z0)]* + A Y [vh ()] + 2[1}2(561v+1)]2>
j:l

> m]ma(wy)*llv (= min a(z;); IIUZ(:E)H%

) 1
= mina(a;) glon (@) > Cmina(e) 3 lon()

where we have used (3.16]) and (3.11]) in the last two lines, and the constant
C is independent of h or N.

3.6.3 Continuity

The continuity for Ay, is straightforward: for any wp, vy, € Voh, we have

N
Ann,on) = 3 2 (o) ke T ()] + o)l () ek (i) )

O

N
<maxa(e)y 3 (|fuh ) ehlen) ] + eheg) ko))
j=0
h N N
< maxa(z;) QJ > ([wp,(z))* [%(fﬂjﬂ)_]z)J > (g ()12 + [ (w11)712),
—0 =0

where we have used the Cauchy Schwartz inequality for vectors

Zazb <\/Zia\/ﬁ

Recall that we have defined [v},(z;)]? := CACHN th(% A , thus

[wh () 12 + [h () 12 = 2[wp ()]

and

$Z ([vh (2)) 7 + [Wh(wj41)~ \IZ n(@))? = V2V

J=0 Jj=0
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With (3.16)), we get the continuity
h
An(wp, vp) < mgxa(x)gﬁ\lwll\ﬂllv/ll < 2max a(z)][w}|lo/[vp]lo

< 2max a(z)|[wp][1|[vn]]:1-

3.6.4 Coercivity implies stability of the finite difference scheme

Recall that in Section [3.:4.3] we have shown the nonsingularity of the stiffness
matrix for the abstract finite element method without any quadrature.

Now we are ready to discuss how the V'-ellipticity or the discrete co-
ercivity can imply nonsingularity of the stiffness matrix S with entries
Sij = An(¢j, ¢i) for the finite element method with quadrature. In partic-
ular, for P! finite element method with trapezoidal rule solving a variable
coefficient problem, from we know the stiffness matrix can be written
as

ao + 2a1 + az —a1 — a2

11 —a1 — as a1 +2as +ag —ag —ag
5= 13

Since vp(x) = Zévzl vj¢j(z), we have

N N

N N
An(vi,vn) = An(D_vidi(2), > vids() =D Y Ap(ej(@), ¢i(x))viv; = v Sv.
=1

j=1 i=1j=1

With the coercivity in Section |3.6.2f and (3.15)), we have

An(vn,vn) > Cllonll} = Cllonll§ > Chlv|?

So we have vI'Sv > Chlv||? for any v € RY, which implies S is positive
definite. The symmetry of S is implied by Ap(wp,vr) = Ap(vp, wp). So S
is invertible. By the Courant-Fisher-Weyl min-max principle (see Appendix
, "VTTS;" > Ch implies that the smallest eigenvalue of S is greater than
or equal to Ch > 0. Therefore S is invertible.

The matrix-vector form of is Su = hf, thus u = hS~'f. Since we
have shown S is real symmetric positive definite, thus singular values are
also eigenvalues for both S and S~!. So ||S~!|| is the simply the reciprocal
of the smallest eigenvalue of S. Therefore we get ||hS™!| = h||S7!|| < C,
which is precisely the stability in the sense of traditional finite difference
method in Chapter
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Problem 3.7. Recall that the traditional finite difference scheme (2.8) in
Chapter|3 is given as

ar +as —as

1 2 2 2

- —a +a
Ax?

U1 f1

3 as 5 —as uz| — | fo
2 2 2 2

Apply the discussion in this section to prove the stability of this scheme. The
consistency or the truncation error of the scheme s straightforward
to derive. Once we have the stability, we have its convergence following
Chapter[9. Hint: it becomes trivial if we can have an equivalent scheme in
the following form

bo + 2b1 + b2 —by — by uy f1
%% —by —by by +2by+b3 —by—bs us| = p | f2

So how do we define b; so that they are equivalent?

3.7 Error estimates of the finite element method
with quadrature

In order to derive the error estimates of the finite element method with
quadrature (3.8), we need to show all the lemmas and theorems in Section
also hold when A(-,-) is replaced by A (-,-). If this is your first time to
read this chapter, you can assume that this is true and skip this section.

3.7.1 First Strang Lemma
The First Strang Lemma is the Céa’s Lemma for the scheme (3.8)).

Theorem 3.5. [First Strang Lemma]

A(vp, wp) — Ap(vp,
lu —upll <C infh {||u —opll1 + sup | A(vn, w) h (U, wp)| }
v EV

: g Fonll

+C sup |<f7wh>h - (f?wh)|

wh eV [[wnll

Remark 3.9. Compared to Céa’s Lemma, the extra terms in the First
Strang Lemma is nothing but quadrature error terms.

Proof. First, we can rewrite the bilinear form

An (up—vp, up—op) = Ap(un, up—vn)—Ap (vn, up—vp)+A(u—vp, up—op) —A(u—vp, up—oy)
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= Ap (up, up—vp)—Ap(vp, up—vp)+A(u—vp, up—uvp)+A(vg, up—op)+A(u, up—up).

By coercivity of Ay, and the facts Ap(up,up — vp) = (f,up — vp)p and

A(u, up, —vp) = (f, up, — vp), we get

Cllun—vp||? < Ap(up—vn, up—vp) = A(u—vp, up—vp)+A(vn, up—vn) —An (Vn, un—op)
+(foun — vphn — (fyun —vg), Vo, € Vg

With A(u — vp, up, — vp) < Col|lu — vp|1||up — vill1, we have

Ao, up —vp) — Ap(vn, up — o) | (fyun —on)n — (f, un — vp)

Cllup—vpll1 < Collu—vpl[1+
lun — vnll1 lun — vnll1

thus

A(vp, - A _
||uh_vh||l < CHU_/UhHl"’_C sup | (Uh wh) h(vhawh)|+0 sup ’<f’ wh>h (f7 UJh)‘
Jup, ol s —

The proof is done after using the triangle inequality:

lu —uplli < llu—wvplls + lun — vrll

3.7.2 Quadrature estimate: Bramble Hilbert Lemma

The first Strang Lemma means that the Céa’s Lemma holds up to the
quadrature error, which can be estimated by the Bramble Hilbert Lemma:

Theorem 3.6 (Bramble Hilbert Lemma). For some integer k > 0, let L
be a continuous linear form on the space H¥T1(0,1) with the property that
Vp(x) € P*(Q) (all polynomials of degree k), L]p(x)] = 0. Then

LN < ClLN 411 k41,

where || - ||, is the operator norm and |f|x41 = \/fﬂ | fE+D) (2)|2dw is the
H* 1 _seminorm.

Remark 3.10. The notation in the Bramble Hilbert Lemma are abstract
but one typical example of such a linear operator is the interpolation error
operator. For instance, given point values f; of some function f(x) on a
uniform mesh, we can do a piecewise linear polynomial interpolation as in
Section . The interpolation error is a linear operator w.r.t. f(x), and
the interpolation error is always zero if f(x) is a linear polynomial. Then
the Bramble Hilbert Lemma implies that this piecewise linear interpolation
error is controlled by |fla, which contains the second order derivative (in
the weak sense). On the other hand, we can also get similar conclusion that
the piecewise linear interpolation error is dominated by or related to f”(x)
through Taylor expansion. So if you prefer, you can think of the Bramble
Hilbert Lemma as the better alternative as opposed to performing Taylor
expansion.
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Remark 3.11. The power of the abstraction in the Bramble Hilbert Lemma
lies in the fact that we easily extend the interpolation and quadrature error
estimates in Section to unstructured meshes on any shape of domain.
Recall that the H'-norm error estimate is built upon the the interpolation
error estimate. This is why the arguments for deriving error estimates in
this chapter also apply to any general setup such as problems in multiple
dimensions.

Consider the quadrature error operator, which is linear and also zero for
polynomials of certain degree. For instance, if considering the trapezoidal
rule for each interval in Figure 3.1] then

[ i é; (i) +f (wis1)] = io(/:”lf<sc>d:c—;h[ﬂw@-)w(w)}).

Consider a mapping from the small cell [z;, z;11] to the reference cell [0, 1]
by
x=hi+z, [(&)=[f(ht+ ).
Let
Tit1 1
E(f) = [ f@)do = Shlf(@) + fai)

be the quadrature error on a small inverval, and

be the quadrature error on a reference interval [0, 1]. Then E is the linear
operator £ in the Bramble Hilbert Lemma on £ = [0, 1] and we have

ALA ~ 1, Tit1
B = HEW)] < hClfla = hey | [ 1r(@)pda = h“cv | i@,

With Cauchy Schwartz inequality for vectors 3=, a;b; < \/3; a24/>; b2, we

get the total quadrature error as

N N Tit1 N N Tiy
SIE(fHI < Ch*D \/H\// [f"(x)]2dx < ChQ\l ZhJ Z/ [f"(z)]2dx
i=0 i=0 Zi i=0 i=0

= Ch2’f|2-

So we have just proven that

hlf(xi) + f(ziz)]] < CR?|f2. (3.17)

1
2
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3.7.3 Error estimates

We only demonstrate the main idea why the error estimates for the abstract
finite element method can still hold after quadrature error is involved. We
focus on the simplest example. Consider the scheme ({3.8) for a(z) =1, i.e.,
the scheme %K u = f. The integrand in the bilinear A(up,vy) is simply
piecewise constant because up and vy are piecewise linear. Thus we have
A(up,vp) = Ap(up, vp) and the first Strang Lemma reduces to
lu—wupl1 <C in
vpE

swp)n — (f,w
f ||u o Uh”l +C sup |<f h>h (f h)|
v Sl

For a piecewise polynomial wy, its second order derivative only exists on
each interval, thus we abuse the notation by letting |wp|2 denote (this is
usually called Broken Sobolev space, i.e., the Sobolev space on each small

interval)
Ti+1
wnls =3 [ fui(a) P

With this modification of seminorm (you can verify that (3.17)) still holds if
replacing f by wy), by (3.17), we have

[(f, wn)n — (fowr)] < CR?|fwpla.

Notice that in each interval (fwy)” = (f'wp+ fw),) = f"wp+2f'w}, because
w”(x) = 0 within each interval. Thus with Cauchy Schwartz inequality, we
have

[(f,wn)n — (fywn)| < CR?| fwpla = CR2[f"wp, + 2f w) o
< CR*(|f"|olwnlo + 2| fl[wh]) < CR?|| fll2]|w]:-
Therefore we obtain the H! estimate as

lu = uplly < Chlulz + Ch?||£]|2.

Similarly, the Aubin-Nitsche Lemma also holds up to quadrature error.
The conclusion is very simple: the orders in the estimates in (3.12)) and
(3.14)) still hold in the estimates for the scheme with quadrature (3.8]).

3.8 Generalization: general domain in two dimen-
sions

We will have a quick glance at how everything can be easily extended to a
general setup. Consider solving a two-dimensional Poisson equation:

-V (A(a:,y)Vu(:v,y)) = f(xvy)v (l‘,y) €2
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Figure 3.3: Left: the domain . Right: the approximated domain € via a
triangular mesh.

with homogeneous Dirichlet boundary conditions u(x,y) = 0 along the do-
main boundary 2 for a bounded region 2, where A(x,y) is a 2 X 2 matrix
coefficient.

We just mention some key ingredients in the generalization to see how
an easy extension is possible in the first place:

1. Multiplying the test function and integration by parts, we get the
equivalent variational formulation for the PDE:

seck u € HY(9), / / Vol AVudady = / / fodzdy, Yo e HY(Q),
Q Q

which can be denoted as A(u,v) = (f,v).

2. Construct an unstructured triangular mesh, which gives an approxi-
mated domain €25, as shown in Figure Notice that the approx-
imated boundary 02, is a piecewise segment approximation to the
curved boundary 92, which induces a second order geometric error
thus any finite element method defined on this €25 can be at most
second order accurate even if using very high order polynomial basis.
On the other hand, we can easily fix this issue by using curved trian-
gle along the boundary, but quadrature on curved triangles are more
expensive. For simplicity, we just consider the mesh shown in Figure

3.3

3. We define Voh as the continuous piecewise linear polynomial space on
the mesh shown in Figure with the property of vanishing on 9€,.
An abstract finite element method is natually given as

seek uj, € Voh, // Vv%fAVuhdxdy = // fopdxdy, Yuy, € Voh,
Q Q

which can be denoted as A(uyp,vy) = (f, vn).
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4. Now let us consider what kind of coefficient A(x,y) can ensure coerciv-
ity. For instance, if we assume that A is real symmetric and its smallest
eigenvalue has a uniform positive lower bound, i.e., A(A) > C > 0 for
any (z,y), then by the Courant-Fisher-Weyl Min-Max principle,

Vol AV

2 2 1
oot 2 C = A(u,0) 2 Clofi 2 ol Yo € ().

where we have used the fact that H!'-seminorm and H!'-norm are
equivalent in Hg ().

5. Assume Voh is N-dimensional. We can define Lagrangian basis (also
called nodal basis) functions ¢;(x, y) on 2, just like the one-dimensional
case. For instance, a linear polynomial is completely determined by
its point values at three vertices on the triangle, and a quadratic poly-
nomial is completely determined by its point values at three vertices
and three edge centers on the triangle.

6. Plugging in up(z,y) = Z;-V:l ujp;(x) we get a linear system

N
ZUJA(¢]7¢Z):(f7¢Z)7 7::1,°",N7
j=1

and the stiffness matrix S has entries S;; = A(¢;, ;).

7. It can be shown that weak partial derivatives of any vy, € Voh exist thus
it is conforming: V{* ¢ H}(2). So the proof of Galerkin Orthogonality
holds. Coercivity and Galerkin Orthogonality imply Céa’s Lemma.
Once we have Céa’s Lemma, the H'-norm error is controlled by the
interpolation error, which can be given via Bramble-Hilbert Lemma.
Similary, the Aubin-Nitsche Lemma also holds.

8. The quadrature using only three vertices is exact for linear polyno-
mials on a triangle. The quadrature using three vertices and three
edge centers is exact for quadratic polynomials on a triangle. With a
suitable quadrature, the finite element method can be represented as

seek uy, € Voh, Ap(up,vp) = (f,on)n, Yo, € Voh.

9. Finally, if you are curious whether this is still a finite difference scheme
if using a structured triangular mesh, e.g., one rectangle is splitted into
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two triangles in a rectangular mesh, then the answer is yes! With no
surprises, the P! finite element method will give the same 5-point dis-
crete Laplacian scheme as in Chapter The P? polynomial finite
element method for —Au = f gives a fourth order accurate (supercon-
vergence) finite difference scheme with the following stencil:

1
-1 —4
edge center —1 4 —1 wvertex 1 —4 12 —4 1.
-1 —4
1

3.9 Generalization: purely Neumann b.c.

Consider a one-dimensional problem

—(a(z)u'(z))" = f(z), x€(0,1)
u'(0) = og,u'(1) = 0.

Recall that f(z) must be compatible with the boundary conditions:

1
/ f(.%')dl’ = —a101 + agoy, (3.18)
0

which is obtained by integrating the PDE.

3.9.1 Quotient space H'(Q)/P°(Q)

Recall that this boundary value problem does not have a unique solution:
if u(x) is a solution, then so is u(x) + ¢ for any constant c. This non-
uniqueness issue must be addressed properly. To this end, it is natural to
consider a quotient space in which two functions differing by only a constant
are regarded as the same function.

Let P°(2) be the linear space of all polynomials of degree zero, i.e., all
constants. We first introduce an equivalent class by

o(z) = {w(z) = v(x) +¢, c€P'(Q)}.

In other words, if two functions v(x) and w(z) are different only by a con-
stant ¢, then we regard them to be in the same equivalent class, which is
a set. Any element w(z) in an equivalent class v(x) is called a representa-
tion of the equivalent class v(x). For instance, in this section, v(z) means a
representation of the equivalent class v(z) which v(x) belongs to.

The quotient space H'(Q)/P% () is defined as

HY(Q)/P(Q) = {0(z) : v(z) € H'(Q)}.
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The norm the quotient space H(2)/P%(Q) is defined as

[9][1 := inf [Jwl]s,
wED

where ||w||; is the H'-norm of the representation w(x). This definition can
be explicitly written as

2

d
o]l = ceig})f(g) |lv(z)+c|1 = 162%1 \//Q lv(x) + c|?dx + /Q ‘dx(v(m) +c)| dx.

So we get
o1} o= min [ jo(a) + cPdo+ [ f(@)de,
ceR JO Q

which is nothing but a minimization with respect to c. Also, it is a simple
quadratic function of the number ¢, so the minimizer is the average of v(z),
c = ﬁfgv(a:)dx For the domain Q = (0,1), let v = fol v(x)dx be the
average of the function v(x) over Q. Then the quotient space H'(2)/P%(Q)
can be equivalently written as

61 = [ 1o(@) ~ oda + [ |o'(o) P
Q Q
This quotient space norm is also equivalent to the seminorm |v];:
Clofh < vl < flofl, € >0.

The first inequalilty is true because of the following Poincaré inequalilty (see
Appendix for a generic statement):

/Q!v(w) — o’ dz < C/Q W' (z)[2da.

3.9.2 Variational formulation and coercivity

Multiplying a test function and intergration by parts, we can get a varia-
tional form:

1 1
/ a(z)u (z)v (z)dr = / f(z)v(z)dr + a1o1v(1) — agogv(0).
0 0

Obviously, both side stay the same if we replace u(z) by u(x) + ¢ for any
constant ¢. Now if we replace v(z) by v(z) + ¢, the left hand side stays the
same, and the right hand side also stays the same because of the compati-
bility condition (3.18).

So the equivalent variational formulation is to seek @ € H(Q)/P%(Q)
such that

/Q (@) () (2)da = /Q Fl@)o(@)datarorw(l)—agoou(0), Vi € HY(Q)/PY(Q).
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It can be denoted by the same short hand notation as:
A(u,v) = (f,v) + a1010(1) — agoov(0), Yo € H'(Q)/P°(€2).

The Cauchy-Schwartz inequalilty implies the continuity of the bilinear
form. Since quotient space norm is also equivalent to the H! seminorm, we
also have the coercivity:

Av,v) > C|o|l1, Yo e HY(Q)/P°(Q).

3.9.3 The finite element method

On a mesh with intervals I;, we define the space V" as an approximation to
HY(0,1):
V" = {on(2) € C(0,1) : vp(z) € PH(I), Y5}

We can also define a quotient space V" /P similarly:
VP = {0 (x)  vp(x) € VY
The finite element method is to seek wy(x) € V*/P? such that
Alup,vp) = (f,vn) + aro1vp(1) — agoovn(0), Vo, € Vi/PO,

Notice that we use representations uy and vy, in the bilinear form A(up, vy),
instead of their equivalent classes 1, and ©p. All the previous arguments
for error estimates can be established similarly, and the only difference is
that the underlying function space is the quotient space H*(£2)/P°(£2), even
though we just plug in functions into the variational form as before.

3.9.4 Coercivity implies the stiffness matrix null space

For simplicity, we assume homogeneous Neumann boundary condition oy =
o1 = 0, and constant coefficient a(x) = 1. Then for the P! basis finite
element method, the bilinear form with trapezoidal quadrature Ay, (up,, vp)
is the same as A(up, vp).

Recall our uniform grid points are

O=20<21 < - <2y <2xN4+1 = L.

Let ¢;(z),i = 0,1,--- , N + 1 be the Lagrangian basis or nodal basis of V".
Then the stiffness matrix S € RWT2x(N+2) hag entries Sij = An(¢j, ¢i) =
A(¢j,¢i). Here we have abused notation by allowing indices i,j to take
value 0.

With similar notation as before, e.g., v.€ RN*2 denoting a vector of
point values vy (x;), we have

v!Sv = A(vp,vp) > Cllig|1 > 0,
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thus S is still real symmetric and positive semi-definite.

Since the boundary value problem does not have a unique solution, the
stiffness matrix S must have a nontrival null space. As a matter of fact, the
constant one vector 1 is in its null space. We first have

Vv, vIS1 =A(l,v,)=0=v L S1, Vv=S1=0.

Next, we want to show that the coercivity implies that the null space of
S is one-dimensional:

Sv=0<vISv=0<s Alv,,v,) =0= ||os]1 =0,
where the last step is due to the coercivity. Thus
Sv=0=|ip)1 =0 p(z) =0 & vp(z) =ce v=cl,

because a function in the quotient space has zero norm if and only if it is 0,
which is the property of a norm.

3.9.5 The finite difference form

For simplicity, just consider the constant coefficient case a(x) = 1, for piece-
wise linear basis with trapezoidal quadrature on the uniform grid, the finite
element method can be equivalently written as

1 h
E(ul —up) = §f0 + agog

1 .
E(_Uj—l +2u; —ujp1) =hf;, j=1,--,N

1 h
—(uny1 —un) = §fN+1 + ay01

h
which is exactly the same as the traditional finite difference scheme in Sec-
tion [Z.6.3]

Now the finite element theory can give error estimates like and
. On the other hand, it is straightforward to check the truncation
error at xg or x 41 is only first order, even though the Neumann boundary
condition was approximated by a second order centered difference in Section
It is quite difficult to show that this scheme is second order accurate
following arguments in Chapter [2] epsecially for a variable coefficient prob-
lem in multiple dimensions. But we know this scheme is indeed second order
accurate in the sense of , which demonstrates the superiority of the
finite element method compared to traditional finite difference method.
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For a(x) = 1, the stiffness matrix S with entries Ay (¢;, ¢;) can be written
out as

1 -1
-1 2 -1
1 -1 2 -1
S=-
h
-1 2 -1
-1 1 (N+2)x(N+2)
In general, we have
ap + ay —ap — a1
11| 0@ ap+2a1+az  —a —az
5:75 —a1 — a2 a1+ 2a2 +a3z —as — ag

(N+2)x(N+2)

3.9.6 How to solve the singular linear system

Now consider the finite element method with quadrature for a variable co-
efficient problem:

Ap(up,vn) = (f, vn)n + aro1op(1) — agoovn(0), Vo, € Vh/PO.

For piecewise linear finite element method, if using a Lagrangian basis or
nodal basis ¢;(x), by plugging in v, = ¢;(x), we get a singular linear system

up 3fo apoo
uy bil 0
sl |=n| + |+] :
uN In 0
UN+1 $fN ajoy

Since the null space of S is Span{1}, the least square solution of this sin-
gular linear system corresponds to the facts that the finite element method
is defined on a quotient space V"/P°, and we look for a solution in a quo-
tient space H(Q)/P%(Q) in the original variational formulation. We do not
elaborate more about it here, but at least all discussions about quotient
spaces and the null spaces are consistent.

Let Su = f denote this singular linear system. The first question we
should ask is whether it has a solution since S is not invertible. A linear
system Su = f if and only if f is in the column space of S, denoted by
Col(S). To this end, we need the orthogonal complement of C'ol(.S), denoted
by Col(S)*:

Col(S)t = {y e RN*? . yTs =01
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Since S is symmetric, y’'.S = 0 < Sy = 0, thus Col(S)* is the null
space of S. In particular, we know that 1 is the basis of Cool(S)*. We have

fecCo(S)e fLCS) < flL1

N
1 1
s §hf0 +h E fi+ Eth.,_l + agog + a1o1 =0
=

which is nothing but a discrete compatibility condition.

For a function f(z) satisfying the compatibility condition, its point val-
ues may not necessarily satisfy the discrete compatibility condition. We can
simply project f to the column space of S. Let f be the projection vector,
then Su = f is ensured to have a solution, and we can use iterative solvers in
Chapter [§ such as conjugate gradient method or its preconditioned version
directly on Su = f to find the least square solution to Su = f. Since we
know what Col(S)" is, the projection f is quite easy to find. We summerize
it as follows:

1. The projection f is computed as

(L5,

F=I=et

It is easy to verify (1, f) = 0.
2. Solve Su = f by direct or iterative solvers. See Chapter

Remark 3.12. [terative solvers like conjugate gradient may not work well
directly on Su = f epsecially if the discrete compatibility error is large.

Remark 3.13. To find the least square solution to Su = f, it is mathemat-
ically equivalent to solve the normal equation STSu = ST f which is ensured
to have a solution for any f. However, STSu = ST f is much harder to
solve. For example, if S is invertible, then the condition number of STS is
about the square of the condition number of S.

Remark 3.14. If S is not symmetric, in order to find the projection f, we
need to compute the left null vector y first: solving STy = 0 = 0 xy is
an eigenvector problem, which is much more expensive than solving a linear
system of the same size. For instance, for a monsingular system Ax = b,
iterative solvers are based on minimizing a function f(x) = %XTAX —bT'x.
For Ax = 0, if minimizing f(x) = 3x! Ax, we simply get x = 0, which is
a solution that we do not want at all. For getting the nonzero solution to
Ax = 0, roughtly speaking, we would have to minimize f(x) = 1xT Ax over

=2
the sphere {x : ||x|| = 1}.
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Remark 3.15. For all remarks above, it is highly desired to have a sym-
metric S. The symmetry of the matrix S with entries Si; = An(¢j, ¢i) =
Ap (@i, ¢;) holds trivially even for a two-dimensional or three-dimensional
problem —V - (AVu) = f with a real symmetric matriz coefficient A. This
is one of the key advantages of using finite element method for purely Neu-
mann boundary conditions. It is in general quite difficult to construct a real
symmetrix matriz for variable coefficient problems with Neumann boundary
in multiple dimensions by traditional finite difference method.

3.10 Generalization: nonhomogeneou Dirichlet b.c.

Consider solving
—u"(z) = f(x), =€(0,1),
u(0) = og,u(l) = o;.
The standard approach is to assume that there exists a smooth enough

function g(z) satisfying the same boundary condition. Then the function
U = u — g satisfies

—u"(z) = f(z) +¢"(x), =€(0,1),
a(0) = a(1) = 0.

Obviously everything in Section [3.3| can be easily applied to construct
and anaylze a finite element method for @ € H{ (), provided that we know
what g(z) is, which is easy to construct in one-dimension but not necessarily
in multiple dimensions.

However, we only need to know existence of the smooth function g(z)
and an actual implementation can be made irrevelant to what exactly g(x)
should be. The same order from the L?-norm error estimate can still
hold.

By multiplying a test function v € H{ () and intergration by parts, we
get the equivalent variational form for seeking @ € HJ (§2) satisfying

1 1 1
/ @ ()0 (2)de = / F(2)o(z)da — / (@0 (@)dz, Yo e HAQ),
0 0 0
which can be denoted as

A(a,v) = (f,v) — A(g,v), Vv e Hj(Q).

3.10.1 A scheme in theory

An abstract finite element method that we should never implement is to find
iy, € VI satisfying

A(ﬂh,vh) = (f, vh) — A(g,vh), Vvh S %h.
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Assume g(x) is a nice function so that we can still derive the error estimates
and (3.14). For example, if ¢”(z) exists, then after integration by
parts for test function vy, (x) € V!, the abstract finite element is equivalent
to seeking 1wy, € Voh satisfying

Altip, o) = (f + 9" 0n), Yo € V™

If we treat f — ¢” as the right hand side function, then the error estimates

(3.12) and (3.14]) can still hold for @, — .

The numerical solution that we want is
up, := Up, + g(x).

Be careful that we no longer have u;, € V*. By moving A(g, v) to the left
hand side, we get

Alun,vp) = (f,vn),  Yon € V5"
Also up, — u satisfies the error estimates (3.12)) and (3.14).

Next, assume we use quadrature, so we have
Ap(in,vn) = (f,on)n — An(g,vp), Vo, € VY, (3.19)

or equivalently
An(un,vn) = (fvn)n, Yo, € V5 (3:20)

Assume the estimates (3.12)) and (3.14)) still hold after using quadrature for

the scheme (3.19)).

3.10.2 A scheme for implementation

We consider the piecewise linear Lagrangian interpolation polynomial for
g(x) at grid points z;, denoted by gp(z) = Il1g(z) € V. For nodal basis
{qu(x)};y:%l of V", we simply have

N+1

gn(@) = > gi0i(x) € VI,
=0

where g9 = 09,9gn+1 = 01,20 = 0,zxy+1 = 1. Then we consider a new
scheme seeking iy, € V! satisfying
Ah(ﬂh,vh) = <f, 'Uh>h — Ah(gh,vh), Vvh € %h. (3.21)

The difference between the scheme ([3.21)) and the scheme (3.19)) is where
using g(z) or its polynomial interpolation g (x).
Let up(x) = @p(x) + gn(x) € V", then we can rewrite (3.21]) equivalently
as
Ap(up,vn) = (f,on)n, Yo, € VI (3.22)
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This time, since up,(z) = @x(x) + gn(x) € V", we have

N+1
up(z) = Y ujgi(x),
j=0
where u; = up(z;).
Here T need to emphasize that V" is (N + 2)-dimensional with basis
{pj(x)}EL, whereras the test function space Vg is only N-dimensional

AR
with baéis {¢; (31:)}5\7:1
Obviously, plugging this representation into and test function
space basis ¢;(x) for i = 1,--- , N, we get a linear system
N+1
> Ap(¢j, di)uj = hfj, Vi=1,--- N.
§=0

Of course the linear system should have only N unknowns because of
Dirichlet boundary uy = g9 and uxy1 = o1. The scheme is precisely

1 .
7 (Cwi-1 4 2wy — ) = hfy, =10 N, (3.23)
where ug = og, un+1 = 01.

Remark 3.16. Notice that the scheme (3.22)) is equivalent to the following
scheme seeking up,(z) € V' satisfying

Ah(uha Uh) = <f7 Q]h>h - Ah(gha Uh)a vUh € ‘/E)h7 (324)

where o, € V" is the Lagrangian interpolation of the trivial nonsmooth
extension function:

O-h(:l"O) :0-070-71(1'1\/—‘1-1) =01, O-h(:l:i) =0,i=1,---,N.

Remark 3.17. The scheme or has nothing to do with what
g(x) is. On the other hand, with the existence of smooth g(x), the error
estimates can be easily established via the analysis of the scheme (3.19)). To
establish error estimates for or , notice that their only difference

from (3.19) is the following
An(g,vn) — An(gh, vn),

which can be analyzed through the interpolation error estimates on ||g— gn|l1
and ||g — gnllo. For instance, for convergence in H' norm, similar to the
First Strang Lemma Theorem (3.5, we will have to deal with

sup |An(g, wn) — An(gn, wn)|

thVOh ||whH1 ’

which can be easily done by discrete continuity of the bilinear form:

|An(g, wn) — Ap(gn, wp)|
l|wn |1

< Cllg — gnll-
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The scheme is exactly the same as taking the scheme for purely
Neumann boundary at interior grid points j = 1,---, N in Section [3.9]
This is not a coincidence at all. This fact remains true even for high order
polynomial basis with variable coefficients, which means that we have a neat
treatment of boundary condition in finite element method. In particular, for
a variable coefficient problem, by taking the scheme at interior grid points
j=1,--- N in Section we obtain the P! finite element method with
trapezoidal quadrature for the nonhomogeneous Dirichlet boundary as

—(aj—1 + aj)uj—1 + (aj—1 + 205 + aj+1)u; — (@ + aj41)uj
2h

where ug = 0g, un4+1 = 071.

3.10.3 A scheme in theory for 2D general domain (2

Consider solving a two-dimensional Poisson equation with nonhomogeneous
Dirichlet boundary condition for a bounded region €:

—V- (A(x,y)Vu(:v,y)) = f(x,y), (iL',y) € Q,

u(z,y) =o(z,y), (z,y)€ .

where A(z,y) is a 2 x 2 matrix coefficient.
Assume there exists a smooth extension function g(x,y) satisfying that
gloa(z,y) = o(x,y), then @ = u — g € H} () satisfying

A(a,v) = (f,v) — A(g,v), Yve H&(Q)

where the bilinear form is A(u,v) = [fg, VoI AVudzdy.

Given a triangulation of the domain €2 as shown in , assume either
Q) is polygonal or we use curved triangles, so that 9Q; = 0. Define a
continuous piecewise polynomial space VJ* C H (), then an abstract finite
element method that can be easily analyzed is to find uy € Voh satisfying

A(tp,vp) = (f,vn) — A(g,vn), Yo, € Voh.
The scheme with quadrature is written as
Ap (i, vn) = (f,vn)n — An(g,vn),  Von € V"
or equivalently

up=1tn+g, Ap(un,vn) = (f,on)n, Yo € Vi (3.25)

=hfy, G=1,
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3.10.4 A scheme for implementation for 2D general domain

Q

The error estimates of can be easily established. For the ease of
implementation, we define gp(x) as the Lagrangian interpolation of g(z)
over nodal points in the mesh, which will be explained below.

Then we implement a different scheme

an € Ve, Anlin, vn) = (f,vn)n — An(gn,vn), Von € Vi

or equivalently

up = Up + gn € Vh, Ah(uh,vh) = <f, Uh>h, Yy, € Voh. (3.26)

For convenience, let x denote (z,y). Now we need to make some as-
sumptions which are quite practical at least for P! and P?:

L

IT1.

III.

Iv.

V& is N-dimensional and V" is (N + n)-dimensional.
V" has a Lagrangian basis (nodal basis) {qﬁj(x)};.v: 1" satisfying
1, 1=
(30:) = 8o — ’
S Y
for the points x; : ¢ =1,--- , N + n.

V{ has a Lagrangian basis {¢;(x) }jvzl satisfying
1, i=j
0, i#j’

for the points x;,7 = 1,--- , N. For example, x; are three vertices of all
triangles for a continuous piecewise linear polynomial on a triangular
mesh. For a continuous piecewise quadratic polynomial on a triangular
mesh, x; are three vertices and three edge centers of all triangles.

¢j(xi) = di5 = {

The quadrature points used in Ay (-, -) is a subset of {x;,i = 1,--- , N}.
For instance, the quadrature using three vertices with equal weight is
exact for integrating a linear polynomial on a triangle thus second
order accurate by Bramble-Hilbert Lemma, and the quadrature us-
ing only three edge centers with equal weight is exact for integrating
a quadratic polynomial on a triangle thus third order accurate by
Bramble-Hilbert Lemma.

So the points {x;}¥, are interior points inside the domain 2 and the
points {Xz‘}é\;—’]—\;l_,'_l are boundary points, along the boundary 0, = Q (not
true in general but we assumed it).
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Let uj = up(x;) and 0 = 0(x;), then

NAn N N+n
un(x) = D ujoi(x) =Y uigi(x)+ Y 056(x).
j=1 j=1 j=N+1
Under these assumptions, the scheme (3.26)) is exactly the same as
N+n
An(Y wids,vn) = (fon)n,  Von € V7" (3.27)
j=1
or equivalently
N N+n
S A, 00w = (frdidn— S An(dy, )05, i=1,---,N.
J=1 j=N+1

If you ever wonder what the simplest boundary treatment for a high
order accurate scheme should be, 13.26: gives a perfect answer.
To establish the convergence in H'-norm and L?-norm for the scheme

(3.26]) or , we first can have the error estimates for (3.25]), then analyze
the only difference between (3.26]) and ((3.25)):

An(g,vn) — An(gn, vn),

which is related to the interpolation error estimates on ||g — gp||1 and ||g —
gnllo-

3.10.5 The error in the 2-norm over grid point values

Obviously, the implementation in previous subsection has absolutely nothing
to do with what g(z) is. As a matter of fact, the implementation is
our classical finite difference scheme. But there is still one catch that I
have not mentioned, for implementing the finite element method as a finite
difference scheme.

To be specific, in , we can only get point values of up(z) at x;j,
even though in practice we are quite happy with that already. On the other
hand, if we have g(z) and we solve (3.19), then we get up(z) = @p(z) + g(z)
for any z € (0,1).

In terms of the error estimates, the L?-norm measures the error
for all z in the interval (0,1). In the scheme (3.23)), since we only have
up(;), the errors can be measured only at these grid points. For P! finite
element method, it is straightforward to show that for up,(z) implies
the scheme is second order accurate in the 2-norm:

N N
lella = (|2 D _ef =\ |h D luj —u(x;)]*
j=1 j=1
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The 2-norm above is an approximation to L?-norm error |lep|lo by the
trapezoidal quadrature for the error e, = up — u:

1
lenllo =1/ [ len@)Pd,

where e;,(0) = e;(1) = 0 because up(x) satisfies the boundary condition.

Remark 3.18. For P* basis finite element with k > 2, the error order
for function values at (k+1)-point Gauss-Lobatto quadrature points are (k+
2)-th order in the 2-norm. This one order higher phenomenon is called
superconvergence of function values. We can use finite element method with
quadratic polynomial to get a fourth order accurate finite difference scheme!
Of course it can no longer be derived from L%-norm estimate (3.14), which
is only third order accurate for P2.

3.11 Generalization: a general elliptic operator

Next, we consider an elliptic equation in the following form
—(a(z)d(2))'+b(z)u (z)+e(z)u(z) = f(z), =€(0,1),  u(0)=u(l)=0,

where a(z) > min, a(z) > 0 and ¢(x) > 0.
The variational form is still A(u,v) = (f,v) where

A(u,v) = /01 a(z)u (2)v'(z) + b(2)u (z)v(x) + c(z)u(z)v(x)dr.

First of all, unless b(z) = 0, we lose the symmetry of the bilinear form,
and A(u,v) = A(v,u) is not true in general. Thus the stiffness matrix will
no longer be symmetric. But other than this, almost everything above can
be extended, under suitable assumptions.

For simplicity, we will just focus on how to establish the coercivity. Since
c(x) > 0, we have

A(v,v) > /01 a(z) v (z))?dz + /01 b(z)v' (x)v(x)dx.

For the second order derivative term, recall that by Poincaré inequality we
have

1
/ a(@)|0 (2)2de > mina(z)|v]? > Cmina(z)|v]?, Vo € HY(Q),
0 X T

where the constant C' depends only on (2.
For the first order derivative, after integration by parts, we get

1 1 U2 T 1 U2 T
/0 b(2)o! (2)o(x)dz :/0 b(x)% é ) o = —/O ¥ (z) ; V iz, o f H&;Q).
3.28
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In two dimensions, for a first order derivative term like b - Vu, after
integration by parts, we have

J[o-opa=— [[ L@ v, weni@.  @9)

So we can get the coercivity A(v,v) > C||v||? under the following as-
sumptions:

1. If ¥'(z) = 0, then the term in (3.28)) is gone. In two dimensions, if
V-b =0, ie., b is incompressible, then the term in (3.29) is gone in

two dimensions.

2. If ¥/(x) <0 in one dimension or V - b < 0 in two dimensions, then we
have

1
Aw,0) = [ ala)lv'(@)da = ol

3. If ¥/(x) > 0, then we have to assume max, V'(z) < 2C min, a(x) where
C is the constant in the Poincaré inequality, thus

1 1
A(v,v) 2 min a(@)Co]3—max¥ ()5 0] > (€ mina(z)—5 max¥ ()]

Remark 3.19. For the case b'(z) > 0, obviously we need the diffusion term
—(au) to be strong enough to dominate the convection term bu'. However,
if the diffusion coefficient is very small compared to b/ (z), then the coercivity
will be lost, thus all arguments in finite element theory based on coercivity
will also break down. In pratice, this reflects on the difficulties of using finite
element theory to construct a scheme for convection dominated problems,
e.g., max, b'(zr) >> max, a(z) or a(z) is nearly zero.

3.12 Generalization: higher order accuracy via P?

We only discuss the constant coefficient case. If you are interested, you can
find the variable coefficient case in [9].

3.12.1 Dirichlet b.c.

Let V" and Voh denote the corresponding spaces of continuous piecewise
quadratic polynomial was shown in Figure The difference between V"
and V' is that elements in VJ' are always zero on the boundary.

The scheme with piecewise quadratic basis and Simpson’s quadra-
ture (3-point Gauss-Lobatto quadrature) has a matrix form Su = Mf where
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S is stiffness matrix and M is the lumped mass matriz. On a uniform mesh,
it can be written as Hu = f with

2 -1
7 1
—23 =23
12 -1
1 1 _o9 7 _o 1
-1 1 2 1
H=M S:ﬁ 12 -1
1 7‘
i 21 2

-1 2

For the nonhomogeneou Dirichlet boundary value problem, the scheme

(3.25) can be written as

—Ui—1 + 2U; — Ujp1
h? B

fi, if x; is a mid point, (3.30a)

ui—o — 8u;—1 + 14u; — 8uiy1 + uig2
4h2
where ugp = 0g and uy4+1 = 01

= fi, ifx;isacellend, (3.30b)

Remark 3.20. The finite difference scheme (3.30) can only be defined on
a grid with odd number of grid points, because it is obtained by taking end
points and midpoints in a finite element mesh as shown in Figure[3.2. This

is the only drawback when using (3.30) as a finite difference scheme.

(a) The quadrature points (b) Finite difference grid

Figure 3.4: An illustration of Q? element and the 3 x 3 Gauss-Lobatto
quadrature.

Now consider solving —Awu = f on a rectangular domain with homoge-
neous Dirichlet boundary condition. We can use with piecewise Q2
(tensor product of quadratic polynomial) basis and Simpon’s rule or 3 x 3
Gauss-Lobatto quadrature rule on an uniform rectangular mesh as shown
in Figure 3.4 With the same array notation in Chapter [2] The equivalent
matrix vector form of the scheme is

(H®I+1® H)vec(U) = vec(F), (3.31)
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or equivalently
(S®M+ M ® S)vec(U) = (M @ M)vec(F).

Remark 3.21. The linear system in can be easily solved by first
computing eigenvalue decomposition of H then the eigenvector method as
in the Chapter[3. The eigenvalue decomposition of H can be computed in
MATLAB, which is affordable since H is a small matriz compared to H ®
I+1®H.

Remark 3.22. The stiffness matriz S is always symmetric and the lumped
mass matriz M is diagonal. The matriz H or HRI+1Q H is not symmetric,
but SQ@ M + M ® S is real symmetric. If a symmetric linear system is
preferred, then the original symmetric form can be used.

3.12.2 Neumann b.c.

For one-dimensional homogeneous Neumann boundary, the scheme can be
written as

Tug — 8uq + us

2h2 = an
— Ui Ml — Us
Ui—1 +h2uz Uitl _ i if 2 is a mid point
o — Ui 14u; — 8u; .
L 4;;2 Uit T2 _ fi, if x; is a cell end but not a boundary point,
un-1 —8un +Tuny1 s
242 N+1-

3.12.3 The fourth order accuracy as a finite difference scheme

The fourth order accuracy of is proved in [9].

The standard finite element error estimate for schemes in this section is
third order in L?-norm. But it can be proven that is actually fourth
order accurate in the 2-norm over grid points.

First of all, we can check that the finite difference approximation to the
second order derivative in (3.30) is only second order accurate, even for the
one in . Second, if we use this second order approximation to solve
a second order PDE such as —u”(z) = f, we get a fourth order accurate
scheme! As a matter of fact, it can be rigorously proven that this scheme
is fourth order accurate for commonly used linear second order PDEs [9, [§]
for

« Elliptic equation —Au = f.
e Parabolic equation u; = Au.

o Wave equation uy = Au.
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e Schrédinger equation iu; = Aw.
o Variable coefficient version of the equations above.

All error estimates in this notes are a priori error estimates, which means
that the order holds if the exact solution u(x) is smooth enough. For in-
stance, the fourth order accuracy of can be proven only if assuming
u € H*(Q). In practice, we often use high order accurate schemes for nons-
mooth solutions, for which high order a priori error estimates can no longer
hold. So a natural question is whether it still makes sense to use a high order
accurate scheme like on uniform meshes, which is nonethesless often
used in applications. In Figure[3.5] there is a comparison of between the sec-
ond order finite difference and the fourth order finite diﬁerence
for solving the following generalized Allen-Cahn equation

(Z)t + U¢x + v¢y = NA¢ - -Fé(ﬁb)7 (JZ‘, y) € Qa (332)

where u,v are given incompressible velocity field, and F’(-) is some fixed
energy potential term. With the first order accurate implicit explicit (IMEX)
time discretization, it becomes

M + un-i—l(b;-i-l + ,Un+1¢n+1 _ MA(bn—H - M (3.33)

At Y 5

For the differential operators in , we can used two finite difference
schemes derived from P! and P? finite element method with quadrature.
For the second order derivative, they are and . In Figure
we can see that the solution has a sharp interface, which gives large gradient
thus smoothness or regularity of ¢(z,y) is lost, yet the fourth order spatial
discretization is still superior because the second order spatial discretization
gives a wrong solution on the same coarse 239 x 239 grid. Higher order time
accuracy here does not help the second order spatial discretization on the
same coarse 239 x 239 grid. This is somehow intuitive since usually time
evolution is a lot smoother thus spatial error is dominant in these problems.

3.13 Superconvergence

For the scheme (3.30), the error order at quadrature points (two cell ends
and the middle point) is one order higher than L? error, which is computed
for all x in the domain. Such a phenomenon that error at certain points is
smaller is called superconvergence. On the other hand, it is straightforward
to verify that the local truncation error of (3.30a)) and (3.30b)) is only second
order. Recall that the local truncation error is not the true error. The
phenomenon that local truncation error at particular locations has lower
order than the true error order is called supraconvergence. The full proof
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of why the scheme (3.30) is fourth order accurate in 2-norm over all grid
points is quite complicated, see [0} [§]. In this section, we will only see some
quick reasons why superconvergence is even possible.

3.13.1 The delta function

400, =0
0, z#0
which is however not a conventional function at all. One rigorous under-
standing of it is to define it as a functional, mapping any continuous function
with compact support f(z) linearly to a number f(0). It is often denoted
by an integral, i.e., the definition of the symbol §(z) is defined to satisfy

Our heuristic understanding of the delta function is §(z) = {

;Oo F(@)8(x)dz = £(0), Vf(z) € Co(R).

Recall that the function f(z) = |z| is not differentiable but we can define

1 x>0
its weak or generalized derivative as the step function g(z) = { . - 0
— r <

Now let us compute the weak derivative of the step function by integration
by parts:

Vu(z) € C5°(R), /

— 00

0

g(z)v' (z)dx = /(J+OO v'(m)dm—/ V' (z)dr = —2v(0).

— 00

—+00

With the definition of d(x) above, we have
+o0o
Vo(z) € CP(R) € Co(R), / v(@)8(x)dz = v(0),
thus
+o0 +oo 1
Vo(z) € C5°(R), / g(z)v' (z)dz = —/ v(x)=0(z)dx.

—00 — 00 2

Therefore, we have obtained % |x| = 2d(z), in the weak derivative sense.
The symbol d4(z) := d(x — a) satisfies

+o0o +o0o
/_OO F(2)0a(x)de = /_OO F(2)5(z — a)dz = f(a), Vf(z) € Co(R).

Thus we also have j—;%kv —a| =0(x — a).

3.13.2 The one-dimensional Green’s function

For the boundary value problem —u”(z) = f(x), =z € (0,1), u(0) =
u(1) = 0, its Green’s function G,(x) is defined to satisfy
d2

5 Galw) = 8u(2), Ga(0) = Ga(1) =0,



3.13. SUPERCONVERGENCE 85

where a € (0,1) is a fixed number.
Following the discussion in the previous subsection, it is straightforward
to verify that

o=l 2o

1 Y
—5aT +5a, T>a

thus

9y
dx —3a, r>a o dr?

4 o) = {%(1%)’ TS0 LG w) = dule)

Notice that G,(z) is a continous piecewise linear function, but this is true
only for one-dimensional problem.

3.13.3 Superconvergence at knots in one dimension

For the one-dimensional problem —u”(z) = f(z), =z € (0,1), wu(0) =
u(1) = 0, assume we have a mesh of intervals I;, on which we define contin-
uous piecewise polynomial spaces V" and Voh.

The abstract finite element method is to seek uj, € V! satisfying

(up,vh) = (fron), Yo € Vi (3.34)
Recall that the solution u, has Galerkin Orthogonality:
(Ul - u;za U;'L) = 07 vvh € %ha

Let e(z) = u(z) — up(x) € HE([0,1]) C Co([0,1]), then Galerkin Orthogo-
nality can be written as

(¢',v,) =0, Yo, € Vi

Let z; be the cell end of some interval I; and we call ; a knot. Then
we consider the Green’s function at a = x;, e.g, G, (), which is a piecewise
linear polynomial defined on the same mesh, thus G, (x) € V. Now let us
take a special test function v, = G, () in the Galerkin Orthogonality:

(€', Gy, —O:>/ Gy, (x)dz =0= — / 2, (x)dx =0

+oo
= — / Oz, (x)dr =0 = — / x)0z,(x)dx =0 = e(x;) =0,

where we have extended e(z) to the whole real line by zero extension.
This means that the error at knots x; are zero! Notice that this is the
property to the abstract scheme (3.34) for any P* basis, which we however
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do not implement. For instance, for P! basis on a uniform mesh, the scheme

(3.34) is the same as

2 -1 [ up ] [ (f7¢>1) 1
-1 2 -1 ug (f, #2)

B .2 ._1 . - (f’_¢3) . (3.35)

S

12 <1 fuva| | (Fene)
—1 2 L UN L (f7¢N) J

But usually we implement it by approximating the integral (f,¢;) by the
trapezoidal rule, which is second order accurate. If we do compute the
integrals (f, ¢;) exactly, then the scheme (3.35) has zero error.

For the P? basis on uniform mesh, the Simpson’s rule is exact for the
left hand integral (uj,v},), thus (3.34) can be written as

2h —ui—1 + 2u; — Uit
3 h?

= (f,¢;), if z; is a mid point, (3.36a)

hui—g — 8ui—1 + 1u; — 8uiy1 + Uiy
3 4h

= (f,¢i), if x; is a cell end.

(3.36D)

The error of the scheme is zero at the cell end x; (knots). Of

course, in the scheme , we use Simpson’s rule for approximating the

integrals (f, ¢;), which is fourth order accurate. So at least now intuitively

it is not a surprise that the scheme should be fourth order accurate

at the knots. For the fourth order accurate at the midpoint, we need some
more arguments, which will not be explained in this notes.

Remark 3.23. In general, by the standard superconvergence theory of P*
(k > 2) finite element method (even for a variable coefficient problem
in multiple dimensions), function values of up(x) are (k+ 2)-th order accu-
rate at Gauss-Labotto points for each small interval in 2-norm, as opposed
to (k + 1)-th order in the L?>-norm error estimate, and derivatives of uy(x)
are (k + 2)-th order accurate at Gauss points, as opposed to k-th order in
the H'-norm error estimate.

3.14 Comparison with traditional finite difference
method
3.14.1 Advantages of the finite element method

Troughout this chapter, we have seen many things that cannot happen or
cannot be explained in the traditional finite difference method. Even on
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uniform meshes for a rectangular domain, the finite element method is still
superior from any perspective, because it gives us a finite difference with all
desired properties. We summerize some comparsions in Table

3.14.2 Limitations of the finite element method

In general, the finite element method is quite successful, for solving an
elliptic equation —Au = f or some other types of equations including
parabolic equations u; = Au, wave equations uy = Awu, Schrédinger equa-
tion iu; = Awu, etc. These equations all contain the Laplacian operator —Auwu,
for which a coercive bilinear form A(u,v) = (¢/,v’) can be defined. Another
different example is the biharmonic equation v"”(z) = f, for which we can
also define a similar variational formulation with coercivity, thus the finite
element method for this kind of fourth order PDE is also quite successful.

The foundation of the success for the finite element method, when miss-
ing, is also source of the limitations of the finite element method in applica-
tions. It could be quite or extremely difficult to use finite element method
for equations lack of coercive operators. One simple example of such equa-
tions is the simple convection u; +u, = 0 which will be discussed in Chapter
or its nonlinear version nonlinear conservation laws u; + f(u),; = 0 which
will be discussed in Chapter [9] Another example is the Hamilton-Jacobi
equation u; + f(uy) = 0, e.g., uy + |[Vu| = 0, which is also closely related
to nonlinear conservation laws. A formal application of the finite element
method to these equations, with certain modifications to achieve stability or
even convergence, is always possible, but many provable properties in this
chapter will be no longer true.

Table 3.1: Comparison of traditional FD and finite element method for
solving —V - (AVu) = f on Q.

traditional FD

FEM

Equation

approximates PDE

approximates variational form

Boundary condition

direct approximation

absorbed in Vi and variational form

Curved domain

a mapping to rectangular grid

Q is easily approximated by €y,

Rectangular Q

a rectangular grid

becomes finite difference

S matrix nonsymmetric in general always symmetric
Consistency Taylor expansion Galerkin Orthogonality
Stability singular values coercivity

Convergence in 2-norm H' and L? estimates

General tools

Calculus & Linear Algebra

functional analysis, PDE theory, etc

Error order

truncation error order

interpolation error order

Higher order schemes

large stencil, inducing difficulty near boundary

no difficulty at the boundary

Variable coefficient

difficult to construct higher order schemes

easy to to construct higher order schemes

Superconvergence

N/A

P? gives a 4th order FD

General implementation

form a matrix directly

computing some Si; = A(¢;, ¢;) to get S

Rectangular Q

just solve a linear system

implement it as a FD scheme

Purely Neumann b.c.

left null vector is expensive to compute

left null vector is always 1
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4

Fourier Analysis

This chapter will be a very brief introduction to Fourier transform, Semidis-
crete Fourier transform, the discrete Fourier transform, and Fourier series.

4.1 The Fourier transform

We will take the Fourier transform of integrable functions of one variable
z € R.

Definition 4.1. (Integrability) A function fis called integrable, or absolutely
integrable, when
[e.e]
| If@)de <o
— 00
in the sense of Lebesque integration. One also writes f € L'(R) for the
space of integrable functions.

We denote the physical variable as x, but it is sometimes denoted by
z in contexts in which its role is time, and one wants to emphasize that.
The frequency, or wavenumber variable is denoted k. Popular alternatives
choices for the frequency variable are w (engineers) or £ (mathematicians),
or p (physicists).

Definition 4.2. The Fourier transform (FT) of an integrable function f(x)
s defined as

P(k) = / T £ () da, (4.1)

—0o0

When f(k) is also integrable, f(x) can be recovered from f(k) by means of
the inverse Fourier transform (IFT)

f(x) 1/00 ek £ (k) dk. (4.2)

:271' oo

89



90 4. FOURIER ANALYSIS

A

Intuitively, f(k) is the amplitude density of f at frequency k. The for-
mula for recovering f is a decomposition of f into constituent waves. The
justification of the inverse F'T formula belongs in a real analysis class. We
will justify the form of heuristically when we see Fourier series in the
next section. The precaution of assuming integrability is so that the in-
tegrals can be understood in the usual Lebesgue sense. In that context,
taking integrals over infinite intervals is perfectly fine. If and
are understood as limits of integrals over finite intervals, it does not matter
how the bounds are chosen to tend to +co. One may in fact understand
the formulas for the FT and IFT for much larger function classes than the
integrable functions, namely distributions, but this is also beyond the scope
of the class. We will generally not overly worry about these issues. It is good
to know where to draw the line: the basic case is that of integrable func-
tions, and anything beyond that requires care and adequate generalizations.
Do not be surprised to see alternative formulas for the Fourier transform
in other classes or other contexts. Here are some important properties of
Fourier transforms:

« (Differentiation)
f'(x) = 1k f (k).
Justification: integration by parts in the integral for the F'T.
o (Translation) If g(z) = f(z + a), then
g(k) = ™ f (k).
Justification: change of variables in the integral for the FT.

Another basic property of Fourier transforms is the convolution theorem.

Theorem 4.1. Denote the convolution as f x g(z) = [ f(y)g(z — y) dy.
Then

—

fxg(k) = f(k)g(k).

The Fourier transform is an important tool in the study of linear differen-
tial equations because it turns differential problems into algebraic problems.
For instance, consider a polynomial P(x) = 3" a,z™ and the ODE

P (d‘i> w(@) = f(z), @ <R

which means Zan%u(x) = f(z). Upon Fourier transformation, the equa-
tion becomes

P(ik)a(k) = f(k),

which is simply solved as
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and then

1 o ikx f (k)
u(xr) = — et ——— dk.
(z) 27 [oo P(ik)
Beware the zeros of P when applying this formula. They always carry
important physical interpretation. For instance, they could be resonances

of a mechanical system. The formula (k) = 7{((53) also lends itself to an

application of the convolution theorem. Let K(z) be the inverse Fourier
transform of 1/P(ik). Then we have

u(z) = K(z —y) f(y) dy.

The function K is called Green’s function for the original ODE.

4.2 Sampling and restriction

We aim to use Fourier transforms as a concept to help understand the ac-
curacy of representing and manipulating functions on a grid, using a finite
number of degrees of freedom. We also aim at using a properly discretized
Fourier transform as a numerical tool itself. For this purpose, + € R and
k € R must be replaced by x and k on finite grids. Full discretization con-
sists of sampling and restriction. Let us start by sampling x € hZ, i.e.,
considering x; = jh for j € Z. The important consequence of sampling is
that some complex exponential waves e!** for different k will appear to be
the same on the grid z;. We call aliases such functions that identify on the
grid.

Definition 4.3. (Aliases) The functions e?*1% and e*2* are aliases on the
grid x; = jh if
eth1®i = eikazi 5 e 77,

Aliases happen if
kijh = kojh 4+ 2mn, n € 7Z.

Letting j = 1, we have

2
kl —kg = %n

Two wave numbers k; and ke are indistinguishable on the grid if they differ
by an integer multiple of 27 /h. For this reason, we restrict without loss of
generality the wavenumber to the interval k € [—7/h, 7/h]. We also call this
interval the fundamental cell in frequency. Real-life examples of aliases are
rotating wheels looking like they go backwards in a movie, Moiré patterns
on jackets on TV, and stroboscopy. The proper notion of Fourier transform
on a grid is the following.
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Definition 4.4. Let x; = hj, f; = f(x;). Semidiscrete Fourier transform
(SFT):

¢ = —ikx; T T
FRy=h 3 e f kel-. 7] (4.3)
j=—o00
Inverse semidiscrete Fourier transform (ISFT):
fi= /Z i f(k)dk (4.4)
DY ’ )

jus
h

As we saw, sampling in z corresponds to a restriction in k. If one still
wanted to peek outside [—7, 7] for the SFT, then the SFT would simply

repeat by periodicity:
A 2nm

Flos+ =) = Fo),

(why?). That’s why we restrict it to the fundamental cell.

Remark 4.1. Assume f(k) = 0 if |k| > 7. Then is the same as
, which implies that no error is made in sampling and interpolating
f(x) at rate h. This is known as the Shannon sampling theorem: a function
bandlimited in [—7, 7] in k space is perfectly interpolated by bandlimited
interpolation, on a grid of spacing h or smaller.

Theorem 4.2 (Nyquist-Shannon Sampling Theorem). Let f(k) = [ e e f () da.
If f(k) =0 for |k| > =, then

= sinw(z —n)
f@)y= 3 fn)———

n=—oo

, VreR.

m(x —n)

Proof. Consider the Fourier Series of f(k) on the interval [—7, 7]:

. 1 =
f) =50 3 e
where
n = / e IR F (k) dk
+o00 . " N
= / e " f(k)dk (f has compact support)
= 27 f(—n) (the inverse Fourier transform).
So

R —+00 . 400 .
fy= > fm)e™t = 3" f(n)e I, (4.5)

n=—oo n=—oo
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Finally we have

f@) = o [

21 J—oc

1 [T . N
= 5 e f(k)dk (f has compact support)
™ J—7

™ +oo
_ ;ﬂ/ eﬁwk< ) f(n)e—ﬁ”k> dk

- n=—o00

- S ([

n=-—o00 -

eﬁ(ﬂfn)kdk> (if [>°]f(n)| < +oo by Fubini’s Theorem )

O]

Remark 4.2. If f(k:) =0 for |k| > 7, then the sampling points should be

jh, 7 € Z. In particular, (4.5) implies that SFT (4.3|) is equivalent to F'T
(4.1) for the bandlimited functions.

We can now define the proper notion of Fourier analysis for functions
that are restricted to x in some interval, namely [—m, 7] for convention.
Then the frequency is sampled as a result. The following formulas are dual
to those for the SF'T.

Definition 4.5. Fourier series (FS):

i :/ e R (1) d. (4.6)
Inverse Fourier series (IFS)
L ke _
fla) =5 k;we fo, xe[-mm. (4.7)

If one uses the Fourier series inversion formula for x outside of its in-
tended interval [—m, 7], then the function simply repeats by periodicity:
f(x 4+ 2n7) = f(x). (again, why?)

The two formulas of and can be justified quite intuitively.
The expression [ f(z)g(z)dz is an inner product on functions. It is easy to
see that the complex exponentials form an orthonormal set of functions on
[—7/h,m/h], for this inner product. Hence, up to normalization constants,
(4.6) is simply calculation of the coefficients in an orthobasis (analysis), and
is the synthesis of the function back from those coefficients. We’d have
to understand more about the peculiarities of infinite-dimensional linear
algebra to make this fully rigorous, but this is typically done in a real analysis
class.

Sampling in x corresponds to restriction/periodization in k, and restric-
tion/periodization in k corresponds to sampling in x.
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4.3 The DFT and its algorithm, the FFT

The discrete Fourier transform is what is left of the Fourier transform when
both space and frequency are sampled and restricted to some interval. Con-
sider x; = jh,j = 1,...,N. The point j = 0 is identified with j = N by
periodicity, so it is not part of the grid. If the endpoints are ¢ = 0 and
xy = 2w, then N and h relate as h = %r =7 = %

For the dual grid in frequency, consider that N points should be equis-

paced between the bounds [—7/h, w/h]. The resulting grid is

k= N+1 N
=3 g

We have the following definition.

Definition 4.6. Discrete Fourier transform (DFT):

N
. o N N
=hY et k=—— 41, 4.8
fk jzle fj7 2 + ) ’ 2 ( )
Inverse discrete Fourier transform (IDFT)
N
1 - ikjh ¢
- J N
f] o Z € fk'7 J 17 7N' (49)
k=—Z+1

The DFT can be computed as is, by implementing the formula
directly on a computer. The complexity of this calculation is a O(N?),
since there are N values of j, and there are N values of k over which the
computation must be repeated. There is, however, a smart algorithm that
allows to group the computation of all the fi in complexity O(N log N). It
is called the fast Fourier transform (FFT). It is traditionally due to Tukey
and Cooley (1965), but the algorithm had been discovered a few times before
that by people who are not usually credited as much: Danielson and Lanczos
in 1942 E|, as well as Gauss in 1805.

'Danielson, Gordon C.; Lanczos, Cornelius (1942). "Some improvements in practical
Fourier analysis and their application to X-ray scattering from liquids". Journal of the
Franklin Institute. 233 (4): 365-380. The Danielson-Lanczos lemma is the basis of FFT.
Danielson and Lanczos performed their work in the late 1930’s at Purdue University,
where Cornelius Lanczos (1893-1974) was a professor of mathematical physics from 1931-
1946. Gordon Danielson (1912-83) was a graduate student in physics at Purdue working
on applications of Fourier analysis to X-ray scattering. Danielson became a professor of
physics at Iowa State University in 1948 and a distinguished professor in 1964.
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4.4 Smoothness and truncation

In this section, we study the accuracy of truncation of Fourier transforms to
finite intervals. This is an important question not only because real-life nu-
merical Fourier transforms are restricted in k, but also because, as we know,
restriction in k serves as a proxy for sampling in x. Every claim that we
make concerning truncation of Fourier transforms will have an implication in
terms of accuracy of sampling a function on a grid, i.e., how much informa-
tion is lost in the process of sampling a function f(z) at points z; = jh. We
will manipulate functions in the spaces L', L?, and L>®. We have already
encountered L.

Definition 4.7. Let 1 < p < oco. A function f of x € R is said to belong to
the space LP(R) when [ |f(x)|P dz < co. Then the norm of f in LP(R) is
1

(f_oooo |f(x)P da:) P. A function f of x € R is said to belong to L>°(R) when
ess sup|f(x)| < co. Then the norm of f in L>(R) is ess sup|f(x)|.

In the definition above, “ess sup” refers to the essential supremum, i.e.,
the infimum over all dense sets X C R of the supremum of f over X. A set
X is dense when R \ X has measure zero. The notions of supremum and
infimum correspond to maximum and minimum respectively, when they are
not necessarily attained. All these concepts are covered in a real analysis
class. For us, it suffices to heuristically understand the L°° norm as the
maximum value of the modulus of the function, except possibly for isolated
points of discontinuity which don’t count in calculating the maximum. It is
an interesting exercise to relate the L norm to the sequence of LP norms
as p — 0o. We will need the very important Parseval and Plancherel iden-
tities. They express “conservation of energy” from the physical domain to
the frequency domain.

Theorem 4.3. (Parseval’s identity). Let f,g € L'(R) N L?*(R). Then

/Oo f(z)g(z)dz ! /OO F(k)g(k) dk.

o 21 J 0o

Theorem 4.4. (Plancherel’s identity). Let f € L'(R)N L?>(R). Then

00 1 oo,
| lp@Pdn= o [ 1fw)R a (4.10)
o T Jo

(With the help of these formulas, it is in fact possible to extend their
validity and the validity of the FT to f,g € L?(RR), and not simply f,g €
LY(R) N L2(R). This is a classical density argument covered in many good
analysis texts.) We need one more concept before we get to the study of
truncation of Fourier transforms. It is the notion of total variation. We as-
sume that the reader is familiar with the spaces C*(IR) of bounded functions
which are k times continuously differentiable.
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Definition 4.8. (Total variation) Let f € C*(R). The total variation of f
is the quantity

£l = [ 1f' (@) da (411)

—00

For functions that are not C', the notion of total variation is given by
either expression

Ifllev = Jim [~ V=S =0lg, swp Y | fapen) £ )]

|h {x,} finite subset of R p

These more general expressions reduce to [*°_|f/(z)|dz when f € CY(R).
When a function has finite total variation, we say it is in the space of func-
tions of bounded variation, or BV (RR).

The total variation of a piecewise constant function is simply the sum
of the absolute value of the jumps it undergoes. This property translates to
a useful intuition about the total variation of more general functions if we
view them as limits of piecewise constant functions. The important meta-
property of the Fourier transform is that decay for large |k| corresponds
to smoothness in x. There are various degrees to which a function can be
smooth or rates at which it can decay, so therefore there are several ways
that this assertion can be made precise. Let us go over a few of them. Each
assertion either expresses a decay (in k) to smoothness (in z) implication,
or the converse implication.

o Let f € LY(R) (decay), then f € L°°(R) and f is continuous (smooth-
ness). That’s because [e!**| = 1, so

F@l s 5o [l = o [T Ifw)ar
X —_— (&4 _ —

- 27T —00 27T —0o0 ’
which proves boundedness. As for continuity, consider a sequence
yn — 0 and the formula f(z — y,) = [*% 5=e?*=7¥) f(k)dk. The
integrand converges modulus by the integrable pointwise function to
etkz f (k), and is uniformly bounded. Hence Lebesgue’s dominated con-
vergence theorem applies and yields f(x —y,) — f(x), i.e., continuity
in x.

o Let f(k)(1+ |k?) € L*(R) (decay). Then f € C? (smoothness). We
saw the case p = 0 above; the justification is analogous in the general
case. We write

o0

1 -
[EI"|f (k)] dE,

1™ ()] < /_O:O|eﬂkx(jk)nf(k)|dk:21/

- 27 T J_

which needs to lge bounded for all 0 < n < p. This is obviously the
case if (1+|k[P)f(k) € L'(R). Continuity of £ is proved like before.
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e Let f € BV(R) (smoothness). Then f(k) < || fllzv|k|~! (decay). If
f € C'n BV(R), then this is justified very simply from (#.11)), and

o0
ikf(k) = / e R f(x) da
—o

Take a modulus on both sides, and get the desired relation. When
f € BV(R), but f ¢ C!, either of the more general formulas for the
total variation definition must be used instead. It is a great practice
exercise to articulate a modified proof using the limj_.¢ formula, and
properly pass to the limit.

o Let f satisfy £ € L?(R) for 0 < n < p, and assume f® € BV (RR)
(smoothness). Then there exists C > 0 such that |f(k)| < |k|7P~1
(decay). The justification is very simple when f € CP*1: we then get

G f = [ e e @) dn,
SO

A o) .
PR < [ e @) de = |9y < .

[e.9]

Again, it is a good exercise to try and extend this result to functions
not in CPH,
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5

Well Posedness

In this chapter we consider initial value, linear partial differential equations,
and address the concept of well posedness of the problem.

5.1 Definition and examples

Before attempting to approximate the solution of a partial differential equa-
tion by numerical methods, one has to analyze some of the basic properties
of the problem itself and its solution. Roughly speaking, the solution of
a given problem has to be a function of its initial values, since the future
states of the system must be completely determined by the dynamics of the
system together with the initial state. For those who prefer a more “math-
ematical" formulation of the above statement, it means that we are looking
for a representation of the solution u(z,t) of a partial differential equation
as a function of the form:

u(z,t) = S(t, to)u(z, to);t > to

here S is an operator, called the solution operator, such that the above
expression satisfies thee partial differential equation. The first step in ana-
lyzing the properties of the system dynamics is to answer the basic questions:

Does there exist the solution at all? That is, if such an operator S exists.
If it does, how does the solution depend on the initial functions? In other
words: what is the domain of S7 Is S a bounded operator? Finally, how
smooth is the solution? (the range of S might include even non-differentiable
functions). Well posedness is a property of the partial differential equation,
related to particular answers to these questions. We shall make this concept
clear by examing some examples before stating the formal definitions.

The general problem that we study is concerned with linear, homoge-
neous, partial differential equations with initial values and can be stated as
follows:

99
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Find a vector valued function of p components u(z, t) = (u1(x, 1), ..., up(z, 1)),
where © = (21, ...75) and t > 0, that satisfies the equation:

ui(x,t) =P <x,t, (")ax) u(z, t),
u(z,0) = f(z), (5.1)

where P is a polynomial in the operator argument %. For example, if x is
a scalar (s = 1), then P has the form:

0 d ok
P <ﬂf7t, 8{1;) == ];l ak(fE, t)@

and it is a polynomial of degree r if a,(x,t) does not vanish identically.
If x = (z1,...,x5), let @ = (aq,...,a5) denote a multi-index, i.e., each
component «; is an integer, and use the notation:
o¢ outtas

dx®  Oxf' - Oxse

It is customary to write |a| for a1 +- - - 4 ag, so that in the multidimensional
case the general form of the operator P is:

0 o~
P <fl?,t, (%) - Z aa(x,t)@

|l <r

and if for some a with @ = r the function a,(z,t) is not zero, then P is a
polynomial of degree r.

Definition 5.1. If P is a polynomial of degree r in 8%, then we call u(x,t)
a classical solution of the problem (5.1)) if u has continuous derivatives up to
order r in space and first continuous derivative in time, provided that u(x,t)

satisfies (5.1)).

An important quantity in analyzing whether the solution of is well
defined (that is, bounded in some suitable norm) is that of the energy of
the system. The definition of an energy for a particular system depends on
its physical properties. Nonetheless, we shall generally define the energy in
terms of some norm (induced by an inner product) of the solution. Indeed,
for each t > 0, we can regard u(t) as a function on the a Hilbert space where
different definitions of inner products give rise to different norms. We will
often define the energy as the L?-norm of u(t), in which case it takes the
form:

E(t) = / lu(, 6)|? day - - - das,

where z is the vector of size s.
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More generally, if (f, g) denotes the inner product on RP, we can define:

B(t) = /(u(w, £), u(e, t)) dar - - - dus.

We will illustrate the concept of energy and its properties through the
examples that follow, so that the reader might become familiar with it in a
more natural way.

Example 5.1. Consider the one-way wave equation, that is, the differential
operator P is given by:

0 0
= qQ—

ﬂ) Ox

for x a real variable and a any constant. This yields the problem:

Plx,t,

up = auy, u(x,0)= f(z).

In order to analyze the behavior of the solution u(z,t) of the problem, we will
use Fourier transforms. Recall that if f(w) denotes the Fourier transform
of the function f(x), then:

f@) = o [ fl)etde,

and for the function u(x,t) we have:

o

1 .
u(z,t) = —/ (w,t)e' “ dw.
21 J—oo
As already mentioned in the previous chapter, smoothness of the ini-
tial function f(x) is reflected in the behavior of f(w) for large values of w.
The extreme case is to consider band limited initial functions f for which
f(w) =0 for |w| > wo, but we shall not investigate this case in the general
formulation because it is too restrictive.
By taking the Fourier transform in x in both the PDE and the initial
condition, we get:
oa . 2
— =ilawt, (w,0)= f(w),

ot

which is an ordinary differential equation. By means of Fourier transforms
we can therefore reduce a partial differential equation in the physical space
x into an ordinary differential equation in the Fourier space w. Solving this
ODE problem, we get:

i(w, t) = " fw),

so that the solution is given by:

u(z,t) = 217r/ i(w, t)et” dw = 1/ flw)et@@ ) gy = f(z + at).

o 21 J—o
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This method has other advantages. For instance, by Plancherel’s identity we

know that: -
/ \(mt|2dx—2/ iw, )2 dw.

A

For this example, where |a(w, )2 = |f(w)e!“®|2 = |f(w)[?, we have, using
again Plancherel’s identity on f that:

/Oo u(z, 1) da =/o° lu(z, 0)|? d

—0o0 —0o0

for all time t > 0, which is nothing but the conservation of energy. This fact
also tells us something about the existence of solutions: if [°°_ | f(z)|* dz{co

then the solution remains bounded at any given tine (that is, there is no
"blow-up”).

Remark 5.1. In the equation uy — au, = 0 there appear one derivative in
space and one in time. Space and time here play an interchangeable role, a
fact that is reflected in the solution itself.

Example 5.2. We shall consider now a very different example, where the
equation is not reversible in time:

ur(z,t) = augy(x,t), a>0, u(z,0)= f(z).

Using again Fourier transforms we obtain in the Fourier space the following
ordinary differential equation:

o0l

57 ——(w,t) = a(iw)?d(w, t) = —aw?d(w,t), a(w,0) = f(w),

which yields: R
iw, t) = f(w)e ™"
and thus 1
o) = b [ Flae s

Since e~ € (0,1) for all w and all t > 0, we have that [a(w, )] < |f(w)],
and using Plancherel’s identity we obtain for the energy of the system the
inequality:

BO) = [l de = o [Tla. 0P do < o [T 1) do = B(O)

which implies that the energy decreases in time.

This equation is known as the heat conduction equation. It is parabolic
and its Properties are quite different from those of hyperbolic equations like
the previous example. Some of these properties are:
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1. The energy is being dissipated,

2. the system tends to a steady state, known as the equilibrium: h_¥n u(x,t) =
oo
0

3. From the expression for & we see that roughness of the initial data
is smoothed out, since even if f (w) is large for high modes, 4(w,t) is
decreasing in time. Therefore, due to dissipation, the solution becomes
smoother as time goes by.

Example 5.3. We go back now to study hyperbolic equations, considering
the two-way wave equation:

Utt = Ugy
u(z,0) = fi(z)
ug(x,0) = fo(x)
First we rewrite this equation in the general form stated at the beginning

of this chapter, where only one time derivative appears. For this purpose,
assume the solution u(x,t) exists and let v be a function defined such that:

ov_ou
dxr  Ot’
ov _ou
ot oz’

So we get,

O fu) _ (0 1\ 0 [u
ot\v) \1 0)ox\v)’
Since vy(x,0) = u(x,0) = fa(x), we have,

o(@,0) = Pow) = | " ha(€)de, u(,0) = filx).

In the notation of expressions (5.1) we have:

=0 )2
(jj) (2,0) = f(z) = (gg) .

Let A = (O 1), then the ODEs that are satisfied by this system in the

1 0
78 (?) =1wA (:) = (nwz})
ot \ v D 1wd

Fourier space are:
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which we can decouple into two simpler equations, namely:

O
m(u—i—v)—nw(u—i—v)
O o
a(u—v)f 1w(d — 0)

Both equations can now be treated separately in the same way as the
one-way wave equation.

Remark 5.2. To rewrite the two-way wave equation as a first order system,
we can also introduce new functions

v(z,t) = ug(x,t), wx,t)=wu(x,t),

then we get

O (v (0 1\ 0 (v
ot\w] \1 0) oz \w/’
v _(fi(@)
(o) 0= (56):

The new initial conditions involve f{(x) so we can get only weakly well
posedness.

thus

The fact that we have obtained two equations of the form of one-way
wave equations follows because the dynamics given by the two-way wave
equation are equivalent to two scalar equations of the form:

In general, decoupling is a consequence of the symmetry of the matrix
A. Indeed, consider the problem:

u; = Auza u(ac, O) = f(x%

where u(z,t) and f(z) are vector-valued functions. Assume A is diagonal-
izable (e.g., when A is real symmetric), which implies the existence of a
matrix 7' such that T~'AT is a diagonal matrix. Define A = T-'AT and
define the transformation of variables: w = T~!u so that w satisfies:

wy =T uy =T ' Au, = (T7'AT)w, = Aw,
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Since A is diagonal, this system is equivalent to a collection of scalar equa-
tions of the form of one-way wave equations. Let w = (w1, ws, -+ ,wy)T.
Then we get the energy for each w; as

/ \wi(m,t)\Qd:p:/ lwi (i, 0)2 da.
o0

—00 —

On the other hand,
(u,u) = (Tw,Tw) = wT"Tw,

where the superscript * denotes the conjugate transpose. Let Ai,---, A,
be the eigenvalues of the matrix T*7T. Then \; are real positive numbers
because T*T is a Hermitian positive definite matrix (Vx # 0,2*T*Tx =
(Tx, Tx) = ||x]|?)0). Let A\, be the largest and \; be the smallest eigenvalue.
By the Courant-Fischer-Weyl min-max principle, we have

w*T*T'w
wW*wW

A1 <

< An,

thus
A{w,w) < (u,u) < A\ (w, w).

Finally, we have the strongly well posedness,

E(t) = /°° (u, u)(z, £) do < A /_Z(w,w)(:r,t) dz =\, /_o:o<w,w>(x,0) dz

—00

A [ An
<3 [ w00 de = E(0).
>\1 —00 )\1

In the examples given so far, the norm of the solution at any time can be
bounded in terms of the norm of the initial condition. In order to illustrate
how things can go wrong, we present now two examples in which this is no
longer the case.

Example 5.4. Consider the backward time heat equation:
Up = —Ugy, u(z,0) = f(x).
In the Fourier space we have:
G (w, 1) = —(1w)*(w, t) = w?i(w, 1)
and therefore @(w,t) = f(w)e*"t, which yields the solution in the physical
space as:

1 o W2t ¢ fwz
— / e f(w)e' ™t dw.
21 J oo

The above expression is well defined only in the extreme case that f is
analytic, which means that there is a positive finite number wg such that

u(x,t) =
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f(w) =0 for all w > wg. Nonetheless, in most physical problems the initial
function is not analytic and f(w) does not have a compact support. In these
situations, the integral u(x,t) might not even exist for some values of t.
When f(w) does not tend to zero fast enough to counteract the growth of the
integrand as w — 0o, then even for finite intervals of time the integral will
not converge and thus there is no solution. We shall say that this problem
is not well posed.

Physically, we can relate the forward and backward heat equations. In
the former one the energy of the system is being lost or dissipated as time
increases, and so the function u(zx,t) smooths out loosing information on the
initial condition. The backward problem could be seen as the time-reversed
problem, where energy is now being "pumped’ into the system. The initial
function, therefore, does not give us enough information to bound the energy
at future times.

Example 5.5. Consider now the equation:
O fu) _ (1 1) 9 ([u
ot\v) \0 1) 9z \v)’

The matriz is already in Jordan form and therefore it cannot be diagonal-
ized, so we cannot represent the system in terms of scalar equations directly.
Transforming the functions, we get in the Fourier space:

o) <(63) )

We solve for ¥ first, getting

>
<>

(93

B(w,t) = e fo(w)
and substituting this function in the differential equation for 4 we obtain:

%ﬂ(w, t) — lwi(w, t) = 1wet“ fo(w)

or, equivalently:
51 {e_ﬂ“t@(w,t)} = ﬁwfg(w)
Integrating this equation we finally get:
i(w,t) = fi(w)e' ™ +iwt fo(w)e !
B(w,t) = fa(w)e™,
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and so U contains a term that grows linearly on w. We evaluate now the
energy of this system, using Plancherel’s identity:

B(t) = [ (ula, O + ol ) de

= o= [ (0P + fofw, ) de

<20 [T UAWP + @ +Plofw)P) do

o 9
:2/ (. 0) + [o(a,0) ) da +262 [~ |- o(a 0) da
This implies that if we start with an initial function fo(x) with p continuous
derivatives, we end up with v(x,t) having p—1 continuous derivatives. This
example illustrates a case, which is sort of "in between" the extreme cases
given in the previous examples.

We are now ready to give the formal definitions of well posedness, keeping
in mind the examples seen so far.

Definition 5.2. The Sobolev p-norm of a function f(x) of the vector x =
(21, ,xs), denoted by || f|, is defined by

171 = ( > | e

In particular, if T is a scalar, we have:

172 = [ @) da

and it should be noted that, in order for the above definition to make sense,
we must assume some suitable conditions on f and its derivatives up to
order p. We shall, however, work with functions that have p continuous
derivatives, so their Sobolev p-norm will be well defined.

f

|0

Definition 5.3. If f(x) is an n-vector valued function of x = (x1,--- ,x5)
which has continuous derivatives up to order r and which has compact sup-
port, we write f € Cj.

Definition 5.4. The initial value problem

ug(x,t) =P (m,t, (981:> u(z,t),
u(z,0) = f(z),
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is said to be weakly well posed if for every f € Cy and for each time Ty > 0
there exists a unique solution u(x,t) which is a classical solution and such
that:

lu@®)l < K@l fllp, 0<t<To, (5.2)

forp <r and K(t) < Ce™ for some positive constants C and «. It is called
strongly well posed (or simply well posed) if (5.2) holds with p = 0, in which
case || fll, = || f| is just the usual L?-norm.

The initial value problems of Examples and [5.3] are all strongly
well posed. The problem given in Example [5.5] is weakly, but not strongly
well posed, with p = 1. Finally the problem of Example [5.4] is not well
posed, since there is no integer p for which is satisfied.

So far we have considered classical solutions of the initial value problems.
But the concept of "solution® may be broadened to include functions u(x,t)
that might fail differentiability at some points. We shall show now that the
definition of well posedness allows natural extension for initial conditions
that are not continuously differentiable and yet holds.

Example 5.6. Consider the heat equation with a = 1 in Example and
a classical solution will be a function u(x,t) which is differentiable in time
and twice differentiable in space, such that u; = uy, with u(x,0) = f(z).
On the other hand, we have already evaluated the expression that any such
solutions satisfy in terms of the initial condition f(x), namely:

u(z,t) = % /O:o f(w)e_“’2teﬁ“’x dw. (5.3)

where, as usual,
~ 1 0 .
flw) = %/_OO F(x)e 1 da. (5.4)

We may therefore define the solution of the heat equation to be a function
u(z,t) that satisfies (5.3). Notice that is well defined even when f(x)
has a finite number of discontinuities, and so is , in which case u(x,t)
will no longer be a classical solution. As long as f has a bounded L*-norm,
we will have: ||u(t)|| < ||f|| for allt > 0. We have thus constructed expres-
ston which is satisfied by all classical solutions, but does not require
differentiability. From here we were able to extend the concept of a solution
of the heat equation.

More generally, assume that the linear, homogeneous partial differential
equation:

u = P(z,t,0 /0 x)u

is strongly well posed. (The case for weak well posedness follows in an
analogous way, replacing the L?-norm by the corresponding Sobolev p-norms
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and the details are left to the reader.) Then for any initial condition on C
there is a classical solution satisfying .

Let H be any space of functions such that C is dense in H in the L2-
norm (e.g., C§°(R) is dense in H = L?(R)), and let f(z) belong to . Then
there is a scquence {f,} of functions with f,, € C{ for all n and such that
lf — full = 0 as n — oc.

Since the problem is well posed, to each f,, there corresponds a function
u(z,t) which solves u; = P(x,t,0/0x)u with initia] condition u(x,0) =
fn(x). It follows from that the sequency is Cauchy in the L2?-norm, for
each t)0. To prove this, let

V"™ = up(x,t) — up (2, t).

Since the differential equation is linear and homogeneous,
P(z,t,0/0x)v™"™ = P(x,t,0 /0 x)un — P(x,t,0 /0 x)upm
0 0 n,m

= aun — aum = (Up — Upm) = v,

so that v™™ is a solution of the equation with initial condition f, — fi,.

fn - fm € 06 = K(t)”fn - fm“a

which holds for each ¢ > 0 and for any integers n, m. Therefore as n, m — oo
we get:

lim  ||up — up|] < lim
n,M—00 n,m—

KM~ Full =0,

which proves the assertion.

It follows now that for each ¢, the limit of {u,(¢)} in the L?-norm exists,
although it may not be continuously differentiable. Define u(z,t) as the
limit lim, o0 un (2, t) for each t and now define u(z,t) to be the solution of
the equation with initial condition u(x,0) = f(x). Since all limits are in the
L?-norm, it follows that u(x,t) satisfies (5.2):

lu()]) < Jim (0] < K@) Tim || fa@)]] = K@) -

Remark 5.3. The concept of Sobolev spaces underlies this type of gener-
alization. Actually, Sobolev spaces are constructed as the complction of the
spaces Cf under a Sobolev p-norm. This way the concept of a solution of
a well posed or weakly well posed problem can be generalized and the corre-
sponding Sobolev space contains all possible initial functions for which that
solution is well defined and such that holds. The notions of weak and
strong well posedness are related to the bound of the L?-norm of the solution
u(w,t) in terms of the Sobolev p-norm or L?-norm of the initial condition

f.



110 5. WELL POSEDNESS

All examples seen so far involve constant coefficients. The following two
examples consider cases of variable coefficients. Generally in this situation
we cannot use Fourier transforms to get simpler problems in the Fourier
space, so we have to resort to the so-called energy estimate in order to check
well posedness.

Example 5.7. Consider the scalar hyperbolic equation:

Ut = a(x)ucr:a u(x’ 0) = f(x),

where a € Cy, f € C € Cy forr > 2. We define the energy of the system at
time t by the L>-norm of the solution:

oo

E() = / (e, £)? da.

—0o0

Differentiating E(t) with respect to t, we get:

—E —2/ u(x, t)ug(x, t) de —2/ x,t)a(x)uy(z,t) de

—/ w(z, £)]? de.

Integrating by parts and using the fact that a(z) has a compact support we
obtain:

cclltE( t) = /_O:o az(x)u?(z,t) dz.

By assumption, a has r > 2continuous derivatives, and all of them have
compact support. Since any continuous function on a compact set is bounded,
we have

sup{a.(z)} < K < oc,

zeR

for some constant K, yielding:

<K/ 2(z,t)dz = KE(t)

which yields the differential inequality 4 E — KE < 0 or 4[e~K'E(t)] < 0.
This implies that e X'E(t) < E(0) thus E(t) < eX'E(0) for allt > 0. In
terms of the L?-norm, this inequality becomes:

K
lu(, )] < e=||u(z,0)]-

This proves that the problem is strongly well posed. Notice that we did
not prove the existence of the classical solution, we simply assumed it, but
methods to prove existence and uniqueness of solutions are beyond the scope
of this text.
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Example 5.8. Consider the scalar partial differential equation:

0
Uy = %[a(x)uaz]a u(a:, 0) = f(a:),

where a € C} and a(x) > 0. We define the energy as the L?>-norm of the
solution. In order to obtain in this case the appropriate estimate, we multiply
the equation by u(x,t) and integrate by parts to get:

—E = 2/ u(z, t)u(z, t) de = 2/ )8833 [a(x)uy(z,t)] dx

:—2/ ) [ug (z,t)]* dr <0,

where we have used that a has compact support and it is non-negative. There-
fore the energy itself is not increasing, E(t) < FE(0) for all t > 0, which
implies that the problem is well posed.

5.2 Lower Order Terms

In the previous section we discussed well posedness of linear, homogeneous
partial differential equations. For more general problems it is often difficult
to characterize well posedness. In this section we address the question of
well posedness of a particular type of problems, relating then to a “simpler”
problem. In some cases the properties of a differential equation are the same
as those of a “perturbation” of the problem, and these are precisely the cases
we shall focus on later in this section, but before we address this subject,
we present an example where the situation is quite different.

Example 5.9. Consider the problem studied in Example[5.5 of the previous

section:
2 w) (1 1 i U
ot\v/] \0 1) oz \v)’

with initial functions ug(x) and vo(x). In the Fourier space we obtain:

0 (a .
where P(iw) denotes the matriz:
. . 11 lw 1w
P(nw)-nw(o 1) = <0 ﬁw>'

This is not a diagonalizable matrix and, as we have scen, the proble in is
not strongly well posed. Consider now the perturbed problem:

206 )26 D)

S
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with same initial functions. The new equation involves a lower order term
perturbation and we want to know how the solution of the new problem be-
haves. The ordinary differential equation in the Fourier space now becomes:

o (as . e
2(6) v e)

where P*(1w) denotes the matriz:

Pe(iw) = (“;’ EZ) .

The solution in the Fourier space is given in terms of the exponential matrix

eIPE(fl w)t as:
(ag(% t)) P ( (@)
0% (w, t) o(w)

It is well known that the growth of the vector ) with respect to

S S

w 1is related to the growth of eigenvalues of e¥ “")t Furthermor@ if A\j(w)
and A5(w) denote the eigenvalues of P¢(iw), then the eigenvalues of the
exponential matriz eP°E gre AW gnd 2@ We have:

N (W) =iw+ Vew(i+1)/v2, Nw) =iw— Vew(i+1)/v2.

If e = 0, then ‘e)‘f(“’)t‘ =1 for any w. If ¢ # 0, then ’e)‘?(“)t‘ cannot be
uniformly bounded on w. Unboundedness of the eigenvalues implies that the
perturbed problein is not well posed at all. This illustrates the fact that
adding lower order terms may change the behavior of the solution.

However, the situation is far from hopeless, and there is a lot we can say
about lower order term perturbations, provided that the original problein is
strongly well posed. In what follows we shall not be concerned with weakly
well posed problems. Let v(z,t) be the solution of the initial value problem:

vy ="P (x,t, (jx) v, v(x,to) = g(z), (5.5)

where ¢y is an arbitrary initial time and v(z,t) is defined for ¢t > t;. We
assume that for any such tg this problem is strongly well posed. This is
equivalent to assume that there exists a solution operator S(t,ty) with the
following properties:

1. For any t > to, v(x,t) = S(t,to)v(z,to).

2. For any tg, S(to,to) is the identity operator.
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3. For all t,tl,to s.t. 1o <t < t, we have S(t,to) = S(t,tl)S(tl,to).
4. For all t > tg, |S(t,to)| < Ke®~%) for some constants K and a.

Theorem 5.1. The Duhamel Principle. Consider the non-homogeneous,
initial value problem:

— (m ' Cfx) wt F(a,t), u(z,0) = f(z), (5.6)

where P is the polynomial on - of degreer r, f € Cj, F(x,t) € C} for all
t. Then this problem has a umque solution given by:

w(z,t) = S(£,0)f(z) + /O ' S(t VP, 7V, (5.7)

where S is the solution operator for the strongly well posed homogeneous

problem (5.5)) defined above.

Proof. First we prove uniqueness. Assume that u; and us are both solutions
to . Then their difference v = u; —us satisfies with initial condition
v(x,0) = 0. Since is a well posed problem, it follows that v(x,t) = 0
and thus uj(x,t) = ua(x,t), yielding uniqueness.

The rest of the proof follows by differentiating directly expression
and verifying that it satisfies . We define first the functions:

v(z,t) = S(t,0)f(x), w(x,t,7)=St,7)F(x,7).

It is clear that v solves the problem ([5.5) with initial condition v(z,0) =
f(z). For any fixed 7, w(r,t,7) can be viewed as the solution of (5.5 with
initial value g(z) = F(x, 7) starting at time ¢ty = 7. Therefore:

0 0
aw(az,tﬂ') =P (z,t, (9%) w(z, t,7), wz,1,7)=F(x,71).

Differentiating now ([5.7)) with respect to time ¢ and substituting S(¢,0) f (z)
vand S(t,7)F(z,7) = w, we get:

ug = vy + w(z,t,t) +/ —wmtT)dT

=uv 4+ S(t :ct—i—/—wa:tTT

( ;) F(z,t) +/ ( >w(ﬂsatﬁ)df
= < ai){v—k/thﬂdr}—i-}?(x t)
=P (g )

For the initial condition, let ¢ = 0 in (5.7)) we get u(x,0) = f(x). O
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Before stating the main result on well posedness of a lower order term
perturbation of the problem (5.5), we state and prove a technical lemma.

Lemma 5.1. Assume that the problem (5.5) is strongly (or weakly) well
posed. Then the solution u(x,t) of (5.6) satisfies: for any T > 0 there exist
constants K and a such that:

1— e—at

a

lu(®)]] < Ke* {Hpr + sup [|[F(z,7)llp ( >} , 0<t<T. (58)
0<7r<t

Remark 5.4. If (5.5) is weakly well posed, then the solution operator
S(t,to) satisfies
I1S(t, to) FII < Ke* )| £,

for some integer p and any initial function f. Notice that in the proof of
Theorem the condition ||S(t,t)f|| < Ke®*=%)| f|| was not used, thus
its conclusion holds also in the case that the original unperturbed problem
is only weakly well posed. If the problem is strongly well posed, we simply
replace the Sobolev p-norms by the L?>-norm, both in as well as in the
proof that follows.

Proof. The proof of the lemma follows as a straightforward application of
Duhamel’s principle. Taking norms in (2.19) we have:

lu(@)] < [I5(2,0)f (@)l +/Ot 15, 7)E(7)l|dr,

and using the well posedness, we obtain:

t
() < K fll+ | Ke = |F ()l

t
< K| fll,+ Ke® sup [F(r)l, [ e
0<r<t 0
O
Theorem 5.2. Let the initial value problem (5.5)) be strongly well posed and

assume the perturbed problem:

ug =P (a;,t, ;:c) u+ B(z,t)u, u(z,0)= f(x), (5.9)

has a solution, where f € C§°. Assume also that:

sup [|B(z, m)u(r)|| < bol[u(®)],
0<7r<t

where by is a positive constant and t > 0. Then the problem (5.9)) is also
strongly well posed.
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Proof. We define the function:
y(,t) = e Mu(x, ),

where 8 > 0 is a real number to be determined later on. Then y satisfies:

% =By + P(x,t,0/0x)y + B(x,t)y = (P(z,t,0/0z) — B)y + B(z,t)y

Using the Duhamel principle with F'(x,t) = B(z,t)y(x,t) we get:

_ t_
y(o,t) = S(40)f (@) + [ S(t.7) B r)y(a,T)dr,
0
where S(t,tg) is now the solution operator of the modified problem:
wy = (P(x,t,0/0x) — fw.

By the assumption on strong well posedness of (5.5)) it follows that S also
satisfes: |S(t,7)| < Kel® A=) in the operator norm. Therefore:

t
Ju(®)] < K@)+ K [ el y(r)]ar

‘1 — e(afﬁ)t‘
o — B

Now we choose 3 large enough so that (8 and also, given T > 0,

< K| f]| + Kb sup |ly(7)]
0<r<t

1 —ela=Bt 1
7= sup Kboei <=,
0<t<T p— 2

then taking the supremum over 0 <t < T, we have:
(1 —=7) sup [[y(®)] < KI[f],

0<t<T

and therefore for all ¢ with 0 < ¢ < T
K
ly@1 < sup [ly@) < ——II1II

0<t<T Y

which, in terms of u(x,t) = ePty(x,t) yields the inequality:

K
u(z, t)|| < ——e|f]|.
lu(z, Ol < T——¢7II/l
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5.3 General results on constant coefficient prob-
lems

Well posedness is often difficult to establish for general problems. Now we
restrict our attention to constant coefficient problems, for which a number of
useful results are available. As usual, we shall present a series of examples
in order to illustrate the formal results and their applications. We have
chosen to summarize the main concepts and theorems for the specific case
of hyperbolic equations.

By constant coefficient problems we mean an initial value problem of the
form where the operator P depends neither on z nor on ¢. That is, we
consider the problem:

up = P(0/0x)u,
u(z,0) = f(x). (5.10)

Here, P(0 /0 x) represents a polynomial whose coefficients are, in general,
n x n matrices With constant entries, and u(x,t) = (uy(x,t),- -, un(2,t))"
is a function of x = (z1,---,x5) and time t. In the Fourier space,
becomes:

U (w,t) = P(lw)d(w,t),
a(w,0) = f(w). (5.11)
The matrix P(iw) depends on w = (w1, -+ ,ws). Therefore the above equa-

tions represent a system of ordinary differential equations with constant co-
efficients, and w appears as a parameter. Denote by (w, x) the inner product
> ; wiz;, then the solution is given by

iw, 1) = P09 fw),

thus

u(x,t) = / eP(ﬁw)tf(w)ei<w’z>dw.
RS

(2m)°

Therefore in order to establish conditions for well posedness of the problem
(5.10) we only need to study the properties of eF(t«)t,

Definition 5.5. The matriz P(iw) is called the symbol of the partial dif-
ferential equation it is associated with.

For a vector-valued function u(z,t) = (uy(x,t),- -+, un(x,t))T we denote
by ||u| the L?-norm:

lal? = 3" [ Juite,t)da.
k=171
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The problem of well posedness reduces to the study of the growth of the
matrix e (9 as a function of w. By the Plancherel’s identity (&.10]), we

get 1 1
Hu(:c,t)”2 = (2W)8“ﬁ(w,t)||2 = (27) /S

e]lD(ﬁw)tf(w)’2 dw

so that

lu(z, )] = fw)

2
‘ dw,

1 . 1 SVt
a1 I < s /R e

P(ﬁ“’)tH is the matrix norm of the symbol. If this norm is uniformly

where He

bounded on w, say Heﬂ)(ﬂ“’)tH < e for some constant o and all values of w,

then ||ul| < €| f|| which guarantees strong well posedness. We first work
on some examples and later focus on more general results.

uy(x,t)
ug(x,t)

du_ (0 1) 0u
ot \1 0)ox

Example 5.10. Let u = < ) and consider

The symbol is given by

1
The eigenvalues of the symbol are 1w with two eigenvectors <1> and

(_11> , thus it can be diagonalized by an unitary matric P(iw) =T 1w 0 > T-1

0 —iw
1 1 : elwt 0
. — 1 Piw)t — ! -1 ;
with T 7 (1 _1>. Therefore, e T( 0 eﬂ‘“t> T, Since
T is an unitary matriz (TT* = I), the singular values of ePEWt gre equal

to 1, thus Help(ﬁ‘“)tH = 1. Therefore the IVP for this equation is strongly
wellposed.

u2($7 Y, t)

@_10@_’_01@
ot \0 1) 9z 1 0)oy’

Then the symbol is given by

. . 1 0). 0 1\. . w1 W2
IP(]ILU)—(O 1>nw1+<1 0>nw2—n<w2 wl).

Example 5.11. Let u = <u1(x,y,t)> and consider
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. oy 1 1 .
The eigenvalues are i(wyFws) with eigenvectors <1> and (_1> . Thus it can

. , , e s (W1~ W2 0 -1
be diagonalized by an unitary matriz P(iw) = T1 0 w1 + woy
1 1 . e]'l(wlwa)t O
. 1 Pliw)t _ -1
with T = 7 (1 _1). Therefore, e @) =T < 0 eﬁ(w1+w2)t> .

Since T is an unitary matriz (TT* = I), the singular values of ePEw)t

ﬂw)t‘

are

equal to 1, thus He]P( ‘ = 1. Therefore the IVP for this equation is strongly

wellposed.

Example 5.12. Consider u = w (@, y,t) and
U2 (CL‘, Y, t)

utzloum—i-()luxy—klouyy.
0 1 1 0 0 1

—w? -z -
rw = (ot )

The symbol is

—W1W2 _wl - w2

with eigenvalues

A= —w? — w2 twwy <0.

The symmetry of the symbol implies that it is diagonalizable and we get

w22
CPlw)t _ elmwimws —wiwa)t 0 71
- 0 e(fw%fwngwlwg)t .
Since eP 09 is o negative semi-definite matriz, the singular values of e (¢t
are equal to its eigenvalues, thus He]P(ﬂ‘*’)tH = el-wi—witlwiwn|)t < ¥t =1,

Therefore the IVP for this equation is strongly wellposed.

Theorem 5.3. The initial value problem ((5.10)) is weakly (strongly) well
posed if and only if there exist constants K, a and an integer p independent
of w, such that

Hep(ﬂ“’)tH < K(||wl|? + 1)e*.
If p =0, then the problem is strongly well posed.

Proof. Suppose that Heﬂ)(ﬂw)tH < K(||w||P + 1)e* holds. Using the fact that

the Sobolev p-norm || f]|2 is equivalent to [g.(|jw|/” + 1)2|f(w)[2dw and the
Plancherel’s identity, we get:

1 . 1
[u(z, )] = =z lla(w, )] =

(2m)5 ICHE

U f(w)
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< e K| (|wlfP + 1) f (@)l < Ke f1],.

(2m)5
OJ

Denote by A* the conjugate transpose of the matrix A. We recall now
that if A and B are two Hermitian matrices (that is, A = A* and B = B*),
we say that A < B if A — B is a negative definite matrix or, equivalently, if
the eigenvalues of A — B are all non-positive.

Theorem 5.4. Suppose that there exists a constant a such that for all values
of w we have:
P(iw)+ P (iw) < al, (5.12)

then HeP(ﬁw)tH < e for all values of w, thus the initial value problem (5.10))

1s strongly well posed.

Remark 5.5. We are not interested in bounding «, only in the fact that o
does not depend on w. Also note that condition ((5.12)) is a sufficient although
not necessary condition for well posedness, as will be made clearer later on.

Proof. Let ¢(w,t) denote the inner product

dlw,t) = (a(w, 1), ilw, 1) = Y lan(w, ),
1=1

so that the energy is given by

1
E() = G / b, )
We now have
¢ N N N N
E(w,t) = (t(w, t), u(w, t)) + (G(w,t), 4 (w, t))
where U (w,t) = P(lw)i(w,t), thus
09 NS Aa
T + (0, P(iw)a)

Since « is independent of w, we get ¢(w,t) < e*¢p(w,0) for all w, thus

B(t) = (2; [ bl t)dw <

(2711_)8 / . e p(w,0)dw = e E(0).
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The parameter « is associated with the growth of the solution in time.
Therefore negative value of or implies that the energy is decreasing, that is,
the system in this case is dissipative.

ug(x,t)

(0 1 n 2 1
W= o) 7 2) "
The symbol is given by

o1y (21 [ 2 1+iw
P(“w)_]“"(l 0>+<7 7r>_<7+f1w x )

and we have

Example 5.13. Let x be a scalar and consider u = <u1 (x,t)) in the equa-

tion

. N
Pliw)+ P (iw) = (8 277) ,
which is a constant matriz thus (5.12)) is satisfied for large «.

Example 5.14. Let A and B be real symmetric matrices (therefore Hermi-
tian), with A <0 and B > 0 and consider the problem

Ut = AlUggpe + Buyyv

then P = Aw} — Bw3, which is a real, symmetric matriz. Therefore P(iw)+
P*(iw) = 2P(iw) < 0, because A < 0 and B > 0, which gives the well
posedness without finding the eigenvalues of P(iw) or ePaw)t,

Theorem 5.5. The initial value problem (5.10)) is strongly well posed if and
only if there exist a Hermitian matriz H(w) > 0 and a constant o such that

IHW)l <K, |IH (@) <K
for some K >0 and
Hw)P(iw)+ P (iw)H(w) < aH(w). (5.13)

Remark 5.6. Theorem is a special case of Theorem taking H(w)
to be the identity. Theorem is much stronger, since it states necessary
and sufficient conditions for strong well posedness.

Proof. To show the sufficiency, assume first that (5.13)) holds and define an
energy F(t) according to the inner product: ¢(w,t) = (4(w,t), H(w)l(w,t))
so that:

d(w, t)dw.
RS
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Then we have

Since ||H(w)| and ||H !(w)| are the largest and smallest singular values
of H(w), and eigenvalues of H(w) are also its singular values (because it is
positive definite), we have

1
where A\(H(w)) denotes any eigenvalue of H(w). By the Courant-Fischer-
Weyl min-max principle, we have

Therefore, using the Courant-Fischer-Weyl min-max principle one more
time, we have

1
E!ﬁ(w,t)\Q < e i(w,0), H(w)i(w,0)) < Ke®|i(w,0)[%
Integrating now with respect to w yields well posedness of the problem.

The proof of the necessity is much more technical. See Theorem 2.3.2 in
[6]. O

Theorem [5.5]is not very useful in practical applications, since it does not
provide the construction of the matrix H(w), which nakes it hard to prove
conditions ([5.13)). The following two results are more useful in practice.

Theorem 5.6. If P(iw) is a normal matriz (a normal matriz means that
P(iw)P*(iw) = P*(iw)P(iw)), then the initial value problem ([5.10)) is well

posed if and only if there exists a constant a such that
Re[\j(w)] < «,
for all eigenvalues \j(w) of P(iw).

Proof. Normal matrices are unitarily diagonalizable, thus there is an unitary
matrix 7" such that P(iw) = TAT* where A is diagonal with eigenvalues of
P(iw) as diagonal entries. Therefore eP(i) = TeMT* where €M is a diago-
nal matrix with diagonal entries e’*. Let Aj = a;+1bj with a;,b; € R. Re-

P(iw)

call that HeP(j‘”) H is the largest singular value of the matrix e , which is

the square root of the eigenvalue (with largest magnitude) of eF () (eP(Ew))*,
We have el (@) (ePw))* — Te(AADIT* where A 4 A* is a diagonal matrix

with diagonal entries 2a;. Thus HeIP(ﬁW)H = max; |a;t| < at. O
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Theorem 5.7. The initial value problem (5.10|) is weakly well posed if and
only if there exists a constant o such that Re[\j(w)] < « for all eigenvalues

Aj(w) of P(iw).
See [6] for the proof.

Example 5.15. Consider the normalized Schrodinger equation:

Ut = num
Here we have P(iw) = i(iw)? = —iw?, therefore: P(iw) + P*(iw) = 0
which yields strong well posedness. As can be seen from the proof of Theorem

it turns out that P(iw) +P*(1w) is related to the time derivative of the
enerqgy:

E(t) = /]Ru2(x,t) dz,

and in this system E(t) = E(0) remains constant, that is, it represents a
conservative system.

Example 5.16. Let A, B be two matrices such that A = —A* and B = B*,
and let C be any matriz. Consider the equation:

Uy = Augy + Bug + Cu.

Then we have
P(iw) = —Aw? + i Bw + C,

Pliw) + P (iw) = —w (A + A") + iw(B — BY) + C + C* = C + C*

which is independent of w and so there is a constant o such that P(iw) +
P*(iw) < al. Notice that the growth in time depends on the matriz C. If,
for instance, C' = 0, then the energy remains constant.

Example 5.17. Consider now the scalar equation:
Ut = —Ugzgz — Uze + Uz + U,
where u(x,t) is a real valued function. P(iw) is therefore just a polynomial:
Piw) = —w!+w? +iw+1,
and it satisfies the inequality:
P(iw) + P*(iw) = —2w* + 2w? + 2 < 4,

so the problem is well posed.
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5.4 Hyperbolic equations

In this section we shall focus on hyperbolic equations with constant coeffi-
cients given in its general form by the expression:

ug(z,t) = ZAjg;j(a:,t) (5.14)
j=1 J
u(z,0) = uo(),

where z = (21, ..., xs),u(z,t) = (u1(z,t), - ,un(t, 1)), and each A; is an
n X n real matrix.

Definition 5.6. Equation (5.14)) is said to be weakly hyperbolic if the symbol

Pliw) =1)  Ajw;
j=1

has purely imaginary eigenvalues. It is called strongly hyperbolic if its has
purely imaginary eigenvalues and if there exists a matriz T'(w) such that

o There exists a constant K such that for all values of w, | T(w)|| < K,
and | T~} (w)|| < K,

o T(w) diagonalizes P(iw), that is T(w) 'P(iw)T(w) = A(w) is a diag-
onal matriz with purely imaginary eigenvalues.

Theorem 5.8. A weakly (strongly) hyperbolic equation is weakly (respec-
tively, strongly) well posed.

Proof. If (5.14) is weakly hyperbolic, then by definition P(iw) has purely
imaginary eigenvalues, thus is weakly well posed, by Theorem [5.7]
Assume now that it is strongly hyperbolic. Since A(w) + A*(w) = 0, we
have
T(w) ' P(iw)T(w) + [T(w) P (iw)T(w)]* =0,
T(w) '"P(iw)T(w) + T(w)*P*(iw) [T 1]*(w) = 0,
[T ()T (w) ' P(iw) + P*(aw) [T (w) T~ Hw) = 0.

Let H(w) = [T~*(w)T(w)~!, then by Theorem we get strong well
posedness. 0

Example 5.18. We consider here the Fuler equation for gas dynamics.
Calling p the density, u the velocity and p the pressure, the laws of conser-
vation of mass, flow and energy yield:
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where ¢> = yp/p and v = 1.4. The above is not a constant coefficient

equation, since the matriz depends on the state variables. Linearizing the
problems around some fized state (po,ug, po) we get the problem:

wy = Awy
Where w = (po,ug,po)’ and A is the constant matriz:

Uy Po 0
A=—10 wu py*
0 pocg uo
For this problem P(iw) = iwA. The eigenvalues of —A are ug, ug + co and
ug—cg. So it has three distinct eigenvalues when cqy is a nonzero real number

and thus it can be diagonalized, yielding strong hyperbolicity. If either py or
po 1S negative then cq is purely imaginary, which results in illposedness.

Example 5.19. Consider the system:
v) \0 1) \v] "’
t x

Pliw) = iw (é 1)

is already in Jordan form. Although its eigenvalues are purely imaginary, it
cannot be diagonalized. This is therefore a weakly hyperbolic equation. This
system is indeed only weakly but not strongly well posed as we discussed in

Ezample [5.5

Example 5.20. Consider now the equations
uy (0 1) [u
v/ \-1 0)\v] ~
t T

Pea= (5, )

is a Hermitian matrix with real eigenvalues. Thus it is neither weakly nor
strongly hyperbolic. In fact, this problem is not well posed at all, since the
etgenvalues +w are not bounded. This gives rise to an exponential growth of
the matriz e Gt with respect to w. The equations above can be rewritten
as the Laplace equation:

then the symbol

The symbol

Ut = Vg, VUt = —Ug

and therefore uy = Vgt = Vg = —Ugq, which yields uy + Uz, = 0. So it is
not well posed for the initial value problem but well posed for boundary value
problem in a bounded space-time domain.



5.4. HYPERBOLIC EQUATIONS 125

Lemma 5.2. If

ug(w,t) = ZAJ%@J)
=1 !
u(z,0) = up(x),

is weakly (strongly) well posed, then so is the system

ug(z,t) = — ZAJT%,(% t)

u(z,0) = up(z).

The proof of the lemma is straightforward, since the conditions on the
eigenvalues of P(iw) (which is a purely imaginary matrix in this case) for
well posedness do not depend on the sign of the matrices A;. This is equiv-
alent to time reversal, which means that in hyperbolic systems knowledge of
the "present" (¢t = 0) gives as much information about the "future" (¢ < 0)
as it gives about the "past" (¢ < 0). Recall that this is not the situation in
all cases, e.g., heat equations, for which the time reversal leads to a blow-up
of the solution.

Definition 5.7. We call system (5.14]) is strictly hyperbolic if all eigenvalues
of the symbol P(iw) are purely imaginary and are distinct from each other.

Definition 5.8. We call system (5.14)) symmetric hyperbolic if there exists a
constant real matriz S such that B; = S_lAjS are real symmetric matrices,
for all j.

Theorem 5.9. If the system (5.14) symmetric hyperbolic, then it is also
strongly well posed

Proof. If the system is symmetric hyperbolic, then }°; Bjw; is real sym-
metric thus has real eigenvalues, thus S™'P(iw)S has purely imaginary
eigenvalues, and so does P(iw). So symmetry at least implies the weak
hyperbolicity. To see why it is also strongly well posed, consider the matrix
S~1P(iw)S which satisfes

ST1P(iw)S + [ST'P(iw)S]* =0,
thus
STIP(iw)S 4+ S*P*(iw)(S™H* =0,
[S*]71S1P(1w) + P*(iw)[S™!*S~t = 0.

Notice that [S*]~! = [S~!]*, thus we find a constant matrix H = [$*]71S~!
such that
HP(iw) + P*(iw)H = 0.
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If the equation is symmetric hyperbolic, then it is also strongly
hyperbolic, see [4, [6]. Notice, though that a strictly hyperbolic equation
might not be symmetric hyperbolic and vice versa

Suppose now that equation is symmetric hyperbolic. It is not
straightforward to calculate the matrix S that symmetrizes all matrices A;.
We give now a procedure shown how this matrix can be constructed.

Method for Symmetrizing

Let the matrices Ay, ..., As, be given and suppose that there exists the ma-
trix S such that all B; = S7'A;S are symmetric. Then for each integer j,
Bj can in turn be diagonalized, although in general there will be a different
transformation for each B;. Let Uy be the orthogonal, unitary transforma-
tion that diagonalizes B, that is,

Ui B1Uy = A,
with A; diagonal, and define C}, for j > 2 by:
C; = Uy B;Uny,

Since Bj is a real symmetric matrix, then B; = BJ and therefore C7 =
UrB;U, = UiB;U1 = Cj is also symmetric for each j. From this ob-
servation we can now conclude that if the matrices Ay, -, As can all be
symmetrized by one matrix S, then one matrix S = SU; can diagonalize A;
while symmetrizing A; for j = 2,--- ,s. Let us assume now that we do not
know explicitly S and U; and let S be a matrix such that

S71ALS = Ay,

and note that S is determined from the above requirement up to multipli-
cation by a diagonal matrix. Once S is chosen, one evaluates the matrices:

A, =574,5

and now it remains to check whether all these matrices A can be symmetrized
by a single diagonal matrix D with diagonal entries di,--- ,n. Try to find
the scalars dq,--- ,n, such that D_IA]-D, j =2,...,s are all symmetric. If
there exists such a matrix D, then it is possible to symmetrize all A; with a
single matrix S and the problem is symmetric hyperbolic. If such a matrix
D does not exist, then the problem is not symmetric hyperbolic.

Example 5.21. Consider one form of the two dimensional Fuler equation
for gas dynamics on a plane, and denote now the velocity components by u
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and v:
o u p 0 0 p v 0 p 0 p
ul [0 w O p 1 ul |0 v O 0 U
v| 0 0 u O v 00 v ptl]w
v/, 0 p02 0 wu v/, 00 p02 v v/,

For the linearized problem, where we evaluate the matrices at some fized
value of the state variables, say (po,uo, vo,Po), we have:

]P(]l w) = ﬁ(wlAl + CUQAQ),
where

Uup PO 0 0 Vo 0 £o 0
0 w 0 pyt 00 vp 0 O

) AQ = —1
0 0 wu O 0 0 w pp
0 pocg 0 wg 0 0 pocg wo

A =

Now the eigenvalues of A1 are: ug, ug, and ug &+ cg those of Ay are: vg, vg,
and vg £ ¢o. Therefore the equation is not strictly hyperbolic. Nonetheless,
the matriz:

0 po 1 —po

0 Co 0 Co
V29 0 0 0

0  pocd 0 —pock
diagonalizes A1 and symmetrizes As, so the problem is symmetric hyperbolic
and thus it is strongly well posed.
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6

Ordinary differential
equations

6.1 Exact solutions
o For the constant coefficient linear system
u'(t) = Au(t),
the solution to the initial value problem is

u(t) = eMt)u(ty).

e For the nonhomogeneous linear system
W/(t) = Au(t) + g(t).

the solution formula is known as Duhamel’s principle
¢

u(t) = eAttu(ty) + [ eAg(r)dr.
to

e For the nonlinear case,
u,(t) =f(u,t), u(0)=a,

the Lipschitz continuity on f can guarantee the existence and unique-
ness of the solution. A function f(u) is Lipschitz continuous w.r.t w if
|f(u) = f(v)| < Llu — v| for some constant L. For instance, f(u) = |u]
is Lipschitz continuous because ||z| — |y|| < |z — y|.

129
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6.2 Some numerical methods
Consider solving u/(t) = f(u,t), u(0) = a with a uniform mesh in time

O=th<t1 <---ty, <--- and t, = nAt. Let U™ be the numerical solution
at time ¢,,. Here are a few standard numerical methods:

o Forward Euler

U = U™ + Atf(U", t,,).
o Backward Fuler

U = U™ 4 Atf (U™ ).

e Trapezoidal method

Un+1 — Un + Atf(Un7tn) + f(Un+17tn+l).
2

e Midpoint method (also called leapfrog method)

Un+1 o Un—l
= (U t).
o A second order backward differentiation formula (BDF) method

3" — 4Un—1 + Un—2
2At

= f(Unv tn)
e A second order explicit Runge-Kutta method
. 1
Ur=0"+ §Atf(U",tn)

1
U =U" 4+ Atf(U* t, + 3At).

Remark 6.1. The BDF method and the leapfrog method are multi-step
methods, for which the initial conditions must be generated by other meth-
ods. For instance, given the initial value U° = u(0), to start the computation
W = f(U?%,t2), we still need U', which can be generated by using

forward Euler on a much finer mesh for the time interval [0, At].

6.3 Truncation errors

The local truncation error (LTE) is defined similarly as before: it is the
residue of the scheme (in the form which recovers the differential equation
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u — f(u,t) = 0 as At — 0) after replacing the numerical solution by the
exact solution. For instance, the LTE of the leapfrog method is

no__ U(tn 1) — u<tn—1)
o Mltnn) ) ).,

— ) + ém?u"'(tn) o] — ) = éAt%"'(tn) +O(ALY,

If the local truncation error of a scheme is O(AtP), we say that the
scheme is consistent of order p.

6.4 Convergence of the forward Euler’s method

Let T be a given terminal time and assume N = %. We say the scheme is

convergent if lima,_,o UY = u(ty). The scheme is convergent of order p if
the global error " = U™ — u(t,) = O(AP) forn =1,2,--- ,N.

6.4.1 Linear problems

Now we prove the convergence of the forward Euler method solving v/ =
Au,u(0) = a with the exact solution as u(t) = ae*. We have

Ut = U 4 AtAU™ = (1 + AtANU™,
thus
UM = 1+ AU = (14 A0 U™ = (14 A" 700 = a(1+AtA)

So we want lima;_,o(1 + AtA)Y = e* which is equivalent to imy_,e (1 +
LAY = T, By the change of variable N = N/(T)), it becomes

Ngnoo N —c

To obtain the global error e” = U™ — u(t,), consider the LTE

L u(t"“)m ) yu(ty) = %AtU"(tn) +O(At?)

which implies
w(tne1) = (14 AtN)u(ty,) + At

thus
et = (1 + At\)e" — Atr™.
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Therefore,

e = (1 4+ At)\)e™ — Atr™
= (1+ AN ((1 4+ AtA)e" ! — Atr"™ 1) — Atr™
= (1+ AtA)"Te(0) — At > (1 + AtA)» "™

m=1

= —AL Y (14 Atx) L

m=1
With the fact |1 + AtA| < A we have
(1 +At}\)n—m+1 < e(n—m+1)At|)\| < enAt\M < €T|,\|‘
So we get

n
"] < T (At > ww) < eTPinAt max |77 < eTWTlgna)é [T = O(At)
Smsn <msn

m=1

6.4.2 Nonlinear problems

Now consider solving u/(t) = f(u) and f satisfies the Lipschitz continuity
|f(u) — f(v)] < Lju — v|. For instance, if f(u) = |u| then L = 1; if f(u) =
sin(2u) then L = 2. We have

Uttt = U + Atf(U"),

0 u(tns1) — u(tn) 1 "
o= S — f(ultn)) = S A" (tn) + O(AL),

and
W(tni1) = u(tn) + Atf(u(ty)) + Atr".

Therefore
T =" - AL (f(U™) = fu(ty))) — Atr™.

The Lipschitz continuity implies
[F(U") = fu(tn))] < LIU™ — u(tn)| = Lle"|,
thus
le" < |e™| 4+ AtL|e™| + At = (1 + AtL)|e™| + At|r"],
from which we can show by induction that

" < (14 ALL)"[e®] + At 37 (14 ALL)™™ |7,

m=1

Assuming |€°| = 0, we get |e?| < elTT maxi<pm<n |77 = O(AL).
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6.5 O-stability

We can define a more abstract concept O-stability (0 refers to the stability
when At — 0) to conclude what we have seen for the convergence of forward
Euler’s method.

Consider solving a nonlinear equation v’ = f(u,t) with u(0) = a. Let
Na; denote a difference scheme operator on any fuction y defined on the
mesh points ¢, (we say y is a mesh function). For example, the forward
Euler operator is

Y(tny1) —y(t
NAty(tn) = ( nt )At ( n) - f(y(tn)atn)'
Definition 6.1. A scheme is 0-stable if there are positive constants K and
ho such that for any two mesh functions x and z with At < hg,

#(tn)—2(t)] < K [[2(0) = 2(0)] + max Wagr(tm) ~ Nagz(tm)| |, 1 <0 <N,
If we choose the mesh function z to be the numerical solution U™ and

z to be the exact solution wu(t,) in the definition above, then 0-stability

simply says that the global error of the scheme has the same order as the

local truncation error. Thus we have following fact

consistency+0-stability = convergence.

6.6 Absolute stability

The 0O-stability is the "mathematical stability" to guarantee convergence. In
practice, it is not sufficient to ensure the numerical stability. To understand
the importance of numerical stability, consider the IVP for the scalar test
equation v’ = Au and u(0) = ug with A = a+1b where a, b are real numbers.
The exact solution is u(t) = e(¢+10)ty,:

o If a > 0, then the solution is unstable in the sense that . ligl lu(t)| =
—+0co
+00.

o If a = 0, then the solution oscillates/circles around the origin as time
evolves.

o if a < 0, then the solution is stable in the sense that tl}in lu(t)] = 0.
oo

Now we focus on the stable case and consider the forward Euler scheme:
Untl = (1 + AtA)U™. The exact solution satisfies |u(tn1)| < |u(ts)|
thus we would like to have the same property for our numerical solution
|U™HL| < |U™|, which we call absolute stability. For forward Euler, the ab-
solute stability requires |1 + AtA| < 1.
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Let us see what happens if we do not have the absolute stability. Let ug =
0 then the exact solution u(t) = 0. Assume the numerical initial condition
is U° = 10~% due to the round-off error in double precision floating point
computation. If |1 + AtA| = ¢ > 1, then UN = (1 + AtA)NU? thus |UV| =
cN|UY| — 400 when At — 0.

Definition 6.2. For a given numerical method, the region of absolute
stability (also called stability region) is that region of the complex z plane
such that applying the method for the equation u' = \u, with z = AAt from
within this region, yields an approximate solution satisfying the absolute
stability requirement (U™ < |U™|.

So the region of absolute stability for forward Euler is {z : |1 + z| < 1}
which is a disk of radius 1 with —1 as origin.

Consider backward Euler method U"*! = U™+ AtAU™*!. Then U™+ =
ﬁU ™ and the absolute stability requires |1 — z| > 1.

For the trapezoidal method, the stability region is {z : |2 + 2| < |2 — 2|,
which is the whole left plane including the imaginary axis.

Definition 6.3. A method is said to be A-stable if its region of absolute
stability contains the entire left plane AtRe(\) < 0.

The backward Euler method is A-stable and the forward Euler is not.
If X is real and negative, a A-stable method is numerically stable with any
positive time step At, but the forward Euler is stable only when At < —%.
For the trapezoidal method, we have

U™ + AU
Un+1 =U" 4+ At%,
1
thus U"! = iiiiiU” Therefore its stability region is {z : EZI < 1},
2

which is A-stable.

6.7 Method of lines

Linear systems of ODE naturally arise in solving PDE. For example, consider
solving the following initial boundary value problem

Up = Ugy, € (0,1), u(0)=u(l)=0, u(z,0)=f(z). (6.1)
We first discretize the spatial variable z on a uniform grid z; = iAx (i =
1,---, M) with Az = ﬁ, then we get an ODE system
1
Ui(t) = x5 Ui (t) = 2Ui(t) + Ui (1)),

or the matrix-vector form U’(t) = —ﬁK U. Then we can use a numerical
method for ODE to solve this system. Such an approach is called method
of lines (MOL) discretization of the PDE. The ODE system obtained above

is called a semidiscrete method,
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6.8 A-stability in solving linear systems

Consider solving u/(t) = Au(t) with a constant diagonalizable matrix A =
TAT~!. Take forward Euler method as an example, we have

Ut = U™ + AtAU™.

Now we analyze what the stability region implies by consider the change of
variable W = T~1U. Then the scheme above is equivalent to

Wt = W 4 AtAW™.

Recall in Chapter [5 by Courant-Fischer-Weyl min-max principle, we
use the largest and smallest eigenvalues of T*T" to estimate ||[U||/||[W]|. The
eigenvalues of T*T are preciously the square of singular values of T*T. A
different and simpler approach is to use ||U|| = [|[TW] < ||T||[|W] and
W] = [|T7*U|| < |IT7||U|. Notice that ||T|| and ||T~!| are the largest
and smallest singular values.

If |1+ Ath| < 1 then W]l < [WO)| thus [[U™| < IT)[|T1][T°].
By considering the SVD of T, we can see that ||T||||7!| is the ratio of
the largest and smallest singular values of 1. This ratio is also called the
condition number of the matrix T". In general condition number may depend
on the size of U, which is huge in a semi discrete method solving PDEs.
Fortunately, if A is real symmetric or complex Hermitian, then we can pick
orthonormal eigenvectors so that ||T|| = ||T!|=1.

Example 6.1. Consider solving in Section . The semidiscrete
method is U'(t) = —A%EQKU. The matriz A = —ALQCQK with eigenvalues
—ﬁ@ - 2cos(i7rﬁ)) (i = 1,---, M), where M is the number of grid
points for spatial discretization. Thus forward Euler is stable if

1
At < §Ax2.

Example 6.2. Consider solving the wave equation with periodic boundary
conditions

u =ug, x€(0,1), u(0)=u(l), wu(z0)=f(x). (6.2)

Let us approzimate the spatial derivative by the centered difference:

1

Ui(t) = BT

Uita(t) — Ui-1(t)),

on the spatial grid points x; = iAx (i = 1,--- , M) and Az = ﬁ The
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semidiscrete method is U'(t) = AU, with

0 1 -1

The eigenvectors of A are the DFT matriz because A is a circulant ma-
trix. The eigenvalues of A are either zero or purely imaginary because A
is skew symmetric. (What are the eigenfunctions to the eigenvalue problem
' = Mu,u(0) = u(1)?) Forward Euler is not stable for any nonzero time
step because its stability region does not contain any nonzero part of the
imaginary axis.

6.9 Stiffness

An IVP is stiff if the step size needed to maintain stability of the forward
Euler method is much smaller than the step size required to represent the
solution accurately. In Example the stability requires At < Az? while
we only need At = O(Ax) obtain the first order accuracy as Az — 0.

The following is an example in which a time step constraint is derived
from accuracy requirement.

Example 6.3. The harmonic oscillator
u” +wiu=0, u(0)=1,4(0)=0,

has the solution u = cos(wt). If the frequency w is high, w > 1 , then the
derivatives grow larger and larger, because

4 e = 7
The local truncation error of a discretization method of order p is at least
O(AtPWP).

For instance, the centered difference would be second order accurate and the
leading term in the local truncation error is 1—12At2u(4) = TIQAt2w4 cos(wt)
This means that to recover an oscillatory solution u(t) accurately, we need

to at least require

1
At < —
w?’

regardless of the order of the method. In fact, for At > %, increasing the
order of the method as such is useless.
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6.10 Runge-Kutta methods

High order methods include the linear multistep methods, and Runge-Kutta
methods which are one-step methods. First we look at a few examples of
Runge-Kutta methods for solving «/(t) = f(u,t) and how they are derived.
Example 6.4. If we use the midpoint rule for the integral in

tn
() = ulta) + [ flut)dt,

tn+1

we get an implicit Runge-Kutta method:

n+1 n
Ut = U™ + Atf <U+U7tn+1> .
2 2

If we approximate W by U* = U™ + %Atf(Unjtn), we obtain the
explict midpoint method (a second order accurate Runge-Kutta method):

1
U* =U"+ SALf(U", tn)
1
U =U" + Atf(U* t, + 5At).

Even tough U* is only first order accurate, Ut becomes second order ac-
curate because f(U*,t, + At) is multiplied by At when computing UL, To
check the local truncation error, replace only U™ and U™ in the scheme.
For convenience, let u denote u(ty) and f denote f(u(t,),tn)), then we have

U = ulta) + SO F(ultn), 1) = u+ AL

and

u(tpy1) — u(ty) * 1
= — n+=A
T AL f(U s In + 5 t)

1 1
=/ (t,) + 5u”(tn)At + éu”/(tn)At2

2
P+ R8T+ 1)+ 5 (588) uad®+ 2faf + )

Thus 7™ = O(At?) because the exact solution u satisfies
u=f
0
u’ = af = fuu' + fi.

The obtained explicit midpoint method gives us a first real taste of the
original Runge-Kutta idea: a higher order is achieved by repeated function
evaluations of f within the interval [t,, t,1].
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Example 6.5. If we use the trapezoidal rule for the integral, then we get
an implicit scheme

1 1
Un+1 =U" 4+ EAtf(Un,tn) + §Atf(Un+17tn+1)-

If approzimating U™ by forward Euler, we get the explicit trapezoidal
method (another explicit two-stage Runge-Kutta method of order two):
U*=U"+ Atf(U", t,)

1
Unrtl = tn) + §Atf(U*,tn+1).

1
U+ AL,

Example 6.6. A very popular fourth order Runge-Kutta method is related
to the Simpson’s quadrature rule:

%f(u(thrl)a thrl) .

tn+1)}

lty 1) —ulty) ~ At éf(u(tn),tn) 4 %f(u(tn 4 %At),tn 4 %At) +
The scheme s given as

v =yn

U =yn+ ;Atf( tn)

U® =uyn + 1Atf( it)

U@ = U”+Atf( ), tr1)

Ut = yn At [f(U“),tn) + 2 (U 1, 1) +2f(UD, 1, 1) + F(U
where tn+% =t, + %At.

6.10.1 Order of accuracy

A general s-stage Runge-Kutta method (which may not be s order accurate)
can be written as

Ut = U"—{—AtZaZ]f )ty + cjAt)
7j=1

Ut = U”+Athf Dty + ciAt),
i=1

which can be represented conveniently in a shorthand notation called Butcher
tableau:

C1 ail ai2 e als
C2 | 21 Q22 -+ Q2s
Cs | Gs1 As2 -+ Ogs

bl b2 c.. bs
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Examples:

e Forward Euler:

e One-parameter family of second order methods:

0 0 0
« «a 0
T T
[1-% =
For a = 1, we have the explicit trapezoidal method, and for a = % it

is the explicit midpoint method.

e One-parameter families of third order 3-stage methods:

0 0 0 0
2 2
% S 0 0
31 2%
3 %‘143 . a0
| 1 i-a a
e The fourth order Runge-Kutta:

0 0 0 0 0
1/211/2 0 0 0
/21 0 1/2 0 0

1 0 0 1 0

| 1/6 1/3 1/3 1/6

Consistency requires >7_; a;; = ¢; and 3571 b; = 1.

We see that there are s-stage explicit Runge-Kutta methods of order s,
at least for s < 4. One may wonder if it is possible to obtain order p > s ,
and if it is possible to always maintain at least p = s. The answers are both
negative. An explicit Runge-Kutta method can have at most order s, i.e.,
p < s. For explicit s-stage Runge-Kutta method, we have

9 10
7T

numberofstages‘l 2 3 4 5 6 7 8
attainable order ‘1 2 3 4 4 5 6 6
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6.10.2 O-stability and convergence

Since Runge-Kutta methods are one-step methods, the discussion of 0-
stability will be very similar to forward Euler for explicit Runge-Kutta meth-
ods (Implicit Function Theorem is needed for implicit schemes).

Consider solving the nonlinear equation u' = f(u) where f is Lip-
conitinuous w.r.t v with Lipschitz constant L. The one-step method takes

the form
Ut = U™ 4 AtT(U", t,, At),

then W is Lip-continuous w.r.t. U™ with Lip-constant L'.
For example, for the explicit midpoint method we have

1
Ut = U™ + Atf (U" + 2Atf(U”)> ,

wtnsr) = ultn) + ALf (u(tn) + A f(u(tn))) + AL
Subtracting these two equations, we get
" < e[ + AtLle" + %At (f(U") = f(ultn))) | + At|7"
< |e" + AtL|e”| + AtL%AtL|e”| + At
=(1+AtL+ %Atsz)\e"] + At|T"|
= (1 + AtL)|e™| + At|T",

where L' = L + 1At?L. The rest will be similar to Section [6.4.2]

6.10.3 Absolute stability of explicit Runge-Kutta methods

Consider the test equation v/ = Au and an explicit s-stage Runge-Kutta
method of order p with a Butcher tableau

c| A
bT
Uu®
U@
The s x s matrix A is lower triangular thus A°* = 0. Let U = . , and
U
1
1
e = | . |. Then the scheme can be written as
1

U = U"e + AtAAU,
Urtt = um + AtAbT U.
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Thus we obtain

UL = U™ + AtAbT (I — AtAA) U™ e
= {1 + zbT (I — ZA)_IG} u"
= [1 + bl (T4 2A+ -+ zs_lAs_l)e} un.
Here we use the fact that (I — zA)(I +2zA+---+2FAF) = T — 1AM =
if k>s—1. Let R(z) =1+ 2zbT (I + 2zA+--- + 2°"1 A% 1)e then
2

z 2P 5 ) )
R@@)=1+z+ 7+ + -+ > 2T A e
' LA el

To prove it, notice that the exact solution satisfies u(t,i1) = e u(t,) =
e“ulty) = (14+ 2+ ‘3—? +o 4 ‘;—T + -+ )u(tn). And the local truncation error
is of order p implies u(t,11) — R(2)u(t,) = O(AtP*!) thus we must have
R(AtA) — 2 = O(AtP*1) in an p-th order accurate method.

Remark 6.2. A byproduct of this discussion is a collection of necessary
conditions for constructing an explicit p-th order Runge-Kutta method:

ble=> b =1
=1

1

bl Ae = =

2

1

T 42, L

b Ae—3!
bTAp_le:l
p!

The stability region is defined by |R(z)| = 1. To plot the region, there
are at least two methods:

« Find solutions to R(z) = e? for § € [0,2n] which will give the bound-
ary curve of the stability region. We sample 6 at uniform N points,
i.e., consider 0; = (i — 1)%’r fori=1,2,---,N. For #; = 0, the solu-
tion to R(z) = 11is 21 = 0. To solve R(z;) = e'% (j > 2), we can use
Newton’s method with z;_1 as an initial guess. This is an elementary

example of continuation method.

 Brutal force method: use enough uniform grid points z;; on the com-
plex plane, mark/color the point if |R(z;;)| < 1.
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Remark 6.3. We can also use root function in MATLAB to find all s roots
of the polynomial R(z) —ei?. If s >=5, there is no explicit polynomial root
formula, implied by the Fundamental Theorem of Galois theory. So how can
MATLAB still find all roots?

In particular, if s = p (possible only for s = 1,2, 3,4), then we get

2 s
z z
R(z)=1+z+§+---+g.

For fixed s < 4, explicit s-stage methods of order s are not unique but they
always have the same stability region! See Figure for the stability region
of Runge-Kutta methods.

15 Adams-Bashforth 4 Adams-Moulton
1 3
2
05 ﬁv ; ?
0 0
-1
05 &Z &
\ 2
-1 3
-1.5 -4
-2 -1 0 -6 -4 -2 0
Backward Differentiation Runge-Kutta
20

2
(D

-20

o
o
o
—
o
ny
o
w
o
N
N
o
N

Figure 6.1: Stability region boundary curves for methods of increasing or-
der colored by yellow, violet, green and blue. The Runge-Kutta methods
are explicit s-stage with order s. For Adams and Runge-Kutta methods,
the region is enclosed by the curve. For backward differentiation formulae
methods, the region is outside of the curve. For Adams-Moulton, yellow
curve is the third order method. For the other three methods, yellow curve
is the first order method (forward or backward Euler).

We can also see that explicit RK methods cannot be A-stable.
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6.11 Linear multistep methods

Let F™ denote f(U",t,). For solving the equation v’ = f(u,t), a general
linear multistep method can be written as

k k
S U = ALY g FT, (6.3)
j=0 §=0

The scheme is linear w.r.t. each f™ (it is nonlinear in Runge-Kutta methods).
This is why it is called linear multistep methods.

The normalization ag = 1 is often assumed to fix the scale factor. The
scheme is explicit if By = 0.

Linear multistep methods typically come in families. The most popular
for nonstiff problems is the Adams family and the most popular for stiff
problems is the BDF family.

6.11.1 Adams methods

Given ODE v’ = f(u,t), we can consider the integral form

tnt1

ultars) = ulta) + [ fu®). 1) dt.

The k-step explicit Adams method is obtained by interpolating f through
the previous points t = t,,tp—1, - ,tn—k+1. Adams methods are the most
popular among explicit multistep methods. A simple exercise in polynomial
interpolation yields the formulae

k
Ut =U" + AtY B F T,

j=1
with
- k—1 i ) 1 s
= (=1)" ) i Vi = —11/ .| ds,
Bj=(-1) 7;:;1(3_1)7 %= (-1) 0<Z>
where the binomial coefficients are j = w, <8> = 1. This is

called Adams-Bashforth, in which the local truncation error turns out to be
Cpr1 APuPT (t,) + O(APHY), where p = k.
Examples of Adams-Bashforth methods:

k=1: U™ =U"+ AtF™
3 1

k=2: U =U"+ At(F" — §F"_1)
23 16 5
k=3: n+1 _ A2 — 7Fn71 7Fn72
30U U+ Al 12 LT )
k=4: U =U"+ At(§F" _ ety 3T pmea gF’H)

24 24 24 24
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Unfortunately, the Adams-Bashforth methods are explicit methods with
very small regions of absolute stability. This has motivated the implicit
versions of Adams methods, also called Adams-Moulton. The k-step implicit
Adams method is derived similarly to the explicit method. The difference
is that for this method, the interpolating polynomial is of degree < k and it
interpolates f at the unknown value ¢, as well:

k
Urtt =U™ + Aty BF,
§=0
The order of the k-step Adams-Moulton method is p = k + 1 because k + 1
points are used in the underlying polynomial interpolation). An exception is
the backward Euler in which &k =1 and F™ is not used, yielding p = k = 1.
A few examples of Adams-Moulton methods:

p=Lk=1: U™ =U"+ AtF"!

1 1
p=2k=1: U"tl=yn +At(§F”+1 +5F")

5 8 1
=3,k=2: U =U"+A(F"" 4 —F"— —p!
p=3 v U™+ Aty T i)
9 19 5 1
—4. k=3: n+l _ rmn A 7Fn+1 iy 7Fn—1 7Fn—2
p=4k=3: U U™+ Aty T2 2 to )

They have much larger stability regions than the Adams-Bashforth methods.
But they are implicit.

6.11.2 Backward Differentiation Formulae

The BDF methods are derived by differentiating the polynomial which inter-
polates past values of u, and setting the derivative at t,,,1 to f(U™! t,11).
The k-step BDF method, which has order p = k, has the form

k
ZajUn-‘rl—j — AtBOFn+1.
=0
The BDF formulae are implicit. A few examples:
k=1: U™ =U"+ AtF"H!

g, U —245: +U
Py 1yt — 18U"6—£?U”1 —20m? 1

6.11.3 Order of accuracy

Given a multistep method ([6.3]), it is much easier to check its local truncation
error by Taylor expansion than Runge-Kutta methods.
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6.11.4 Characteristic polynomials

Given a multistep method (6.3]), we define characteristic polynomials p(&)
and o(&) as

k
p(‘f) = Z O‘jgk_j’
=0

k
o(§) = Beh.
=0

A linear multistep method ([6.3)) is consist (LTE goes to zero as At — 0)
if and only if p(1) = 0 and p'(1) = o(1).
6.11.5 O-stability and convergence

The 0-stability can be defined for LMM as for one-step method but it is
cumbersome to check. Fortunately, it turns out that it is equivalent to a
simple condition on the roots of the characteristic polynomial.

Theorem 6.1. The linear multistep method is 0-stable if all roots of the
characteristic polynomial p(§) satisfy

° ‘§]| S 17j:1727"' 7k'
o If|&| =1 then & is a simple root (not repeated).

If this root condition is satisfied, the method is accurate to order p, and the
initial values are accurate to order p, then the method is convergent to order

p.

This root condition is derived by checking the 0O-stability of (6.3]) solving
a very simple problem
u'(t) =0, wu(0)=0.

The scheme (/6.3) becomes a linear difference equation

k
S o, U =0,
7=0

Given initial values

UO, Ul, L. ,Uk_l,

we want to solve this difference equation. We will first construct a solution
then show it is the only solution. Assume U™ = £™ (on the right hand side,
it is € to the power n but n is only an index on the left hand side), then

k
S agemti=i = )

J=0
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Notice that ap = 1 thus € # 0. We can divide both sides by £ **1 then

k .
> o€ =0,
=0

which is p(§) = 0. Suppose p(£) has k distinct roots &, - - - , &, then we find
k linearly independent solutions to the difference equation. And a general
solution to the difference equation can be be written as

U" = c1&] + 285 + - - - + eiéyy,
where the coeflicients ¢; are uniquely determined by the k x k system

e+t =U°
01§1+62§2+"'+0k§k:U1

g ey b et = UM

So we have just constructed one solution. Next we only need to show
there is only one solution to the initial value problem of the difference equa-
tion. If U™ and V™ are both solutions, then W™ = U™ — V" satisfies the
difference equation with zero initial values. Thus W™ can only be zero (solve
the difference equation with zero initial states, you get only zero).

Suppose we compute the numerical solution U” at time 7' = 1. If one of
the roots has magnitude larger than 1, then lim [UN| = lim |UY|= +ooc.

At—0 N—4o00

Therefore all roots must satisfy || < 1.
Now suppose we have repeated roots £ = &3, then the solution becomes

U™ = c1&] + conéy’ +c383 + - + ey,

thus |£1| = 1 will also imply divergence.
It turns out that the root conditions is all that is needed for convergence

Theorem 6.2. For LMDMs applied to the initial value problem for u' =
f(u,t) where f is Lipschitz continuous w.r.t. u,

consistency + 0-stability = convergence.

Note that the root condition guaranteeing O-stability relates to the char-
acteristic polynomial p(§) alone. Also, for any consistent method the poly-
nomial p(¢) has the root 1. One-step methods have no other roots, which
again highlights the fact that they are automatically O-stable.
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Example 6.7. The LMM
Untt 30" 20t = —AtF" Y

has an LTE of first order. Apply it to u' = 0 then U™ can be explicitly solved
in terms of U and U'. we obtain

Ut =20°-U'+2"U' - UY).

Unless U' = U° = 0, the approzimate solution is never convergent to con-
stant zero.

Example 6.8. Applying the consistent LMDMs
Un+1 2Un+Un 1 At(Fn+1 Fn—l)

tou =0 gives
U’rH—l _ 2UTL + Un—l =0

The characteristic polynomial is
p&) =€ -2 +1= (- 1)
The general solution is
Ut =0+ (U - U%n.
IfU° =0 and U' = At, then UN = AtN =T — T as At — 0.
Example 6.9. Consider
U™ = —4U™ + 50" + AALF" + 2AtF"

In terms of the local truncation error, this is the most accurate explicit 2-step
method. However, p(§) = (£ — 1)(§ +5). The root condition is violated.

6.11.6 Stability region
Applying (6.3]) to the test equation v = \u, we get

k
Z i — 205) U”H_] =0.

where z = At\. The stability polynomial is denoted by

(&, 2) = p(§) = 20(8).

The LMM is absolutely stable for a particular value of z if errors introduced
in one time step do not grow in future time steps.
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Definition 6.4. The region of absolute stability for the LMM is the set of
points z in complex plane for which the polynomial (&, z) satisfies the root
condition.

Finding the region of absolute stability is simple for linear multistep
methods. Just look for the boundary

6 € [0,2m].

Problem 6.1. Follow the discussions in Section[6.11.3 to show that the root
condition of 7(&,2) can guarantee the numerical solution to v’ = Au does
not blow up (in what sense?) as At — 0.

Example 6.10. Recall that as absolute stability for one-step methods such
as Runge-Kutta methods is to require U™ /U™ < 1 for solving v’ = \u.
The definition of absolute stability region for LMMs is related to the solution
of difference equation thus not necessarily the same. Let us consider the
second order BDF method as an example:

UL — 44U + UM = 2ALFTL

The stability polynomial is given as 3% — 4€ + 1 = 222, Thus to draw the
boundary curve of the stability region, we have

3¢2 — 46+ 1 ~
z= e ¢ =et? 0 e|0,2n].
On the other hand, if we have to define something similar to U™ /U™| < 1,
then it is natural to rewrite the scheme in the one-step matriz vector form.
For v/ = \u, the second order BDF method becomes

3UTL 44U + U = 28000

thus 4 1
grtl=_—-_pn— yr—t = At
3_922 3_92, »

We can rewrite it as

U (5t g\ [ U”
un 1 0 gn—1)-

_4 -1
For computing eigenvalues of the matriz A = (3_122 3_022> , we have

4
det(£1 — A) = (5—3_22>§+3_22_0,
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which becomes
362 —4€ +1 = 2262

The natural choice for defining U™ /U™ < 1 in multi-step methods is
to require eigenvalues of A to be insied unit circle. Thus we end up with
the same equation for drawing a curve derived from the one-step method

perspective:

32 -4 +1 10
Z:T7 526 796[0,27{']

6.11.7 Strong stability
Consider ([6.3]) for the test equation v = Au:

k k
> o UM — ALY BAUTT = 0.
=0 7=0

The solution to this linear difference equation is related to roots of the
polynomial

P(§) = p(§) — Atra(§).
Since the exact solution for u(0) = 1 is u = e = (2", we expect one
root to approximate e}, which is required from consistency. That root is
called principal root. The other roots called extraneous roots.

If Re(A) < 0, then the exact solution decays and we must prevent any
growth in the approximate solution. This is not possible for all such A if
there are extraneous roots of the polynomial ¢(§) with magnitude 1. For
At > 0 sufficiently small the difference equation must be asymptotically
stable in this case. We define a linear multistep method to be

o strongly stable if all roots of p(§) = 0 are inside the unit circle except
for the root £ = 1.

o weakly stable if it is O-stable but not strongly stable.

Weakly stable methods can be numerically unstable for some problems.
Strongly stable k-step methods can have at most order k +1.

Example 6.11. The leapfrog method
Un+1 _ Unfl _ g
2At

has characteristic polynomial p(§) = &2 — 1 with two roots & = £1 on the
unit circle thus it is weakly stable. The stability region boundary curve is
determined by

L p(e’?) (e -1 }(eﬁe i)

- 20(el?)  2ei0 2 = isind.
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Therefore the stability region boundary is an interval [— 1, 1] on the imaginary
azis. To determine the stability region, we can check the root conditions for

the polynomial
W(&)Z):€2_1_2Z§> S [_]1711]

If z =1, then 7(&,1) has two same roots & = 1 thus the root condition is not
satisfied thus not absolutely stable. Similarly, we do not have the absolute
stability for z = —1. For z € (—1,1), the roots of w(§,2) are § = z+v/22 + 1.
The stability region is the interval (—1,1).

Therefore the leapfrog method is not numerically stable for solving prob-
lems like diffusion, e.g., Example which involves u’' = Au with real nega-
tive A\. On the other hand, it is well suited for problems involving only purely
imaginary A, e.g., hyperbolic problems like Example [6.2] The very popular
FDTD (finite-difference time-domain or Yee’s method ) for Maxwell’s equa-~
tions uses centered difference in both space and time to achieve second order
accuracy, which is the leapfrog method in time on staggered grids.
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Finite difference schemes for
linear time-dependent
problems

7.1 Basic concepts, definitions and notation

Consider a general initial value problem for linear partial differential equa-
tions:

0
ug(z,t) =P <a:,t, 330) u(z, t),

u(z,0) = f(z), (7.1)
where z is a vector of s components: z = (r1, -+ ,xs), u is a vector of p
components: u(z,t) = (u1(z,t), - ,up(z,t)) and P is a polynomial of %.

If the highest order time derivative in a linear partial differential equation
is %u, then we can always revx(frit_ei it in the form of (7.1)) as a system for
a unknown vector [u, %u, S ,%u]T. For instance, the two way wave

equation usy = Uz, can be written as

()= (2 ) ) o

Remark 7.1. Let (vy,v2)” denote the unknown functions in (7.2) and take
the Fourier transform, then we get

O (o)) _ [ 0 1) [t(D)
ot \2(t))] — \—w? 0) \i2(t))"
0o 1\ . .. . o . .
2 O> is diagonalizable with eigenvalues +1iw, thus (7.2)) is
the convection to two directions even though 66—;2 is the only spatial differ-

ential operator in (7.2)).

Notice that (

151
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For computational convenience we will restrict the domain of the solution
u(zx,t) of to a bounded region, even though it might be defined for all
x and all ¢ > 0. On this bounded region we construct a grid of points,
discretizing both space (in each of the space coordinates) and time. For this

purpose, we specify the step sizes At and Az; for i = 1,--- ,s and define
the grid points as points of the form (x1,--- ,xs,ty,), where:
tn = nAt

CL’ji :]ZAQTZ,’L = 0, 7Ni-

Although in many practical applications it is preferable to define suitable
varying step sizes, we have chosen here constant ones for simplicity of nota-
tion. However, the concepts and properties discussed in this chapter can be
readily generalized to the variable step-size case.

The main idea of any finite difference scheme attempting to approximate
the values of w(z,t) by computer methods is to construct a vector of p
components for given integers n and ji,--- ,js with 0 < j; < N;, which we
call U ., and which "approximates" the value of u(x;j,,--- ,xj,, nAt).

Jl 7... 7]3
For fixed n, Uﬁ . is therefore a vector-valued function of the set of

e
integers {j; = 0,---,N;;0 < ¢ < s}. For such functions, we define the k-th
shift operator E} to be the operator that shifts the index ji to its right
(Jk + 1), that is:

EUY . . =U"

S g gs = Ugt e Gt gor L S k<.

Definition 7.1. A finite difference scheme is a recursion formula of the
form:
Bo(Er, -+, Es)VI = By(Ey, -+, Ey))VY (7.3)

«

where o = j1, -+, js is a multi-index, and By(E1,- -+ , Es) and B1(E1, -+ , Ey)
are functions of the operators E;, 1 <1 < 's. If By is the identity operator,
we say the scheme is explicit. Otherwise it is called an implicit scheme.

We now give some examples to illustrate our notation.

Example 7.1. Consider the two-dimensional problem:
Ut = Ug + Uy,

where u(x,y,t) is a real valued function. Let At, Ax and Ay be positive,
fized quantities. One possible finite difference scheme is given by:

1
Ut = 1 (UiT—L&-l,j—&-l +U 1+ U Uin—l,j—l)

At n At n
+ %( 1 — Uity ) + E(Ui,jﬂ —Uij1)
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which in terms of the shift operators E1 and Es, can be written in the form:

At At .
E(El—E1 )+K(E2_ )) Ui

1
urft = (0B + BB+ B +
Thus V™ = U™ in this case.

Example 7.2. Conside the Leapfrog scheme for the one-way wave equation:

n+l _ rm—1 n
U’ Uptt Up, - U

2At 2Ax
In order to write down this scheme in the form (7.3)), we define the two

dimensional vector:
n Un
V} Un 1

and express Vj"'H = B1(E)V]", where now B1(E) is a 2 x2 matriz depending
on the shift operator E. In fact, since:

n+1 A n n n—1
Uy U}? )

At -1
n+1 __ 7(E - K ) 1 n
Vj - (A 1 0 VJ

then

Example 7.3. For the same equation u; = u,, consider the scheme:

Ujtt = U + (U = U7,

This can be written in terms of the shift operator E in the following way:

At At
14+ — — —RUurtt = yr.
U+ A 2 J
For implicit schemes like the example above, to find U}LH, we need to
solve a globally coupled linear sytem. We shall assume that the operator
By exists and it is bounded, so the finite difference scheme (7.3)) can always
be written in matrix form as:

Vil = C(At, Az, z, t)V™

where we are taking all the components {V' : a« = (j1, ..., Jz);Ji = 0, ..., N;}
ordered to form a vector (e.g., the vec(X) operation in Chapter ; Ax =
(Azy, -, Axg), and T = {xj, : j; = 0,...,N;;i = 1,...,s}. We will assume
that Az; = h;(At) for some functions h; of the parameter At, for all space
coordinates ¢ = 0, ..., s. If the operator P in does not depend on time,
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then it is reasonable to limit our study to the case where C' does not depend
on time either. We will refer to this situation as the autonomous equation.
If C' does not depend on Z either, we call the scheme a constant coefficient
scheme, which we shall study in detail later. For the remainder of this
chapter we shall simply write C'(At), keeping in mind that it may depend
on t and T as well. We will therefore analyze the finite difference scheme

(7.3) in its equivalent form:
vl = oAV (7.4)

where now C(At) is an N x N matrix, with:

N = [ +1).
i=1
Recall that, NV; depends on Ax; which is a function of At, thus the dimension
of the matrix C'(At) depends on At.

Definition 7.2. Let Ax = (Axy,--- ,Axy,), then for any fixed real number
t > 0, we define the operator Qa, by:

QAIU(JJ,t) = {u(le) 7xj57t)7 j 207 7N’L7Z :07 78'}

So given a function u(x,t), Qazu(x,t) is a vector with N = T[;_;(N; +
1) components, each of them representing a vector (recall that u(x,t) =
(ui(z,t), ..., up(x,t)) is a vector of p components).

At any fixed time ¢, Qa, is an operator which "looks" at the values that
u(x,t) attains at the space grid points. In some cases it is more appropriate
to specify projection operators which assign some values between the grid
points. The space where we "project" the solution u(x,t) via Qa, is the
same space where we are to construct the numerical solution, in accordance
with . We are interested in studying the behavior of the collection of
vectors in for "small" values of At. We shall assume that:

lim Az; = lim h;(At) = 0.

At—0 At—0
We now want to give a precise meaning to the statement as At becomes
smaller, the numeical solution gets closer to the analytical solution at any
given time t = nAt held fized. Specifically, we want to compare the limit
of V" as At — 0 and n — oo such that ¢t = nAt is constant, with the
corresponding limit of Qa,u. This involves the concept of norms on the
euclidean space RY when the dimensjon N grows as At — 0.

Definition 7.3. For any vector V.= (V4,...,Vn), we define the norm |V|n
by:

N
VB == 3 2
Nj:l
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where, if each component V, is itself a vector, |V;| denotes the usual vector
norm.

By our notations, (7.4) can denote a "one-step" method if V" = U™
where U™ approximates u at t,, or a "k-step" method if

Un—l
ve=|" . |. (7.5)

Ur;fk
7.2 Properties of Finite Difference Schemes

Throughout this section, we shall consider u(x,t) to be the solution of a well
posed initial value problem. That is, calling S(t,tp) the solution operator,
the function w is specified by:

u(z, t) = S(t, to)u(z, to),
thus in particular:
u(z, (n+ 1)At) = S((n + 1)At, nAt)u(x, nAt).

If the problem is autonomous,that is, the operator P in ([7.1) is indepen-
dent of time, then S is a function of the elapsed (¢ — tp) and we can simply
write S(t — tg) and S(At) in the above expressions.

Definition 7.4. We say that the scheme UMt = C(At)U™ is accurate of
degree (or order) qi in space and g2 in time, or more shortly, accurate (or
consistent) of order (qi,q2) if for any fixred t = nAt and a very smooth
solution u(x,t):

[C(ADQas — QanS(t+ At 8)] u(z,t)|y < K()AL|AZT + At?2) (7.6)

where
S

|Az| = Z(Axi)Q.

i=1
If the system is autonomous, we can write ((7.6)) in the form
[C(A)Qar — QarSAD] U, )]y < K(HAL|AZH + At2).
For a k-step method (7.4) with (7.5), accuracy of order (qi1,q2) means

u(x,t)
u(z, t — At)
C(81)Qa, —Quis(an] | < K()AH|Aa]® + A7),
u(z,t —kAL) )|\

(7.7)
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In most of the cases, it is desirable to have the same degree of accuracy in
space and time, ¢ = g2 = ¢, and when this happens, if no confusion arises,
we will say that the scheme is accurate of degree ¢, or ¢-th order accurate.
In some situations, however, we will work with accurate schemes for which
@ # Go-

This definition of accuracy is simply an abstract description of the
following local truncation error.

Definition 7.5. Rewrite the scheme V" = C(At)V™ for solm’ng in the
form approaching u;(x,t) — P (w,t, a%) u(z,t) =0 as At — 0 and Az — 0.
The local truncation error is the residue of replacing numerical solutions by
a smooth exact solution in the scheme of this form. The scheme is accurate
of degree (or order) q in space and qy in time if the local truncation error

is equal to O(|Ax|?) + O(At®2).

We give now some examples of different schemes for the problem u; = u,.

Scheme 1:
At

2AT ( J+1
This scheme is useless since it will never be stable as we have seen in Example
Nonetheless let us consider its accuracy. We denote by u, the true
solutlon at the grid points: u} = = u(jAz,nAt). Then

U;H_l Un Un )

A
(OO Qs )]y =) + 50l — )

is the j-th component of the vector C(At)Qazu(x, nAt). By definition,
S(At)u(xz,nAt) = u(z, (n + 1)At),
and therefore:
[QazS(At)u(z, nAt)]; = u”Jrl
By the Taylor’s expansion around (x;,t,), and the fact u; = u,, we get

C(A)Qasu(w, nAY) — QarS(At)u(z, nit)];

At
:\U?H —uj — K(u?“ —uj_y)|
t

A n 1 n
:\At(ut) + At (utt)] — E@Am(ugp)j +26A:c3(um$)j)\

< {m:éax | (z, nAL)|, %mgx (- nAt)|} At(At + Az?).

l\.')\r—l

Assume there is a very smooth solution u(z,t) s.t.

1
max {mi}x |ug(z, nAL)|, 3 max |ugas (T, nAt)]} <K,
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then the scheme is accurate of order (2,1). The scheme can be rewritten in
the form approaching u; — u, = O:
n+1 n—1
U™ - Um-UL_,
2At 2Azx

As an alternative way to check accuracy, we can compute the local truncation
error as:

Wt —u o -l
T = -2 A7 1 _d zij = w(zj, ) + O(AL) — ug(zj, ty) + O(Az?)

and using now the equation u; = u,, satisfied by u(z,t), we conclude that
this scheme is accurate of second order in space and first order in time.
Scheme 2: Lax-Friedrich’s Scheme:

At

Uf“ (U+1+U;L—1)+E< J+1

- Ujy).

This scheme is a first order accurate scheme, that is, g1 = g2 = 1.

Scheme 3: Upwind Scheme: Consider the one-sided difference for the
spatial derivative:

At

n+l _ yn
Uit =U; +E(

= U,

This is a first order accurate scheme.

Scheme 4: Downwind Scheme: Consider the one-sided difference for the
spatial derivative:

UMt =up + %(U )

This is a first order accurate scheme. However this scheme is also useless.
The domain of dependence (the exact solution is a wave travelling to the
left thus u(x;,t, + At) = u(z; — At, t,,) thus U;“H depends on values of U™
to the right of x;) is not included in the scheme stencil (U}1+1 is based on
U ]" and U, ]n_l) therefore such a scheme is unstable.

Scheme 5: Leapfrog Scheme: If we use the centered difference for both
time and spatial derivatives, we get

At
uptt=urt 4+ Aw( = UR). (7.8)
To find its accuracy, rewrite it as
1 -1
UJ’-H —Uf U L

20t 2Azx
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and compute

un+1 — un_l ul s —u
7—}1 = 2At —- ]+12A:U] - = Ut O(AtQ) — Uz + O(Ang)'

So this is a second order accurate scheme. It should be noticed that in order
to implement this scheme it is not enough to specify initial conditions U°
since it involves two time steps. To obtain U! for initiate the computation,
there are many different ways. For instance, we can use a one-step method
to approximate U.

Scheme 5: Lax-Wendroff Scheme: This scheme was developed around
1960 - 1964 and it is very frequently used. It is based on the Taylor series
expansion for u(z,t) given by:

1
u(z,t + At) = u(x,t) + Atug(z, t) + §At2utt(x, t) + O(A?),
which, using u; = u, , reduces to:
1
u(z,t + At) = u(x, t) + Atug(z,t) + §At2um(x, t) + O(At3).

Using the centered difference, we obtain a scheme with second order accuracy
in both time and space:

At At?
n+l _ 7 n n n
U™ =0+ 5, Ui — Ui + 51 2 Uik

— 2an + Uj”_l)
Scheme 5: Cranck-Nicholson Scheme: This is a second order accurate
implicit scheme

At
Ut = U7 + o (U - U7+ Uy — ULy

The mere fact that a scheme is accurate does not imply that it pro-
vides useful results. Therefore we would like to compare the behavior of
the numerical solution with the true solution, and not only the discrepan-
cies resulting from one step of the time iterations. This comparison is the
underlying concept of convergence.

Definition 7.6. For a scheme V"™ = C(At)V"™ in which U™ approzimates
u at nAt, we say that the scheme converges if for arbitrary fized t > 0 we
have, for all n, At such that in nAt = t:

I n_ =0
At—>01,HAlx—>0W Qagulw, nA)|n =0
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Notice that the number N of points in the space grid becomes larger as
At — 0. If the initial condition of the original problem is u(z,0) = f(x),
then we can write:

u(z,t) = S(t) f(x) = S(t —t1)S(t1) f (2),
for any intermediate time 0 < ¢; < t¢. In general we have:
u(e,nAt) = S(AD" f(x),

and analogously, a scheme in the form of U™ = C(At)U™ can also be
written as:

Un+1 _ C(At)nUO

where U% = Qa, f(x). In this notation, the convergence condition reads as
follows:

At—)loi,rgx—m ’(C(At)nQAx - QAwS(At)n)f(x)’N = 0.

It should be clear now that convergence involves the difference between the
values predicted by the numerical solution itself and those of the true so-
lution "projected" at the grid points. On the other hand, to establish the
accuracy of the scheme, we only need to check how the operator C(At)
changes the value of the true solution during only one time step, as com-
pared to the true solution Af units of time later. Convergence is the most
important property of a numerical method. However, it cannot be estab-
lished directly, since the true solution u(x,t) is not known. We therefore
look for ways to determine convergence indirectly, using only the partial dif-
ferential equation and properties of the scheme that do not involve explicit
knowledge of the function u that we want to approximate.

Definition 7.7. We say that scheme V"t = C(At)V™ is stable if for any
fixed t > 0, there exist constants K and a such that:

oAl < Ke,

for all n and At such that nAt =t.. Here ||C|| is the spectral norm for the
matriz C'.

Notice, first of all, that stability is indeed the discrete analog of well
posedness. Recall from Chapter [5| that well posedness of the problem, in
terms of the solution operator is equivalent to

1S(t, t0)| < Ke®t10) v > ¢,

where |S| denotes the "operator norm". Therefore, for an autonomous sys-
tem, where S(nAt) = S(At)", we have:

|S(At)n| < KezmAt7
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which is almost identical to the stability condition, except that here S is an
operator acting on functions (generally belonging to some Hilbert space),
and consequently the above norm refers to the corresponding operator norm,
whereas in |C'(At)"| is the matrix norm.

Theorem 7.1. Lax Equivalence Theorem. Let u(z,t) be a classical
solution of the well posed linear problem and let the finite difference
scheme V"L = C(AH)V™ be accurate of order (q1,q2), i.e., the scheme
satisfies . If the scheme is stable, then for any T, there exists a bounded
function G(t) such that for all t € [0,T] and nAt = t, the following holds

U™ — Qagu(z,nAt)|y < G(t)(|Az|™ + At®).

Remark 7.2. The theorem states not only the convergence but also the rate
of convergence for a smooth solution of a wellposed initial value problem of
any linear PDFEs.

Proof. For simplicity, we consider the one-step method U"*! = C(At)U"
and the extension to the k-step case is straightforward. Let

0" = [C(A)Qar — QazS(AL)]u(x,t).
The actual error that we want to control to prove the convergence is

" = Ut — Qagu(z, (n 4 1)At)
= C(A)[U™ = Qazu(x,nAt)] + [C(A)Qar — QazS(AL)|u(z,t)
= C(At)e" + 6"

By solving e"! = C(At)e" + 6" and ' = 0 (because we have U’ =
Qazu(z,0) ), we get

n—1
e — Z C(At)n—k—lék’
k=0

thus

n—1

v < Dl 1|8k |y
k=0

By stability, ||C(At)"*-1| < Ket—k=DAL < K| for some constant K
and all k£ s.t. 0 <k <n — 1, and using accuracy on |0"|y:

[C(ANQar — QarS(AD]u(z, 1)y < K(O)AL(|AZ® + Ar2),

we get
"y < KinAtK (nAt)(|Az|? + At®),

which is the desired result, upon letting G(t) = K tK(t). O
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Remark 7.3. The Lax Equivalence Theorem applies to any linear scheme
(for solving a linear PDE) in the form of V"t = C(At)V™. For instance,
in a finite element method in the form U™ = C(At)U™ solving (7.1), U™
denotes the finite element basis coefficients (in contrast to point values in a
finite difference method) and Qazu(x,t) denotes the projection of the exact
solution onto the finite element space, then the same proof is still valid.

In the Lax Equivalence Theorem, the assumption that u(x,t) is a clas-
sical solution amounts to assume that the initial data f(z) is a function
with 7 continuous derivatives - where r is the degree of the polynomial P
and with compact support, which we denote by f(z) € Cj. Indeed, the
assumption f(x) € C{ together with well posedness is equivalent to stating
that u(x,t) is a classical solution. However, the theorem can be general-
ized for the case where the initial function is not in Cf, provided that we
can approximate this function in the L2-sense by functions in Cj. To see
this, assume that there exists a sequence fi(z) € Cg,l = 1,2, - satisfying
lim; 4 o0 || f— f1]|? = O where the norm is the L? norm (for example, f(z) can
be a step function multiplying a Gaussian, then f(x) is not even continuous
but can be approximated by a sequence of functions in Cfj). Let S(t — o)
be the solution operator for the problem and define the sequence w;(z,t) as
the corresponding solution with initial value f;(z), that is:

w(z,t) = S(t) fi).

Since for any given t > 0, S(t) is a bounded operator on L?, it follows by
convergence of f; to f that the sequence of functions wu;(x,t) for fixed t,
converges in L? to some limit function u(z,t) (which, however, may lack
smoothness). Using the Lax Equivalence Theorem for each integer | we
have:

|U" — Qazui(z,nAt) |y < Gi(t)(|Ax|? + At??), (7.9)

where the U are defined for each | using scheme U™l = C(At)U™ with
initial value U® = Qa, fi(z). Therefore:

U = Upln < [|CA)™[[|[Qaz(fi = fm)|n-

As a consequence of the L? convergence of f;, it follows that for sufficiently
large N, |Qaz(fi — fm)ln — 0 as I,m — oo, implying that the sequences
{U fl> 1} are Cauchy sequences for each n. This ensures the existence of
the limiting vectors:

U" = lim U;* foreach n>1.
=0
Now to prove convergence we express the difference:

|Qazu(z,nAt) — U N = |Qaz[u(z, nAt) — wi(z, nAt)] + Qazwi(x,nAt) = U + (U] = U")|n
<|Qaz(u —w)|n + |Qargw — Ul'|N + |U' = U"|N
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The first and third terms of this last inequality tend to zero as [ increases, due
to the definitions of v and U". The middle term satisfies , so all these
facts together yield the convergence result for more general initial conditions.
Notice that we loose information on the rate of convergence, since we do not
know how the functions G(t) in behave with increasing [. Even if we
know the rates for each [, the above inequality involves two limit processes.

Theorem 7.2. Kreiss Perturbation Theorem. Suppose that the scheme:
vt = c(anvr
is stable. Then the perturbed scheme:
Vil = [C(At) + AtD(AL)V™
is stable, provided that |[D(At)| < H, for some constant H > 0.

Before we give the proof of Kreiss perturbation theorein, we shall illus-
trate its usefulness.

Example 7.4. Consider the partial differential equation:
U = Uy — Bu

and the scheme:

At

n+1l __ n—1
Uit = U+

(Ui —Ujy) = 2AtpU7

The Kreiss Perturbation Theorem states that it is enough to check stability
for the leapfrog scheme (7.8), since D(t) = —201.

Proof. We will just prove the "one-step" version, i.e., the case when V" =
U™. The multi-step case is similar. Define the vectors W” by the transfor-

mation:
Wn" = e—nAtBUn

where 8 > 0 is a constant to be determined later. The perturbed scheme
becomes

Wt = e (HDABIC(AD)+ALD(AD)] ™MW = e AP[C(AL)+ALD (AL W™,

so we get: -
Wt = e ABC(AHW™ + AtD(AH)W™

where D(At) = e 2P D(At). Let &, = AtD(At)W™, then the analog of the
Duhamel principle for the finite difference equation:

Wt = e ABC(AW™ + 6,
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is given by
n—1
W = [em2PC(An" WO + > [e 2P C(Aan) e,
k=0
thus
n—1 B
W™ = [e2PC(A)]" WO + Y [e PO (A" F L AtD(AL)WE
k=0

By stability of C'(At) and boundedness of D(At), there is a constant C}
such that:
[C(Aa)" DAY < ¢y

for all integers k with 0 < k <n — 1. Thus:

n—1
n n_—nAtg| 110 —AtB(n—k) K
Wy < [CAf)["e P WOy + (@Athoe ) o, Wl

Let z = e_mﬁ, then 0 < z <1 and:

n—1 n—1 —nAtSs
1—2" 1—e™

—AtB(n—k) _ —Atﬁk
P DL EE e s

and since 1 — e ~ BAt + O(At?), we may now pick 3 large enough so
that the quantity:

1— 6—nAtB

@ Z ‘ =5 omn

k=0

is bounded by some constant v < 1/2 for all integers n and all At > 0. Since
|C(AL)|" < Cae®At for some constants Cy and a, and using U = WY it
follows that:

(W < Cael@BInAt 0| +7 _nax. yw v

We may assume that a — 8 < 0, for if this is not the case, we just increase
the value of 8 and we will still have v < 1/2. Then ela=BAt < 1 for all n,
At, and:

W™y < Co|U° w{w*

Wy < ColU|n + v max  WIWZ|w,

where Co does not depend on n. Now for any arbitrary large integer M, we
take the maximum on both sides over 0 < n < M:

Wy < ColU° Wk
oinax | v 2| ’N+0£na<)§\470<%]<a§ 1| v
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thus
pnax |W"\N<C2\U0]N+fy max Wk

Therefore,

1=y <(1—9) onax W"|n < Co|U°w,

for all 0 <n < M. We finally get

Uy < 2P0y
-

Stability follows from the fact that U™ = C(At)"U°. O

As can be deducted from the proof, it is extremely important that the
perturbation be of the order At, more specifically, that it has the form
AtD(At). In many practical situations one has to be careful in applying the
result of this perturbation theorem, always checking first if the assumptions
are indeed satisfied. The following is an example in which the perturbation
has apparently the form AtD(At), yet it gives rise to an unstable scheme.

Example 7.5. For the equation:
Ut = Ugg + Uy

the term u, is a lower order term. One possible scheme is the following:

At . At
+ o (U = 2U) + U7 ) +

n

Ut = Uj' + 2Ax( i1~ Ui).

The last term corresponds to the "perturbation” and we want to know whether
we can neglect this term by applying Kreiss Perturbation Theorem, in order
to check stability. Although it appears that the perturbation is of order At,
this may not be the case, for if we choose At/Ax? constant to achieve stabil-
ity of the unperturbed scheme, then the perturbation is really of order v/At
and the theorem is not applicable in this case.

7.3 Basic definitions and notations for stability

Next we will consider the stability for constant coefficient schemes. As al-
ready mentioned, stability of a finite difference scheme is the discrete analog
of the concept of well posedness of a partial differential equation. We present
the basic results and tools that allow us establish the stability of a constant
coefficient finite difference scheme. FExamples are inserted throughout the
rest of this chapter in order to introduce and illustrate the concepts involved
in the problem.
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Example 7.6. Consider
up(z,t) = ug(z,t), x€l0,2n],

and we assume 2m-periodicity of the solution. We construct a grid of points
with constant spacing Az in space and At in time, such that:
At 2T

Let us focus on the upwind scheme:

At
+1 _

Uy —Uf‘F?x( = U
with the appropriate boundary conditions given by the periodicity require-
ment:

Uﬁl - U]7\l/717U]7\l/ - Ug)lv
which holds for alln > 0. This upwind scheme can be written in the matriz

form as:
Ut = c(anun

where each U™ is a vector of N components:

1-A A 0 0

Uy 0 1-2X 0 0 (]
U A Ut
U}\L,I_% 0 0 R D U Uz,
Unt1 A0 0 1-x) \Una

The dimension of the matriz C(At) depends on At itself, through the de-
pendence of N on At. In general, this makes it hard to check directly the
stability of the scheme, that is, to find constants K and o such that:

IC(AD"™| < Ke*,
for all n and At such that t = nAt is held fized.
Before we analyze the stability, let us recall several matrix notations:
o AT is the transpose of A. A* is the complex conjugate transpose.

o Eigenvalues: eig;(S) denotes the eigenvalue of S with i-th largest mag-
nitude.

« Jordan Normal Form: any matrix S can be decomposed as S = PAP~!
where A is upper-triangular and the diagonal entries are eigenvalues
of S.



166 7. FINITE DIFFERENCE SCHEMES FOR LINEAR TIME-DEPENDENT PROBLEMS

o Singular Value: the i-th largest one is denoted as 0;(S) = \/eig;(S5*) =
eig;(S*S).

e Normal Matrix: a matrix A is called normal if AA* = A*A.
o The following are equivalent:

1. A is normal.

2. A is diagonalizable by a unitary matrix, i.e., A = PAP* A is a
diagonal matrix and PP* = I.

3. 0i(A) = |eig;(A)[.

For the particular case in Example we can find ||C(At)"| since
C(At) is circulant thus can be diagonalized by the DFT matrix, which is a
unitary matrix. By multiplyting C'(At) to the vector obtained by sampling
™ at x = (0, Ax,2Ax,--- (N — 1)Az)”, we can get the eigenvalues as
M =1 =X+ Xet#2% Let T be the DFT matrix then C(At) = TAT* where
the diagonal matrix A has diagonal entries Ay (k = 0,1,--- , N —1). Since
C(At)" = TA™T™* (so C(At)™ is a normal matrix), thus C'(At)"[C(A)"]* =
T[AAN*]"T™, we get the singular values of C'(At)"

X" = [(1 = A)2 + X2+ 2cos(kAz)A(1 — )] 2.

Next we use an easier alternative method instead of looking directly at
the matrix C(At). In Example we can consider the discrete Fourier
transform and the inverse discrete Fourier transform for UP.
Assume N is even, we use a normalized (also index shifted) version of

and :

N-1
=Y e tHAyr k=0, ,N—1.
=0
ur Zeﬂ’“JMU" j=0,---,N—1,
k 0

We also have the Parseval’s identity for the discrete Fourier transform above:
N-1 1 N1
2 frn 2
D7 = 5 2 1O
j=0 k=0

Replace U™ by its inverse discrete Fourier transform in the upwind
scheme, we get

N-1 N-1

N-1
1 i kjAz 1 kA 1 nA 1 i kjAz
- Un+ 1ky zUn )\ k(j+1) mUn - 1kj mUn ,
D vt
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thus
1

N-1
~ Z ol ki [[A];:H . (A],? . )\(eﬁkAxU]? . U,?)} —0.

k=0

which means that the inverse discrete Fourier transform of U,?H - Uy —

Al kAT - U ») is equal to zero. Therefore, we get
Ot = O = Met™27 0y = O) =0,
which can be written as
O+ = gR)OF,  glh) = 1+ A2 1), (7.10)

Then we have
1 N1

oot

N-1
Z ’an+1’2 _
§=0

2|

=

lg(k)[*1 0% ?

2=
<.
]
o

N-1

< max (k)2 3 |U7 [
j=0

Thus if maxy, [g(k)|? is bounded for all possible values of kAx, we have a
bound for ||C(At)||, which yields stability. The main idea is therefore to
study the functions g(k) instead of working with the matirx C(At), even
though these two methods are essentially equivalent. Recall that we have
used the DFT matrix to diagonalize the circulant matrix and the DFT
matrix represents precisely the discrete Fourier transform. Notice that g(k)
are exactly the eigenvalues of C'(At). Notheless, the second method is easier,
because we can obtain simply by asserting an ansatz U}' = U,?eﬂ ke
into the scheme.

Example 7.7. We consider now a generalization of the previous example.
Let A be a constant p x p matriz and and u(x,t) = (u1(z,t), -, up(x,t))T
satisfying:

up = Au,, x € [0,2m],

and we also assume 2m-periodicity of u(x,t). Consider a naive extension of

the upwind scheme:

At
n+1 n n n
u;m =1 +T$A( i1 —Uj),

with boundary conditions

ur, =Uxn_;, Uy =Uy.
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Now let us use the ansatz Uj" = U,?eﬁkjm”, which s equivalent to apply
the discrete Fourier transform to the scheme or use the DFT matriz to
"diagonalize" C'(At). We get

0£L+leﬁ kjAz _ f]l?eﬁ kjAx + /\A(ﬁgeﬁk(j—i—l)&v _ Ulgeﬁij;v)’
thus .
Uptt =G(k)UY,  G(k) =1+ MA(F27 —1).

where G(k) is a p X p matriz. Notice that C(At) is a Np x Np matriz with
N — 0 while the size of G(k) is fized.

We now generalize the concepts introduced in the examples given above.
As we recall from Chapter [5], the general form of a partial differential equa-
tion with constant coefficients is given by

u =P(0/0x)u,
u(z,0) = f(x), (7.11)

where u(z,t) = (ui(z,t), - ,un(z,t))7 is a function of z = (x1,--- ,x,) and
time ¢. In an analogous way, we can define a finite difference scheme with
constant coefficients in general form:

Definition 7.8. Let At and Ax; be any given step sizes, fori =1,---,s,
and denote by X = {xj, : j; =0,--- ,Ny;i = 1,--- , s} the collection of all
grid points in the space coordinates. A scheme of the form:

vl = C(At, X, V"

is called a constant coefficient scheme if the matriz C(At, X, t) does not
depend on X and t, so we can write:

vl = o(anvr.
Consider the constant coefficient scheme:
Untl = (At X, H)U™.

For each multiindex j = (j1,--- ,j;) with j; =0,--- ,N;andi=1,--- s, Uy
is a vector of p components approximating the value of the true solution at
the grid points u(j1Axy,-- -, jsAxs, nAt). The discrete Fourier transform
is now given by
Up =Y e Mhmlyn,
JjeT

1 . N
U]n = N Z €n<k’xj>U]?.
kel
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where N =1I7_ N;, k = (k1,--- , ks) is a multi-index, the sets J and K are
the set of multiindex j and k sothat 0 < k; < N, —1and 0 < j; < N; — 1.
Using the discrete Fourier transform of the scheme yields the difference
equations in the Fourier space:

Tt = G(AL k)T

We call the matrix G(At, k) the amplification matrix. If the problem is
scalar (p = 1), then we write g(At, k) or sometimes just g(k), and usually
call it the amplification factor.

7.4 von Neumann stability

Stability of the scheme V™! = C(At)V" can be written in terms of the
amplification matrix as the following condition: given ¢ > 0, there exist
constants K and a such that for all multi-index k and all n such that nAt =
t,

IG(AL, k)| < Ke*.

The condition must be satisfied for all multi-index k in order to establish
stability of the scheme. This condition involves an infinite number of matri-
ces being uniformly bounded, yet in practice it turns out to be remarkably
easier to deal with the amplification matrices treating k as a parameter,
than it is to study stability working directly with C'(At), whose dimension
depends on the chosen discretization of space and time. Our first result
presents a necessary although not sufficient condition for stability.

Theorem 7.3. The von Neumann Condition The amplification matrix
of a stable scheme satisfies the condition:

plG(AL K)] < €7 = 14 O(Ab),

where p|G(At, k)] denotes the spectral radius (largest magnitude of eigenval-
ues) of the matriz G(At, k).

The von Neumann stability condition is necessary but not sufficient for
stability. In most practical applications, turns out to be easily checked
whether this condition holds or not, as we shall examplify later on. When
determining stability of a scheme, our first step shall always be verifying
whether this condition holds or not.

Proof. If the scheme is stable, then
IG"]| < Ke*,
where t = nAt. We need a fact for the spectral radius

p(A)" < [|A™]].
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To see why this is true, let v and A be eigenvectors and eigenvalues of A,
then
AP ol = X0l = [| A%l < A" - [lo]l = [A)F < A",

So we have ) )
AlG(ALK)] < G F < KFeod.

Since t = nAt is held fixed at a constant value, K# = K5 . Let b =log K,

then
p(G) < ePA1eaAt — ((B/ta)At — YAt

where v = 5/t + « is a positive constant for all n and At such that ¢t = nAt
is constant, yielding the von Neumann condition. O

Remark 7.4. The von Neumann condition is also sufficient for stability in
the following two cases:

o If G is a normal matrixz (the scalar case G = g is a special case), then

so is G" thus ||G"|| = p[G"].

e If G is diagonalizable G(At, k) = TAT—' with |T||| T < K for
all At and k, then G"* = TA"T! thus |G| < |T||A™IT7Y| =
T plG T

7.5 The leapfrog scheme

7.5.1 The one way wave equation

In this section we first study in detail the leap frog scheme for the one
dimensional scalar equation u; = wu,; to understand the stability we have
defined for finite difference schemes. The scheme is:

At

-1
uptt =uy +Ax( it —Uj)

and we impose the periodic boundary conditions through the usual period-
icity requirement:

Ut = Uy, UR=UR

= ()

then we can rewrite the scheme into the form V! = C(At)V". Let A = %,
then the scheme becomes

o1
anH:(A(E EY) 1) o

Define the vector

1 o) 7”
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where E and E~! are the shift operations, as introduced in Section
Therefore, although the original problem is a scalar one, here V is a 2-
component vector: we have considered a "fictitious" component to be able
to represent the scheme by V"1 = C(At)V". Plugging in the ansatz Vit =
Vk"eﬁ kiAT (which is equivalent to plugging in the discrete Fourier transform
of V), we get

N R ME—-EY 1\ ~ ...
an—f—lenijm _ ( ( ) ) 0) anenijx.
Notice that the shift operators act only on the functions of x; = jAxz, we
have
Eéﬁ ijkan _ eﬂkAmeﬂijkan’

E—lén ijkan — e 1 kAxen ijkan,
thus

R L 1kAx _ —i1kAx L R . : R
kn—i—l _ e—nk]Ax ()\(6 ) € ) (1)> enk:]A:(:an _ (211)\81111(]{7Al‘) (1)> an.

Therefore we have the explicit expression for the amplification matrix:

G(Ax, k) = <2ﬁ/\siri(k:Aa;) (1))

The variable kAxz appears in the expression of the amplilication matrix
as the argument of a trigonometric function. This is in general true, and
in order to analyze the amplification matrix in terms of its arguments, it
is enough to consider the variable ¢ = kAx restricted to 0 < £ < 2.
Throughout the rest of this text, we shall often write ¢ = kAx without
further mentioning that we actually consider £ to be restricted to the interval
[0, 27).

The eigenvalues of the amplification matrix G(Az, k) can be calculated

as:
p1(§) =iAsiné +4/1 — A2sin? €,

p1(€) =iAsin€ — /1 — A\Zsin? ¢,

We will check now the von Neumann condition as well as the conditions
for stability of the leap frog scheme under study. '
Case I: If A2 > 1, then for those values of k such that { = kAx = B we
have:

p1(m/2) = 1A+ VA2 = 1),

so |p1(m/2)| > 1, yielding that the von Neumann stability condition is not
satisfied by the amplification matrix. We conclude that the leap frog scheme
is unstable when A > 1.
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Case II: If A2 < 1, then
(&) = Nsin® € + 1 — Asin® ¢ = 1,

for i = 1,2 which holds for any value of £. Therefore p[G] = 1 and the von
Neumann condition is satisfied. Nonetheless, this does not imply that the
scheme is stable for A < 1. Indeed we will show that the scheme is actually
unstable for A = 1.

To see this, recall that stability requires that the family of matrices
G(A, k) be uniformly bounded by Ke® for all values of k. Consider now
A = At/Az = 1, then for all n with nAt fixed, stability would certainly
imply the uniform bound in ||G"(A, k)|l as n — oo for all possible values of
k. Notice that A = 1 is also fixed. In order to prove our claim that this
case is unstable, it suffices to show that for one particular value of £ = kA,
|G™ (A, k)|| is not bounded as n — oo. Let £ = /2 and ko denote the modes
for which kgAz = §(modulo 27), then

G(AL, k) = (211'1 é) .

Notice that G(At, ko) has one repeated eigenvalue p11 = p2 = 1 and it is not
diagonalizable (because the eigenspace is one-dimensional). Let v; the be
one eigenvector and ve be one generalized eigenvector. Let T' = [v1, v2], then
the Jordan form of this matrix can be written as

S T A
st (5 )
Therefore,
G (At k) =T 1 Cpo g (T R o
A VIR —lo i '

i pint

0 "
n — oo. Therefore, the leap frog scheme is unstable for A = 1, although the
von Neumann condition is satisfied.

— 00 as n — 00, thus |G"(At, ko)|| — oo as

Obviously H (

Lemma 7.1. The leap frog scheme for uy = u, is stable for A < 1.

Proof. Let A\ < 1. Then the two eigenvalues p1(€) and p9(&) are distinct
thus G is diagonalizable. Let T be the eigenvector matrix then we have

g:T(Ml 0>T_1,
0 pe
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pt 0 -1
Gr=T T,
U

n /U’érll 0 -1
G| <= |T o T
g7l == T H(O “2>H [

thus

n
The spectral norm of /61 £n> is equal to max;|u;|™ = 1 (recall that
2
llpi]] = 1) because we have (the singular values of A are square roots of

eigenvalues of AA*)

g 0\ (@ o\ _ (lmPr 0 )
0 p3)\0 g 0 |u2™

Therefore ||G"|| < ||T||||T~!||. To conclude the uniform boundedness of ||G"||
as n — 00, we still need to show ||T||||T!|| are bounded as n — co. This
is true since T depends on only & and A. The eigenvectors of G can be
explicitly computed. For instance, we can take

T (MoK} ope1l 1 I —pe '
11 pr—p2 \—1
We have

T — 2 pipe +1) 2 — (k1 + p2)p2
paps + 1 2 —(p1 + p2) 2

whose eigenvalues are bounded at least by 4, yielding ||T'|| < 2. Similarly,

k=1 _ 1 2 —(p1 + p2)
s (11 — p2)? <0 pa (i —/@))’

whose eigenvalues are also bounded. Indeed, since (HlfHQ)Q < 4(1;\2), we

have ||T71? < 1_C for some constant C.

)\2
This implies that ||G"(At, k)| is bounded for all values of At, k and n
such that t = nAt is held fixed, which proves the assertion. O

Example 7.8. Now we use a numerical example to understand the stability
condition A < 1 that we have just derived. Consider using the leapfrog
scheme to solve uy = u, with periodic boundary conditions on the inverval
x € [—1,1] and initial condition f(x) = %6*5”2/“2 with a = 0.02.

First we consider the exact initial conditions, i.e, suppose we take U =
f(z) and U = f(z+At). See Fz'gurefor three cases RL = X = 0.9, \ = 1,
and A\ = 1.1 at time t = 0.8. We can observe that:
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1. The numerical solution blows up for A = 1.1, as expected.

2. The case A = 1 gives the best solution. This is actually not a sur-
prise because the numerical stencil happens to coincide with the char-
acteristic lines of uy = ug,. In other words, the numerical scheme
produces the exact solution in this case. For instance, the exact so-
lution at (z;,2At) is f(x; + 2At), while the leapfrog scheme gives
U]2 = U]O + (Ulerl - Ujlfl) = Uj1+1 = f(xj"r‘l + At) = f(xj + 2At)7
where we use facts that U) = U} | and Uj; = f(xj11+ At) (both are

due to exact initial conditions).

3. There are some oscillations in the case A = 0.9. There is nothing
contradictory to the stability ||G"|| < Ke® because this stability is 0-
stability, similar to what we defined for ODE solvers in Chapter [0
These oscillations imply the error at this specific grid is large. On
the other hand, if we refine the mesh (Ax — 0), these errors will go
away in a second order rate since this is a smooth solution. In other
words, the oscillations in Figure (d) are accuracy issues rather
than stability issues.

It is counterintuitive that an unstable scheme X\ = 1 can produce a very
nice solution. Actually it produces the exact one, which cannot be better.
However, we have used the exact initial conditions. Now let us see what will
happen if using inexact initial conditions to initiate the leapfrog scheme. We
consider the following consistent perturbed initial conditions:

L U_0=f(z);
> U_1=f(z+dt)+dt*10*randn(size(z));

See Figure for numerical solutions of A = 0.9 and A = 1 at a longer
time t = 2.8. We can see that both stable and unstable schemes produce
oscillations. Howewver, the oscillations reduce when we refine the mesh in
the stable scheme (A = 0.9) while the oscillations increase when we refine
the mesh in the unstable scheme (A = 1). This is preciously what will happen
for unstable schemes: we lose convergence (as Ax — 0,At —0).

We have two interesting observations in this example:

o An unstable scheme does not necessarily produce blow-ups. It is not
enough to assert a scheme designed/implemented is stable if we only
see the numerical solution on a coarse grid fits the reference solution
well. It is necessary to validate the convergence by refining the mesh.
For a linear problem, if there is no convergence (error stops to decrease
when refining meshes), then there is no stability.

e On some grid, an unstable scheme may produce better solutions, which
does not imply any of its usefulness though.
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(a) Reference Solution. (b) A = 1 with exact initial conditions on
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(¢) A = 1.1 with exact initial conditions on (d) A = 0.9 with exact initial conditions on
200 grid points. 200 grid points.

Figure 7.1: The leapfrog scheme for u; = u, with exact initial conditions at
time ¢t = 0.8.
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(a) A =1 on 200 grid points. (b) A =1 on 800 grid points.
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(c) A =0.9 on 200 grid points. (d) A =0.9 on 800 grid points.

Figure 7.2: The leapfrog scheme for u; = u, with consistent perturbed
initial conditions at time ¢ = 2.8. The oscillatory perturbation in the initial
condition will vanish as At — 0. However, the oscillations in the unstable
scheme do not vanish as mesh refines.
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Perturbed initial conditions. 2.8. Perturbed initial conditions.

Figure 7.3: The upwind scheme for u; = u,.
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Finally as a comparison, consider the first order accurate upwind scheme

At
(7n+1 U n Unr
j — Yy + Tx( Jj+1 = Yy )

Plugging in the ansatz U}‘H = U,?Heﬁ KiAT e get

Ul?—i-len kjAz _ U]?en kjAx + /\(Uzgeﬂ k(j+1)Azx U,?enijx),

thus the amplification factor is g(k) = 1 — X + X\el¥2% . We have

n
2

19" = |g|" = [(1 — A2+ A2 1201 = N) cosg} .

For stability, we need |g"| to be uniformly bounded as n — oo, which holds
if and only if
(1—=X24+ 2 4+201 - A)cosé <1,

i.e.,

2(1 —cos&) AN —1) <0.

So the upwind scheme is stable if and only if X < 1. See Figure[7.3 for the
performance of the upwind scheme with exact and similarly perturbed initial
conditions. We can observe that

e The upwind scheme with X = 1 also produces the exact solution with
exact initial conditions, and it is stable.

o If we compare Figure (b) with Fz'gure (d), then it may seem that
the upwind scheme gives a better solution in some sense (less oscilla-
tory), which is not contradictory to the fact that the leapfrog scheme
is a more accurate scheme. Recall that we define the order of accu-
racy for Ax — 0 for smooth solutions. In this example, the solution
s smooth, but obviously it is underresovled on the 200-point mesh. In
other words, comparison of accuracy of numerical schemes makes little
sense (if there is any) on this mesh because even the sampling error
(representing the initial data on 200 grid points) is huge. Recall that
sampling in space is equivalent to periodization in frequency. Also see
Shannon Sampling Theorem in Chapter[4).

Finally, let us try to understand the stability and "oscillations" in Figure
(d) from the perspective of stability region of ODE solvers. Recall that
in Section [6.11.6] we defined the absolute stability for the linear multistep
methods. In Example we found the stability region of the leagfrog
method is the inverval (—1,1) on the imagnary axis. In particular, con-
sider solving Example by the leapfrog method. Namely, we solve the
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semidiscrete scheme U’(t) = AU, with

by centered difference for the time derivative. Recall that A is circulant so
DFT matrix diagonalizes it thus it is easy to find eigenvalues. The matrix A
has purely imagnary eigenvalues because it is skew-symmetric. The eigen-
values are isin(kAz)/Az,k = 0,--- ,N — 1. Since Az = %’T, the largest
magnitude of the eigenvalues are i /Axz when kAx = 7. Thus to ensure
the absolute stability, we need to take the time step to satisfy At/Az < 1
(notice that A = 1 will be on the outside of the stability region).

The "oscillations" in Figure [7.1] (d) do not "grow" in time. On the other
hand, we need to see why we still have "oscillations" with absolute stability
ensured. The absolute stability for a multistep method means the set of
points z in complex plane so that the polynomial 7(£,2) = p(§) — zo(§)
satisfies the root condition. The root condition is derived from the initial
value problem for the difference equation (for the leapfrog method solving
u' = au),

Ut = U + 2AtaU™.
If z = Ata € (—1,1), then 7(&,2) = p(€) — z0(€) = €2 — 22¢€ — 1 has two
distinct roots &; and &y satisfying |;| < 1. The solution to this IVP can be

written as
U" = 1] + &y

Even though, ||£7|| < 1 and ||£}]] < 1, obviously we do not necessarily
have ||U™TY| < ||[U™|, which explains the "oscillations' in Figure (d).
However, the "energy" of U™ does not grow for fixed ¢; and cy. In other
words, the "oscillations" in Figure (d) will not grow as time evolves.

7.5.2 The two way wave equation

The leapfrog method (second order centered difference for time and space
derivatives) for the two-way wave equation ug = Uy, is

+1 —1
Ut —2Up + UPT U — 207 + Uy

Nz = N (7.12)
The simplified 1D Maxwell’s equations can be written as
Ey = Hx
{ H —E, (7.13)
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which is equivalent to Ey; = E,, or Hy = Hyp.
The FDTD method (second order centered difference for time and space
derivatives) for (7.13)) is defined on staggered grid for H:

nti n-!—l
n+1 H 2-H 2
o _ ity -3
At Az
o (7.14)
n++ n—z
H 2_H 2
seh Ml BB
At Az

It is a simple excersie to show that ([7.14)) is equivalent to ([7.12]) solving
FEy = By, if we ignore the initial conditions.

Next, we consider the scheme (7.12]) on the interval x € [0,2n] with
periodic boundary conditions. Let A = , then (7.12) can be written as

n+1 __ n 2 —1 n n—1
UMl =207 + N2(E — 2+ E-HUT — U

where FE is the shift operator. Define

5= (o)

2 o -1 .

then we get

! o |V (7.15)

Plugging in the ansatz V" = Vk"eﬁ kiAT we get

k .

R 2+)\2(eﬁkAm o
1

2+6—1’1kA33) -1\ ~n
0 1%

Thus

G- 24+ A2(2cosé —2) —1
- . NE

The eigenvalues of G are u; = a + Va? — 1,42 = a — va? —1 with a =
1+ A%(cos¢ —1). Notice that —1 < a < 1 if and only if 1 — % <cos& <1.

e If A > 1, consider those & such that coséy < 1— % Then a(&) < —1

and |p2($)| = |a — va®? — 1] > 1. The von Neumann stability is
violated thus not stable.

e If A\ < 1,thena®—1 < 0thus u; = a+i1v1 — a2, uo = a—iv/1 —a2. So
|| = 1 and the von Neumann stability is satisfied. On the other hand,
G is not a normal matrix and ||G|| > 1. Nonetheless, G is diagonalizable
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if g1 # po, which is true if cosé #1. So G =T <M1 0 ) T~ implies

0 pe
n
G =T (%1 571) T-1, thus
2
0 _ _ _
16" < ||| || <%1 M3> H 1T~ = (|77 max || = || T[T ).

(7.16)
We still need to discuss ||T'|| and |7} and the case cos¢ = 1 (or
¢ =0), see the discussion below for stability.

First we estimate ||T|| and ||T!| for the case A < 1 and ¢ # 0 (since
¢ = kAx, we consider k =1,2,--- , N —1). By using the fact pjpu2 = 1, the
eigenvectors can be chosen as

T (M K2} porl 1 L =)
1 pr—p2 \—1

Since pu = po and ps = p1, we have

T — 2 pipe +1) 2 (11 + pi2)po
paps +1 2 (1 + p2) 2

whose eigenvalues are bounded at least by 4 (let x be an eigenvalue of TT™,
then (z — 2)% = (u1 + po)?p1p2 = 4a?), yielding ||T|| < 2. With pipe = 1,
p1 + po = 2a and py — ps = 211 — a2, we have

—I\kp—1 1 2 —(,ul —I-MQ) _ 1 1 —a
= (1 — p2)(pi — p3) <—(u1 +p2)  2pipe > T 2(1-a?) (

Let x; be eigenvalues of (T'~1)*T~!, then

1 1 1 1
=3 $2:§1+a'

21—a’

Since a = 1 + A%(cos(kAz) — 1), for fixed A < 1, by Taylor expansion on
cos Az, we have

1 1

< — - -2
il < 2021 — cos Ax O(Az™),

thus
HT‘1H < CAz~ L

With ((7.16)), we have ||G"|| < CAz~!, which means the scheme (7.12)) is not
stable according to the definition of stability.
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Notice that we have used inequalities in ([7.16]), which might not be sharp.
We can also compute G" directly by

n 1 nt+l _  n+l _.n n
gn(k’ At) =T M On = —— i n M?l n/fll N lu727,—1 :
0wy H1 — p2 MY — po —Hy

Since |pi| = 1, we can rewrite them as p; = et?, s = =19, So
1 eﬂ(n+1)9 — e i(n+1)0 _elind + e—ind
G"(k,At) = —5——5 ind _ _—ind i(n—1)0 , —i(n—1)8
et e ! e —e —e +e
sin(n+1)0 __sinnd
— sin 0 . siné
sin nd __sin(n—1)0
sin 0 sin 0
sin(n+1)0

Ask — 0,60 — 0 thus
result

sng .~ ~n+ 1. So we have shown the following

Lemma 7.2. For the scheme (7.12)), for fired A < 1, each entry of G™(k, At)
for k=11is O(n).

Next we look at what may happen when £ = 0 and A < 1 (similarly
for the case A = 1 with £ = 7). Recall the discrete frequencies are k =
0,1,---, N — 1 in the discrete Fourier transform that we used to derive the
amplification matrix G(At, k). We have

G(At,0) = (f _01>

with a repeated eigenvalue ;n = 1. The Jordan form and the eigen-decomposition
are

_ 11 1
Q(At,o)_T<O 1>T ,
thus

no__ I n -1
sor =} )

Obviously we have ||G(At,0)"|| — oo and ||G(At, N/2)"|| — oo (assume N is
even) as n — 00. So the scheme is unstalbe by the original definition. Now
let us try to understand what it means that the stability is lost only when
k=0 for A <1 (and also k = 0, N/2 for A = 1). The fact ||G(At,0)"| — oo
implies that lim,, s |(A](’}| = 0. In the discrete Fourier transform, the zero-
th frequency corresponds to

N-1
Up=> e MHaryr k=0,
J=0
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thus
. N-1
Uy = > Up
7=0

Therefore this means that any perturbation in the total sum of the initial
condition will not vanish as mesh refines. For instance, consider solving the

IVP

Ut = Ugg, u(z,0) = 0,u(x,0) =0,

with periodic b.c. on an interval. Then the exact solution is constant zero.
If we use the leapfrog scheme with the following initial conditions:

U'=0,U' = At.

Plugging initial conditions into the scheme (7.12]), we obtain U™ = mAt.
For any n satisfying nAt = ¢, U™ = t thus we do not have convergence at
all. On the other hand, if we use a second order accurate initial conditions:

U’=0,U" = A#?,

then U™ = nAt? = tAt — 0 as n — oo.

Similar discussion holds for K = N when A = 1. The frequency £ = 0
corresponds to the vector [I 1 --- 1] while K = N corresponds to the
vector v(N)=[1 —1 1 —1---—1](if N is even). So any perturbation
of the form Atv(N) in the initial condition will destroy convergence.

Therefore, at least for the case A < 1, as long as we have an accurate
initial condition so that the perturbation in the total sum is smaller than
O(At) (a second order initial condition can be achieved by Taylor expansion
u(z, At) = u(z,0) + Atu(x,0) since both u(x,0) and us(z,0) are given), it
is still possible to have convergence.

7.5.3 Convergence for the two way wave equation

We can modify the proof of the Lax equivalence theorem to prove the con-
vergence for the scheme ([7.12). First, replace UJ* by u(xj,t") in , the

residue is the local truncation error
™ = O(A?) + O(Az?).
Second, replace UJ' by u(z;,t") in (7.15)), the residue is

A" = A2 [O(AL?) 4+ O(Az?)).
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Let V™1 = C(At)V™ denote the leapfrog scheme. Suppose

n+1
UO
Ug
Un+1
1
n
yrtl = [ Uj

n+1
UNfl

n
UN—l

then define Q A, as the sampling operator of any function at the spatial grid
points and two time steps:

U(ﬂj‘o,t)
u(xo, t — At)
u(xy,t)
Qazulz,t) = u(zy,t — At)

u(zy_1,t)
u(xN_l, t— At)

Define
0" = [C(At) Qs — QazS(At)u(z,1),
where S(At)u(z,t) = u(z,t + At) is the exact solution operator. Then
5" = A"
The actual error that we want to control to prove the convergence is
et =yl _ Qagu(z, (n+ 1)At)
= C(A)[V" = Qagu(z, nAt)] + [C(AH)Qaz — QaaS(At)]u(x, nAt)
= C(At)e" + 5"

By solving e" ™! = C(At)e™ + §" (we no longer assume £° = 0), we get

n—1
e = C(At)"e" + ) o(Ar) ks,
k=0
Let F' denote the 2N x 2N matrix representing the linear transformation

of taking the discrete Fourier transform for U™ and U™*! respectively in
vntl e,

Fvn+1 — Uln
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Let V" = FV" and the amplification matrix be Gk) (k=0,---,N—1is
the discrete frequency). Then the scheme V"l = C(At)V™ is equivalent to
Vitl = FO(At)F~1V™ and FC(At)F~! is a block diagonal matrix:

G(0)

FC(AHF ' =G = o)

G(N-1)
In otherwords, the discrete Fourier transform that we have been using can
block diagonalize the matrix C(At).
Thus the error satisfies
n—1
" =F'G"F 4+ Y F'G"MIRG,
k=0

n—1
Fe" =G"F'+ Y G RoF,
k=0

n—1
&n — Gné() + Gn—k—lgk'

For A\ = % < 1, in the previous subsection we have shown ||G"(k)|| =
O(n) = O(At™!) for any n and At satisfying nAt = t for fixed time ¢. Thus
|Gl = o(at)

For the local truncation error part, since F' is unitary, ok = A2sk =
At?[O(At?) + O(Az?)]. Thus

n—1 n—1 n—1
S GER < ST E 10k = DT O(A)[O(AE?)+0(Az?)] = O(A)+O(Ax?).
k=0 k=0 k=0

In other words, ||G"| = O(At~1) does not decrease the order of conver-

gence by At~! for the local truncation error part!

We only need to look at the numerical initial conditions. If the initial
condition is second order accurate, i.e., e = O(At?) thus & = O(A#?).
Then G"&° = O(At), which is only first order. For instance, £°(0) denote
the first two components in the vector &%, then

n 2 2 2 n
Q(O)”éO(O) -7 ((1) 1) 71 <8E§i2;> -7 (O(Atc))ag()At ) ) -7 <(g)((AAtt2))> )

So we still have the convergence lima; o ||€"]| = 0.

To summarize, the scheme is not stable by the stability defi-
nition even though we can still have convergence with more assumptions on
initial conditions. On the other hand, the scheme is stable if % <1
thus is convergent with consistent initial conditions.
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Remark 7.5. Recall that the 1D Mazwell equation is equivalent to the
equation By = E.,.. However, the initial value problems for these two equa-
tions (even with periodic boundary conditions) are not necessarily equivalent.
Consider the following initial value problems on the interval x € [0, 2m| with
periodic boundary conditions:

1. By = E,,; with E(z,0) and E(z,0) given.
2. The system (7.13|) with E(x,0) and H(z,0) given.

For these two IVPs to be equivalent, H(x,0) = [ E(x,0)dx must hold. In
other words, for generic periodic initial data E(x,0), Ei(z,0) and H(z,0),
these two IVPs are not equivalent.

Problem 7.1. Show the scheme (7.14) with periodic boundary conditions
on x € [0,27] is stable for % <1, by plugging in the ansatz E7 = E,?eﬂijz

n+3 ANHS i k(4L n+3 At k(4L .
and Hj > = H, 2eik(+3)A%  The gnsatz Hj > = H, 2eik(it3)Ar o

1 ol o
equivalent to using the transform H;L+2 = Zg:_ol H:+2enk(3+%)m” (why?).

Problem 7.2. Recall that the scheme is formally equivalent to .
However, these two schemes are obviously different since one is stable and
the other one is not. To understand the difference or advantage on a stag-
gered grid, consider the initial data E(x,0) = Ey(z,0) = H(z,0) = 0, with
which the two IVPs are equivalent. The scheme s not convergent
with thle initial condition E° = 0, E' = At. Derive an initial condition E°
and H?2 so that the solution to is the same the solution to
with E° = 0,E' = At. What does this initial condition imply? Is there
any contradiction to the fact that s convergent with consistent initial
conditions?

7.6 Dissipative schemes

In practical applications, the spectral radius of the amplification matrix is
often easy to evaluate. Looking for a sufficient condition, this time in terms
of the spectral radius leads us to the concept of dissipation of a scheme, to
which we now turn our attention.

Definition 7.9. A finite difference scheme V"1 = C(At)V™ is called dis-
sipative of order 2r if the amplification matriz satisfies:

plG(At k)] < 1— 68|,

where £ = kAx for all At,k and § > 0 is independent of k and At.
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This condition means that the eigenvalues of the amplification matrix
are bounded away from one in a way proportional to the parameter £. As
mentioned earlier, it is in general true that even stable schemes have eigen-
value 1 for the mode ¢ = 0. We shall let return to this fact in examples to
come. Dissipation allows this case to happen, but all other eigenvalues are
strictly inside the unit circle.

When a scheme is dissipative, it is very likely to be stable, even in the
variable coefficient case, a fact that makes dissipation an important prop-
erty of the schemes. We present some examples to illustrate the concept
of dissipation and its relation to stability and "growth" of the numerical
solution.

Example 7.9. Consider the Laz- Wendroff scheme for uy = u, with periodic
boundary conditions:

At At?

P = USy) + 535 (U = 207 +ULy).

+1 __
Ui™ =U + 51, (Ui = Ui

This scheme is second order accurate, both in space and time. By the ansatz
Up=e ijtU,?, we get the corresponding amplification factor

g(€) =1 +1iXsin€ 4+ A%(cos& — 1).
For convenience, letn = sin(£/2) thensin& = 2sin(£/2) cos(£/2) = 2ny/1 — n?,
thus

g(€) =1 =2X\%2 + 20 /1 — 02,

9(&)17 =1 —4X*(1 = A",

If A < 1, we get |g(&)| < 1 for all & thus we have stability. If A < 1, the
scheme is dissipative of order 4. To see why this is true, we have

21402012 (Sm4(£/2)> <5>4 =1—4)%(1 - \)y <5>4.

and

l9(&)

/2t ) \2 2

We also have

sinf  sin|0] _ 2
= > =
6 o] —
thus
_sind(g/2) _ <2>
/2t ~\n/)
So we get

2 4 f 4 4
P <1-020-3) (2) (§) =1- Za-wet <

Notice, however, that if A = 1, then the scheme is not dissipative.
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Dissipation of a scheme may be desirable in some problems, as is the case
of highly fluctuating initial data ( or "noisy information"), and it ensures
stability. But in other cases, if the effect of dissipation is too strong, we
might lose our solution by an exaggerated smoothing mechanism, which is
very likely to occur if we want to perform a large number of time iterations.
Therefore, whether we should choose a dissipative scheme or not strongly
depends on the particular problem we want to solve.

Example 7.10. Consider again the problem u, = u, with periodicity con-
ditions, and the scheme:

At
2A:n( AR

This scheme is both accurate and stable when the CFL condition A < 1.
holds. The amplification factor is given by:

n 1 n n n
U] +1 = §(Uj+1 + Uj—l) + - Uj—l)

g(&) = cos& +1siné
and therefore:
19(&)] = cos? €+ A?sin? € = 1 — (1 — A\?)sin? £

By a similar argument to the one given in the previous example, it can be
shown that when A < 1, the scheme is dissipative of order 2. At this point
we should notice that, as seen directly from expression of |g(&)|, the values
&= —m,0,m yield |g(§)| = 1. Although the definition of dissipation does not
hold exactly in the way stated, the inequality fails only for a finite number of
values of €. We in general consider these schemes as dissipative ones. Again
we have that the scheme reproduces the exact solution at the grid points when
A =1, so in that case there is no dissipation.

Example 7.11. Consider now the leap frog scheme for approzimating the
solution of u, = u, with periodic boundary conditions. The amplification

matrix is o
G(¢) = <2]1)\181n§ (1)) .

If X < 1, then the scheme is stable as discussed before, and the eigenvalues

satisfy
p1(€) =iAsin€ +4/1 — A\2sin? €,

po(€) =iAsing — /1 — A2sin? €,

()] = 1.

Thus p(G) = 1 for all values of k and At, which implies the leapfrog scheme
is not dissipative.
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The following example illustrates how a non-dissipative scheme may give
rise to a very a bad approximation of a system for which energy is being
dissipated.

Example 7.12. Let u(z,t) be the solution of:
Uy = Ug — ﬁu7

where B > 0, and assume periodicity conditions. The usual energy estimates
for this system can be evaluated multiplying by it and integrating by parts,
yielding:

2 i 27 9 B 27 i 9 B 27 9
II“ = lu(z,t)|” de = u”(x,t)de — 20 u”(x,t) dr
0 0 dI 0

= —26u(z,1)|%,

where we have used u(0,t) = u(2m,t) for all t > 0. Integrating with respect
to time we obtain:

lu(z, t)]|* = 2727 |u(z, 0)||?
so the solution decreases in time, that is, the system is dissipating energy.
Consider now the leap frog scheme for this problem, given by:
At

n+l _ rm—1
Uit = U+

(Ujter — Ujy) — 2BALUT
with periodicity conditions:
U™y = Ugy_y, U = U

It is easy to check that this scheme is second order accurate. If A = % <

1, then U}IH = an_l + &L 1 — Uly) is stable. Thus by the Kreiss

Perturbation Theorem 7.2, the scheme in this example is also stable.
The amplification matrix is

G(é) = <2Msin51—2mt (1)) |

In particular, for the mode corresponding to & =

G(r) <—2fAt é) '

pi(m) = —BAt — /1 + B2At2,
pa(m) = —BAL+ /1 + B2AL.

whose eigenvalues are
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If At is small but positive, we have:
p1(m) = —BAL — (1 + %B2At2) ~ —1— BAL
and thus, upon calling T = nAt,
p(m)" ~ (=1)"(1+ pAY)" = (14 T /n)"(=1)".

We know the scheme is accurate and stable, so by Lax equivalence the-
orem, it converges. Nonetheless, the concept of convergence involves taking
limits of the approzimations as At — 0 with T = nAt fized. In practice we
deal with o fized positive At > 0 and compute n time steps. As the number
of time steps increases, the eigenvalue grows exponentially as:

p1(m)" ~ (—1)"eT,

As discussed before, the energy of the true solution decreases exponentially
with time, for any initial condition, whereas the scheme might give rise to
increasing numerical solution in practice. To werify this statement, it is
enough to consider a particular case for the initialization of the scheme and
show that the corresponding numerical solution U™ grows in time. Consider
the initial condition:

UJQ = u(z;,0) = (—1).

In order to implement the scheme, we need to specify also the first time step
U, which we give as

Then the numerical solution is

where q satisfies:
qn—i-l —_ qn—l . 25Aqn

This equation is equivalent to the quadratic equation:
@ +28Atg—1=0,

whose roots are preciously pi(mw) and ps(mw). Thus the general solution for q
is of the form:
q = oqpa(m) + agpa(m).

Since Ujl must coincide with the initialization given above, it follows that
q= pa(m) thus Ul = (—=1)7 u (), which grows exponentially with the number
of iterations performed, keeping At > 0 fixed. In other words, if using a
fized time step At, for computing longer and longer time T, the energy of
the numerical solution grows exponentially in T.
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7.6.1 O-stability V.S. absolute stability

For a finite difference scheme V"t = C(At)V™, the stability that we defined
in this chapter is to require ||C(At)"|| < Ke® for any n and At satisfying
nAt = t, which is also called Lax-Richtmyer stability, which is very sim-
ilar to the O-stability as defined in Chapter[6] On the other hand, we did not
define the absolute stability for the scheme V"t = C'(At)V™. Nonetheless,
sometimes we achieved the absolute stability by requiring the Lax-Richtmyer
stability. For instance, the amplification factor for the upwind scheme solv-
ing uy = uy is g(k) = 1 — A+ XelF4% and

n

19" = |g|" = [(1 — A2+ A2 42201 = A) cosgf :

For the Lax-Richitmyer stability, we need |¢"| to be uniformly bounded as
n — 0o, which holds if and only if

(1—=XA)2+ X2 4201 = N cos€ <1,

ie.,

2(1 —cos)A(A—1) <0.

Therefore, the Lax-Richitmyer stability holds if and only if |g| < 1, which is
very similar to the absolute stability defined in Chapter [6] In other words,
we actually have the "absolute stability" for the schemes which perform well
numerically, e.g., upwind and leagfrog schemes for u; = u,.

However, the "absolute stability" is less general than the Lax-Richtmyer
stability, which is one of the reasons that we did not introduce or define the
"absolute stability". For instance, the leapfrog scheme has Lax-Richtmyer
stability and the "absolute stability" for the equation u; = u,. For the per-
turbed equation u; = u, — fu with any 8 > 0 in Example the leapfrog
scheme also has Lax-Richtmyer stability due to the Kreiss Perturbation The-
orem (Theorem , but the "absolute stability" is lost.

7.7 Difference schemes for hyperbolic systems in
one dimension

It is often the case that the dimension of the space variable may change
dramatically the properties of the numerical schemes, here we shall focus
on problems in one dimension. Throughout this section, x will denote a
scalar, and u(z,t) = (u1(z,t), - ,up(x,t))T will denote the solution of a
system of hyperbolic partial differential equations. We will be interested in
approximating the solution u(x,t) of the general, nonlinear equation of the
form:

ug(x,t) = ;xF(u(x,t)), (7.17)
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where F(u) is a function F(uy, -+ ,up) = (Fi(ut, - ,up), -, Fpur, -+ ,up))T,
e.g., the Euler equations discussed in Chapter [} Therefore we have:
0 0 0
—F t)=—F(u)— t
P (u(, 1)) = 5 —F(u) 5 —u(z ),

where %F (u) denotes the gradient matrix A(u) with components a;;(u) =

agﬁ:) so that the nonlinear system can be written in the form:

up = A(u)ug. (7.18)

We now generalize the definitions given previously in Chapter [5] for hy-
perbolic partial differential equations in the nonlinear case.

Definition 7.10. The nonlinear equation is called weakly, strongly,
symmetric or strictly hyperbolic if for every ugy fized, the corresponding lin-
earized system:

up = Aup)ug

is weakly, strongly, symmetric or strictly hyperbolic, respectively.

As already mentioned before, the Lax equivalence theorem states basi-
cally that an accurate scheme is stable if and only if it converges, provided
that the problem is strongly well posed. Weak well posedness may give
rise to instabilities. Therefore, we shall consider only problems which are
strongly, symmetric or strictly hyperbolic, yielding strong well posedness.
We study separately the schemes which are accurate of order (1, 1), or first
order schemes, and schemes which are accurate of order (2,2), or second
order schemes.

7.7.1 First order schemes

We shall consider two schemes: Friedrich’s scheme and the upwind schemes.
We will assume that the problem is strongly well posed. The accuracy
of the schemes can be checked directly in the nonlinear form , but
in order to establish stability, as done for well posedness, we look at the
linearized scheme substituting A(u) by a constant matrix of the form A(uy),
for which the problem is strongly well posed, as our previous assumption
implies. Consider Friedrich’s scheme:

At

m( ]n—&-l - F]n—l)

1
+1 _

Uit = §(U]7-‘+1 +Uj"y) +
where [, | = F(UJ ). This scheme is based on a first order approximation
of the derivatives using Taylor expansion, and it can be easily shown that this
scheme is first order accurate, and details are left to the reader. Linearizing
the function F(u) around some arbitrary value to uy we replace A(u) by
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a constant matrix A, so that the linearized problem is equivalent to the
original problem with F(u) = Au. Substituting in the Friedrich’s scheme,
we get the linearized form of the scheme as:

n 1. . n At
lj‘7 +1 == i(U]_i_l + Uj—l) + = A

The corresponding amplification matrix is given by:
G(&) = Icos€ +1AAsin&,

where £ = kAz, and [ is the p x p identity matrix. If the original problem
is strongly or strictly hyperbolic, then it follows that the matrix A = A(uy)
is diagonalizable, i.e. there exists a matrix T such that

aj -+ 0
T7'AT =
0 - a
where a1, --- ,ap are the real eigenvalues of A. Therefore:
aj -+ 0
T'GET =Tcosé+iA| : - |sin¢
0 - a

which is also diagonal with entries (eigenvalues) given explicitly by:
uk (&) = cos€ + 1 Aay sin &,
which implies that:
|k (6)]? = cos® € + Mazsin® € = 1 — (1 — A\a2)sin® €.
Therefore, if p(A) = maxy |a| satisfies the inequality

At

—p(A4) <1
Axp()—7

then von Neumann stability condition will hold and |ux(€)| < 1 for all k£ and
¢. Furthermore, if ﬁ—;p(A) < 1, then |ug(§)] will be bounded away from 1
for all 0 < & < 27 except for £ = 0, 7. It is left as an exercise to prove that
under strict inequality of von Neumann condition, the scheme is dissipative
of order 2. Since G is diagonalized by a constant matrix 7', the scheme for
the linearized system is stable when ﬁ—;p(A) < 1. In practice, if the scheme
for the linearized system is stable under the CFL condition %p(A) <1,
then the scheme for the nonlinear system is usually "stable" under the CFL

condition % max,, p(A(u)) < 1 for solving smooth solutions.
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We now turn to the study of upwind schemes. These schemes are moti-
vated by the scalar equation:

U = AUy

, when p = 1. If a > 0 the characteristics are straight lines moving to the left,
and the scheme constructed in order to "follow" the physical characteristics
is:

At
Uptt =7 + Axa( T =Un, a>0, (7.19)

and, as discussed before, the scheme is accurate and stable for 0 < aX <1,
for A = At/Az. On the other hand, if a < 0, then the characteristics point
to the right and it is more reasonable to use the information carried by U}

and U}' ;, in order to evaluate Uj "1 through the scheme:

At
Uptt =7 + A—xa(UJ U'y), a<o, (7.20)

In this case, stability follows from the condition —1 < Aa < 0.

In order to extend the concept of upwind schemes to systems of hyper-
bolic equations some care must be taken. We shall gradually construct the
general recursion formula.

Example 7.13. Consider first the following example:

v] \c 0)\v
t x
where ¢ > 0. This system is equivalent to:

(u+v) =c(u+v),
(u—v)y=—clu—v)y

Therefore an upwind schemecan be constructed naturally for U +V and
U —V, which yields:

At
n+1 n+1 n n
UF 7+ Vi = UP + VP 4 o0 + Vi = UF = V)

At
n+1 n+1 n n n n n n
vt Vi =5 = —Tmc(bj TV - = Vi)

Adding and subtracting these two equations, we get the following equivalent
scheme:

. LAt . At L
Urtt =Uj +oa- Vi = Vit + g i e(Uf = 207 + UjLy)
Vit =V, toasCUf = Uiy + o eV =2V + Vi) (7.21)
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Looking at these equations it is clear that even though we started with
upwind schemes, are centered expressions: there is no longer any ex-
plicit direction for the characteristics. Also, it should be noticed that besides
an approximation of a first order derivative, the above equations also contain
an approximation to a second order derivative, which we did not have when
we started the construction of the schemes. When generalizing the concept of
an upwind scheme, we must allow for centered expressions that at first sight
may not seem to carry information along characteristics, keeping in mind
this simple example. The scheme is a first order accurate (both in
time and space) scheme for the first order convection equation, and a second
order accurate (in space) scheme for the convection diffusion equation:

Ut = CUp + CATUL,

U = ClUg + CATV,y,

which is called the modified equation for the scheme (7.21)). Thus at least in-
tuitively we expect the scheme (7.21) produces a smoother numerical solution
than the exact solution to the original first order convection equation.

We now write an equivalent expression for (7.19) and (7.20) by adding
and subtracting the appropriate terms

Uttt =Uj %a( T - j—1)+%(y+1 207 + U} ,), a>0
N N (7.22)

Uptt=U7 + AL a(Up, —UJy) — Ea( T —2UR+ U ), a<0
(7.23)

from where it is clear now that the general form of upwind Scheme for the
scalar case p =1 is given by:

At

A
n+1 n n n

While schemes and are hard to generalize to the variable co-
efficient case in the form they are usually written, it is straightforward to
implement in the case a = a(x) using the values of a(x) and |a(x)|.

As can be verified from , there is indeed a term that approximates a
second derivative within the upwind schemes. Furthermore, this term has a
positive coefficient, |a| > 0, which in turn introduces a dissipative mechanism
for the scheme.

In order to generalize for systems of hyperbolic equations we first
have to define the "absolute" value of a matrix that will play the role of |a| in
the scalar case. Consider again the linearized, strongly hyperbolic system,
so that the matrix A is a constant, diagonalizable matrix:

u = Aug.
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Definition 7.11. Let A be diagonalizable by T, so that:

aip - 0
A=T1AT =
0 - a
The absolute value of A is defined by:
|CL1| c 0
Al =
0 R ’ap‘

and the absolute value of the matriz A is defined to be |A| = T|A|T™?, so
that |A| is also a p x p matriz which T itself diagonalizes.

Example 7.14. For the matriz A = (2 8) , we have:

. C 0 -1 . 71_i 1 1
amrfy W) s (1)

Al =T (8 2) Tl =cI.

The generalization of scheme (7.24) to the system uy = Au, is given by the
scheme:

Thus

At At
n+1 n n n n n n
UP™ = UF + 5= AU = Ufy) + 51 AIU = 207 +Ufy) (7.25)

It is straightforward to verify that (7.21) satisfy (7.25).

Definition 7.12. Let f(x) be a real valued function of the variable x. We
define the positive part f* of f as the function f(z) = max{0, f(x)} or
equivalently:
vy ) f@), i f(z)>0
f (”C)‘{ 0. if fle)<0

and analogously, the negative part f~(x) of f is defined by f~(x) = —max{0, — f(x)}.
Using these definitions, it follows that:

f=rr+f fl=r-f.

Substituting in ((7.24)) the values of a and |a| in terms of the positive and
negative parts, we obtain an alternative expression for the upwind scheme
in the scalar case, namely,

At At

U]n+1 _ UJn + (a+)5( jnH _ an) + (a7) Un — ;‘71)_ (7.26)

AU
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This representation of the upwind scheme has the advantage that it
shows explicitly the directions of the characteristics that the scheme "picks’
according to the sign of a, which becomes more useful when qa is a variable
coefficient a(z). Following the natural extension, we can now define the
positive and negative part of a diagonalizable matrix in terms of the absolute
value.

Definition 7.13. Let A be a diagonalizable matriz. We define the positive
(negative) part of A by:

A+ A A—|A
_AHA A4l

A+
2 ’ 2

Scheme ([7.25)) can now be written in a more compact form using the
positive and negative parts of the matrix A, yielding:

Urtt =t + %A*( T = UM + %A‘(U} — UM ).

This expression gives the general form of the upwind scheme for approxi-
mating the solution of symmetric, strongly or strictly hyperbolic systems
with constant coefficients. To generalize the scheme to the nonlinear case,
where A = A(u), we need some material on nonlinear equations in a more
general scope. The foundamental method of this type is called Godunov’s
scheme, which we will not introduce in this chapter. We summarize now the
concepts related to the upwind scheme in the linear case:

up = Aug

where A is diagonalizable, so that the problem is strongly well posed. Accu-
racy of order (1,1) and stability of the upwind scheme follow straightforward
assuming:
At
A)— < 1.
pA) A <

Indeed, one can decouple the system using the transformation w = Twu,
which yields

wy = Aw,.

The corresponding scheme defined by WP =T U} has p components that
satisfy schemes or, equivalently, with a, |a|, and a™, a™ replaced
in terms of the eigenvalues ay of A. For each component the scheme for W'
is accurate of first order and stable, as an approximation of the solution
of wy = Aw,. Applying the bounded, linear transformation 7" to W', the
result for the original problem is established.
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7.7.2 Second order schemes

Roughly speaking, we can divide second order schemes into the dissipative
and the non-dissipative ones. As before, we will assume strong well posed-
ness of the problem u; = A(u)u,. Accuracy of the schemes can be evaluated
directly for the schemes in general form, but in order to establish stability,
we shall consider the linearized versions, as we did in the previous section.
A representative of the class of dissipative schemes of second order accuracy
is the Lax-Wendroff scheme, which we shall study first.

Definition 7.14. A scheme for approzimating the solution of uy = A(u)uy
is called a Laz-Wendroff scheme if under the assumption A(u) = A (or
F(u) = Au is linear), the scheme reduces to:

n n At n n 1 At 2 n n n
U = U A AU U )+ (MA> (UTy, =207+ U™ ). (7.27)

It may be shown that the scheme ((7.27) is actually the only second
order scheme for the linear problem that uses Uy, Uf, and Uy, to

evaluate an+1_

Lax-Wendroff schemes arise from the idea of replacing time derivatives
by space derivatives, using the equation u; = F'(u), and approximating the
latter by finite differences. Using a Taylor expansion for u, we have:

2
u(z,t + At) = u(x,t) + Atuy(x, t) + %utt(w, t) + O(AL?).

Since w(x,t) = F(u(x,t)), in the linear case where F'(u) = Au we get:
ug(2,t) = Aug(z,t),  up(x,t) = A2z, (z,1).

Using now finite difference approximations for u, and u,x, it follows that the
linear form of the scheme (7.27)) is accurate of order (2,2). The amplification
matrix of the linear form of the Lax-Wendroff scheme is:

G(&) =T +1AAsin€é + X\2A%(cos€ — 1),
where, as usual, { = kAt and A = At/Az. Calling n = sin({/2) we can
write:

G(&) =T+ 21 MAn/1 —n2 — 222 A%2,
Therefore any eigenvalue p(n) of the amplification matrix will be of the form:

p(n) = 1425 Ap(A)ny/1 — 72 = 222 u(A)*n?,

which follows from the fact that A is diagonalizable. From the expression
of the eigenvalues p(n) of the amplification matrix we have:

() =1 = Nu(A)PnH (1 — N u(A)?)
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which holds for every eigenvalue of G(§). Recall that the spectral radius of
G(&) is defined as the maximum value of p(n). Therefore, upon letting .
be the eigenvalue of A which maximizes the above expression for |u(n)| we
get:

p(G)P =1 — N2p2nt(1 — N2

Clearly, von Neumann condition will be satisfied if

Ap(4) <1
which implies Au(A) < 1 for all eigenvalues of A. Furthermore, if Ay, < 1,
then the scheme given by is dissipative of order 4. Here the dissipation
can be controlled through the parameter A, or, equivalently, through the
choice of At. In the nonlinear case we can construct different schemes which
fall within the class of LaxWendroff schemes, depending on the way we
approximate the derivatives.
For the nonlinear case, we have

ug = [F(w)ler = [F(w)ile = [A(w)urle = [A(w) F(u)e]e-

Substituting u; = F'(u), and the above expression in the Taylor expansion,
we get:

At? 3
u(z, t + A) = ufx, 1) + AtF (u)y + =~ [Au) F ()], + O(AF).

The scheme originally proposed by Lax and Wendroff is based on approx-
imating the space derivatives in the expansion above up to order O(Ax?)
and is given by:

At 1 (At

2
n+1l _ rrn n n n n n n n n
U = Ut ae (B F+g (Re) (A0 (B )= Ay (F}~F}L))
(7.28)

where:

an-i-l + UJn )
2

Scheme becomes rather inefficient in practical applications due to the

many computations involved at each time step iteration in order to evaluate

A, and F. A modification of this scheme which is very popular considers

approximating derivatives at "half stages” of the iteration, using:

FP=F(Up), A7

= A(

u(z,t + At) = u(z, t) + Atug(x, t + %At) + O(At?),

and it is known as the MacCormack scheme. Each iteration has two steps
corresponding to first order approximations of the solution at half steps.
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The Scheme is given by:

n o At "
U; U+—A(j+1—FA)
At
n+l _ n * * *
Uj (U +U +A7(Fj —Fj_1)>

where

n __ N * *
Fr=FUN), Ff=FU)).

This scheme is a two-stage scheme which evaluates a "predictor" U and a
"corrector' U™ = Ur + %(F;‘ —F}_), and then forms UJ’”l as the average
(U; +U;™)/2.

It is clear that in order to evaluate the scheme uses the same points
in the grid at time in as the Lax-Wendroff scheme. Notice, however, that
here we go from right to left at the middle stage *, and then from left to right.
The "efficiency” of a scheme is often related to the cost in computer time of
each iteration. In these terms, one can compare different schemes. For the
Lax-Wendroff scheme, we need to evaluate F7* |, I}, FJ' ;, A" jl and A"

n+1
Uj

and perform matrix multiplications in each iteration, whereas MacCormack
Scheme requires only the evaluation of F}', F7',, F}" and F;_

It only remains to prove the order of accuracy of MaCCormack scheme.
The fact that it belongs to the class of Lax-Wendroff schemes follows straight-
forward replacing F'(u) by Au with A a constant matrix.

The local truncation error of the MacCormack scheme is O(At?) +
O(Az?) + O(AtAz), in which we assume At = O(Ax). Thus it is a second
order accurate in space and time.

Among the class of second order non-dissipative schemes is the leap frog

scheme. For the general non-linear equation, the scheme is given by:

UMttt =uUr 4+ it( T — FR). (7.29)
We analyzed this scheme in detail for the linear Case and found out that it
is not dissipative and it is stable, provided that & e Lp(A) < 1. The fact that
is accurate of second order follows a straightforward calculation. This
scheme is generally more efficient than Lax-Wendroff schemes, although it
needs roughly twice as much memory due to the dependence on two pre-
vious time stages to evaluate U™T!, therefore in practice, we usually face
the trade-off between efficiency and storage requirements. Since this is a
non-dissipative scheme, it will not give good approximations for nonlinear
equations. We now proceed to describe a way to introduce a dissipative
term in to deal with this problem. When adding a dissipative term in
the form of a small perturbation, care must be taken so that the resulting

linear scheme retains stability. Recall that in the linear case F(u) = Au,
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the amplification matrix G(§) is a 2p x 2p matrix (A itself is a p X p matrix)

given by:
G(¢) = (211)\/}sm£ é) .

where now each of the entries is itself a p X p matrix. In order to express
the eigenvalues p(£) of G in terms of those of A, we use the fact that if A is
diagonalizable by a matrix 7', then G possesses the same eigenvalues of G,
for:

G — T=' 0\ (2iAAsing I\ (T 0\ _ (2iAT'ATsin¢ I
©=10 1 I 0o/\o 1) I 0/

Recall that T~1AT is a diagonal matrix with diagonalA entries ay,- -, ap.
From this expression ( by rearranging rows/columns, G(§) is similar to a
21Aa;sing 1

1 0
follows that any eigenvalue p(€) of the amplification matrix satisfies:

p2(€) = 14 2i Aa;sin p(8),

block diagonal matrix with 2 x 2 diagonal blocks ), it

for some j=1,--- ,p.

We will show that, if we add a dissipative term to the leap frog scheme
at time level n, this will give rise to instabilities. By a dissipative term we
mean an approximation to a second derivative, as would be a term of the
form:

e(Uj — 207 + U y), (7.30)

added to the scheme , where ¢ is a "small" perturbation. Notice that
any modification at time level n will affect the first block in the amplification
matrix. If the term added is , then the modified amplification matrix
will be of the form:

. . )
G(e) = (21)\ASID£—|}€SID (&/2)1 é)

and therefore the eigenvalues will now satisfy:

p2(€) = 1+ (21 Aaysiné + esin®(£/2)) u(€).

In general, if E' denotes the shift operator EU" = U}, adding a dissipative
term at time level n amounts to modifying ([7.29) yielding the scheme:

A

+1 _ -1
Ut = U+

AU,y — Uy) +eP(E)UY, (7.31)

where P(E) is a function of the shift operator (in particular, the term in
(7.30)) corresponds to P(E) = E — 21 + E~1). Since P(E) approximates a
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second order derivative, its Fourier transform P(£) will be a real function of
. Tt is this function ]3(5 ) which will appear now added in the first block of
the amplification matrix and thus the modified eigenvalues will in general
satisfy: A

pA(€) = 14 (21 Aa;sin + P(€)) u(€).

for some eigenvalue at of A. The fact that (7.31)) is an unstable scheme
follows now from the following lemma, applied to the eigenvalues p(§).

Lemma 7.3. Let z1 and xo be the solutions of the equation z° —ax—1 = 0.

If both |z1] < 1 and |x2| < 1, then necessarily the coefficient « is purely
imaginary.

Proof. Let z; = re'?, then z12z9 = —1 implies zo = %e*w. Both |z1| <1
and xo < 1 imply r = 1. Thus a = z1 + x2 = 21sin 4. ]

Remark 7.6. Using exactly the same analysis, we may conclude in general
that the leap frog scheme gives rise to instabilities when it is used to approz-
imate parabolic equations. For the heat equation, this can also be explained
by the stability region of the leapfrog method, which is only on the imaginary
axis, while the centered finite difference used in approximating the second
order derivatives will give real eigenvalues, as discussed in Example [6.1]

In order to introduce the correct amount of dissipation, we must add the
disl,sipation term at time liavel n — 1. We shall use the following operator
Ez which is defined as E2U}" = U]TL+ ;. Using this notation, the leap frog

2

scheme ((7.29)) can be rewritten in the form:
At
Ax

We shall show now that the modification of the scheme that is dissipative is
given in general form by the expression:

n no1 At 1 1,1 “1lirm 1 C1 4y
Ut =UpT 4 (B2 - ETR)(BY 4+ BT F) = (B2 - BTN

(B2 — E"3)(E? + E%)F)

n+1 __ n—1
Urtt =urt + )

Let n = sin(£/2), the amplification matrix of the linearized scheme ([7.32))
is:

il sin —en?
g(g):<2 )\/} £ (1 on )I)

and the eigenvalues hold the relations:

p2(€) =1 =" + 25 Au(A) sin & sin Ep(8),

for some eigenvalue p(A) of A. Therefore:

p(€) = i Au(A)sin€ £ /1 — [(A)[2sin? € — en?
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and we have |u(£)? = 1 — en?, provided that
1 — [Au(A)2sin € — ent > 0, (7.33)

for all eigenvalues of A and all £. Under this condition, the modified scheme
is stable and dissipative. Remark, though, that in order for ([7.33)) to
hold, whenever we add dissipation (¢ > 0), we must also decrease the value
of A = At/Ax. This means that for a fixed space grid, a larger number of
time steps must be evaluated to get the approximation of the solution at
some given time t.
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Iterative methods for solving
linear systems

In this chapter we briefly discuss a few iterative methods for solving the
large sparse linear systems arising from discretizing time-dependent PDEs.
We start with two such examples:

o Implicit time discretization for the diffusion terms. Consider solving
the heat equation u; = g, with periodic b.c. on z € [0, 7]. Let us use
the centered difference for the spatial derivative. If we use the explicit
forward Euler for the time derivative,

UMt =up + %(U —2U7 + U}'yy)
then the amplification factor is g(§) = 1 + 2 (cos§ — 1) where £ =
Az. The Lax-Richtmyer stability [g(&)"] S Keo holds if and only
if |g(¢)] < 1, which implies % < % In practice, the time step
At = %AmQ is unbearably small. A larger time step like At = O(Ax)
can be achieved if using the backward Euler time discretization,

At
n+l _ n n+1 ntl | pndly,
For implementing this implicit scheme, a linear system AU"T! = U™
must be solved in each time step. The matrix A approximates the

operator I — At%.

e Incompressible flows. If we take the curl of 2D incompressible Navier-
Stokes
w+(u-Vju+Vp=vAu, V.-u=0,

we get the vorticity stream-function formulation of the the 2D incom-
pressible Navier-Stokes equations:

1
v e = —Aw, 1
Wt + uwy + vw oo AW (8.1)

205
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Alb = w, <ua U) = <_¢y7 wm>7 (82)

Here 1 is the stream function and w = V x u = v, —uy (V X u is
a scalar because u is a 2D vector) is the vorticity. Suppose we use

forward Euler to solve (8.1)):
L
Re

W' = W — "W — "W 4+ —AW",
then in each time step we need to 9™ by solving Ay™ = w™ to obtain

the velocity by computing u" = —y, v" = 9z.

If we use finite difference methods on a rectangular domain, then the
linear systems involved the two examples above can surely be solved by
the eigenvector method discussed in Chapter However, the eigenvector
method can be used for solving a system Az = b only when the matrix A
has a tensore structure like A = I ® B + C ® I, which no longer holds in
general. For instance, if we solve a elliptic equation in the form of

V- (alz, y)Vu) = f,

then any non-constant coefficient a(x,y) will destroy the tensor structure.
The following are two quick examples of this kind:

» Consider solving the Poisson equation gz, + uyy = f on a disk. Then
we can use the finite difference method in the polar coordinates, under
which the disk becomes a rectangle. The Poisson equation gz, + 1y, =
f in the polar coordinates becomes,

10 ou 1 0%u
rar(raﬁ *age 10

¢ Consider the variable density incompressible Naiver-Stokes equations,

pt + (up)e + (vp)y =0,
p(u+ (u-V)u) + Vp —v(p)Au = f£.

To obtain the pressure for evolving u, we can take the divergence of
the second equation divided by p, then we get an elliptic equation for
the pressure

V- ( Vp)=V-(f+ 1V(p)Au —(u-V)u).

p(z,y) p

8.1 Linear iterative methods

We discuss the linear iterative methods with matrix splitting for solving
the linear system Au = f, obtained from discretizing with the centered
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difference for the 1D Poisson equation —uz, = f on the interval [0, 1] with
homogeneous Dirichlet boundary conditions:

—uj—1+ 2Uj —Ujy1 = A.%'zfj, (8.3)

or the 2D Poisson equation —ugz; = f on the square [0,1] x [0, 1] with
homogeneous Dirichlet boundary conditions (assuming Az = Ay):

2
—Ui—1,5 — Uij—1 + 4 — Uip1j — Ui = Da” fij, (8.4)

See Chapter [2| for details. For the 1D case, A = K and the system is

2 —1 (75} fl
-1 2 -1 U fo
-1 2 -1 us /3

= A2 | 7 (8.5)
-1 2 -1 Up—1 fn—1
-1 2 Up, I

For the 2D case, assume Ax = Ay, then A=K 1+ 1® K.
Suppose we split the matrix A as A = B — C' for any nonsingular matrix
B, then the exact solution u to the linear system satisfies:

Bu=Cu+ f,
thus we use the following iterative methods,
BuFt! = cuF + ¥,

in which «* will converge to the exact solution if convergence is guaranteed.

By subtracting the two equations above, the error e¥ = u* — u satisfies,

Ml = BTk = MeF,

where M = B~1C is called the iteration matrix. Thus ¥ = M%e®, and the
convergence is guaranteed if p(M) < 1 due to the following fact:

Theorem 8.1. A square matriz M satisfies limy_ oo M* = 0 if and only if
its spectral radius p(M) < 1.

If M is a normal matrix, i.e, it can be unitarily diagonalized

A1
M=U U*,
An
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then

MF=U - U*,
An
thus || M%]] = max [A;|F = p(M)F, therefore |e¥|| < [[MF]|[|0]] = p(M)* ||
the convergence rate is p(M).

If M is not a normal matrix, then the asymptotic convergence rate is
p(M) due to the fact:

Theorem 8.2. Gelfand’s formula. Any square matriz M satisfies

lim [|M*(|% = p(M).
k—o0

8.1.1 Jacobi and weighted Jacobi iterations

Let D be a diagonal matrix denoting the diagonal part of the matrix A,
L be a lower triangular matrix denoting the lower triangular part of the
matrix —A, U be a upper triangular matrix denoting the upper triangular
part of the matrix —A. In other words, assume A = D — L — U. The Jacobi
iteration for solving Au = f is defined as

DuFtt = (L + U)W + f.
For the 1D Poisson scheme ([8.3), the Jacobi iteration is equivalent to
—uj 1+ 2uk+1 — j+1 = Az?f;.

It can be implemented an iteration of

1 1 1
?‘—i_l iuf 1 + 2U]+1 + §A$2fj, (86)

and the 2D case is

1 1
kjl =1 k,] 1+4 zj+1+4uz 1]+4Uz+1g+ A$2fw

Now let us compute the spectral radius of the iteration matrix M =
D~Y(D— A) for the second finite difference scheme on a N x N mesh solving
the 2D Poisson equation with zero boundary conditions, in which A = K ®
I+I®K and D =4I ® I. We have M = D~Y(D — A) = I — } A thus the

eigenvalues (see Chapter [2| for the eigenvalues of A) are

1 1
“Ni(A)=1—= |2 = cos(i

)+2— cos(jL)

ii(M)=1-—
>‘J( ) N+1

T
N+1
1 T 1 T

:§c03(2N+1)+§cos(]N+1

).
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Thus p(M) = cosf with § = ﬁ Similarly for the 1D case A\;j(M) =
cos(j 5r7) = cos(j0). In particular the convergence rate for large N is

p(M):C089%1—192:1—1L%1—CN72
2 2(N+1)2 ’
which means that the convergence is slower for larger system.
The Jacobi iteration can be regarded as solving a time-dependent heat
equation till the steady state. If using the forward Euler for the equation
Ut = Uzz + [, We get

1
u;H = uf + m(u;?_l —2uf +uly ) + Atfj,
where becomes if At = %Amz (the Lax-Richtmyer stability requires
the amplification factor |g(§)| <1 in forward Euler solving u; = ug,, which
implies At < $Az?).

The weighted Jacobi iteration is to use the splitting A = D/w — (D/w —
A) where w is a constant parameter/weight, which results in the iteration

D/wu’l€+1 =(D/w— A)uk + f,

and its iteration matrix is M = (D/w) ' (D/w — A) = I —wD~'A. Notice
that w = 1 is the original Jacobi iteration. For the 1D Poisson equation
case, we have \;(M) = 1 — Jw);(A) = 1 —w + wcos(jf) with § = e
For the comparison of the two eigenvalues, see Figure where |\;(M)] in
the weighted Jacobi is smaller for large j (meaning faster convergence for
high frequencies) and |\;(M)| in the weighted Jacobi is larger for small j
(meaning slower convergence for low frequencies).

T T T T T T
1 — — Jacobi lteration 1
~ — Weighted Jacobi with w=2/3

05 r RN

Eigenvalue
o

|

\

-0.5 L

Figure 8.1: The eigenvalues of iteration matrices in the Jacobi iteration and

the weighted Jacobi iteration with w = %
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8.1.2 Gauss-Seidel iteration
Suppose A =D — L — U as before, then the Gauss-Seidel iteration is
(D — L)yu*t = Uk + §,

where the system (D — L)z = b can be easily solved by forward substitution
since D — L is lower triangular. For the 1D Poisson scheme (8.3)), the Gauss-
Seidel iteration is conceptually

k+1 k+1
+ 2u; —u]H Az? fis
and in 2D it is
k+1 k—‘rl k+1 k
U1 T U1 + 4u — Ui T ,]+1 Al‘ fz,]

To find the eigenvalues for M = (D — L)'U, assume A and v form a
eigenvalue-eigenvector pair for M, then Mv = Av thus

Uv = AD — L)v,
ADv = ALv + Uv,
which in 2D is equivalent to
4 \v; j = ;15 + )\’Um'71 + Vit1, + Vij+1-

Consider a change of variable by introducing a vector w so that v;; =
i+J
A wj j, then w satisfies

2+J+2 z+g+1 i+l i+l i+l
4N"2 Wi 5 = AT 2 Wi—1,5 Wi41,5 + A2 Wi j41-

Therefore the vector w satisfies
1
AN2wij = Wwim1,j + Wi -1+ Wit1, + Wijt1,

whose matrix form is precisely Az Dw = (L+U)w,ie., DY L+U)w = Azw.
Since D™}(L +U) is the iteration matrix in the Jacobi iteration, this means
that A(Mgs) = MM aeopi)?. Thus p(Mgs) = cos? §, which means that the
Gauss-Seidel iteration is twice as fast as the Jacobi iteration.

The Gauss-Seidel iteration can also be regarded as a scheme solving a
time-dependent equation. Consider the equation

Up = Ugpg — EUt + f,

and the scheme

n+l _  n n_ _ 9,n n ntl _,ntly _m_ ,mn
u; uj _ Ui 2uf +uiy, _ E(Uj u;Ty) = (uf —uj ) s
At A2 AxAt 7

which is accurate around ¢t = (n 4+ 1)At and z = z;. If setting At = Az?
and € = Ax, the scheme becomes the Gauss-Seidel iteration.
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8.1.3 SOR

Another popular iteration method is successive overrelaxation (SOR), which
is a combination of Jacobi and Gauss-Seidel. The matrix splitting is A =
(D —wL) — 1[(1 — w)D + wU], thus

1
w

1 1
—(D - wL)u**! = —[(1—w)D+ wUu® + f,

which is equivalent to
DuFt! = DuF + w(Luk"|r1 + UuF — Duk) +wf.
For the 2D Poisson scheme, this is

k1 _ 4k k1 k1 k k k 2,
dug T = A w2y FwT g ug j — ) FwAxE fi .

There are ways to choose w to improve the spectral radius from p(M) =
1—cN2top(M)=1-cNL

8.2 Steepest descent

Consider any linear system Az = b where A is a real square matrix and z
and b are real vectors of size n. It is equivalent to solving a minimization
problem:
1 2
min —||Az — b||*.
r€ER™ 2
The method of gradient descent is the simplest first order method for
solving a minimization problem mIan f(x):
$€ n

Tpy1 = T — oV f(xg),

where a > 0 is the optimal step size to be chosen to guarantee convergence.
The steepest descent method is to use the optimal step size aj along the
search direction —V f(zy). Recall that the function ascent/descent the most
along the positive/negative gradient: the directional derivative along a unit
vector u is

Duf(z) =V f(z) - u=[[Vf()|l]ulcos,

where 6 is the angle between two vectors V f(z) and u, thus Dy, f(x) attends
its maximum (minimum) at 6 = 0 (§ = 7). First order here refers to the
fact that only the gradient V f(z) is used in the algorithm. A typical second
order method is the Newton’s method: for example, suppose n = 1, if the
minimizer of f(z) exists (a convex function f(z) suffices for the existence,
and convex function means that f”(z) > 0), it must be a critical point of
f(z), thus we can solve f’(x) = 0 instead, and the second order derivative
f"(x) is needed in Newton’s method solving f'(z) = 0.
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To simplify the discussion, from now on, we assume A is real symmetric
and positive semi-definite (if the coefficient matrix in Az = b is not sym-
metric or positive definite, then we consider solving AT Az = ATb instead).
For Az = b, define the cost function

flx) = ixTA:v —27p,

and its gradient is
Vf(x)=Ax —b.

The function f(x) is convex because V2f(x) = A > 0, which guarantees
that the minimizer of f(x) must be a solution to V f(x) = 0.

In the steepest descent method 11 = xp — oV f(x), the step size ay
can be chosen so that f(xp41) is the smallest:

ay = argggi%f(xk —aVf(xy)).

Let ¢(a) = f(xr — aV f(xg)). Let r, denote —V f(zx) = b — Axy, which is
also called residue. Then
pla) = fler +ary)
1 1
= ingxk + ar} Azy + ioﬂrgArk —zlb—arlb
1 1
= ix{Agck —alb+ arf (Azp — b) + iazrgArk

1
= f(zk) — arir, + §a2r£Ark,

which is quadratic in « thus attains its minimum at the critical point. By
setting ¢'(«) = 0, we get

() = £
o = argmin d(a) = .
k gaZO r%Ark

The steepest descent method can be implemented as iterations of the fol-
lowing steps:

1. rp, =b— Axy.
TTT'k
— k
2. ap = T

3. Tpy1 = Tk + g7k

We can use the eigenvectors v; and eigenvalues \; of A to undertand the
convergence of the steepest descent method. Define the error e = xp — x,
then r, = b — Az, = Ax — Ax,, = —Aei, and we have:

k1 = ek + Tk
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Since A is real symmetric, we can choose orthonormal eigenvectors v; (j =
1,--+,n) which can span the whole space R™. The error can be expressed
as linear combinations of v;:

n
€l = Z a;vy.
j=1
We also have

k = —Aek = — ijAvj = — Zajkjvj,
= =

n
el Aey, = Za v; Za])\ vj) = Za?)\j,
J 7=1

j=1

2,2
rkrk —Zaj)\j,

'r,ZArk Z aQ)\g

3

Assume \; < Ay < -+ < Ay, then (or we can simply use the Courant-
Fischer-Weyl min-max principle to obtain the following),

Alrzrk < rgArk < )\nrgrk,

and also
AlegAek < Tgrk < )\negAek.

Define the energy norm |le||4 = (eTAe)% which is easier to work with
than the Euclidean norm. Then

||€k+1\|2A = 6£+1A6k+1
= (ex + akrk)TA(ek + apTk)

= efAek + 2ak7{Aek + air,{Ark

rTr Ty 2 .
_ekAek—2 TA k: k+ (TkAT’k> i Arg

LTk
= ekAe (fAr)k
= Jleuls (1 - T(’“T’“T)>
. Arge;, Aey
= llexl 5w,
where - .
w=1— T TETh g Ly N

Ark er. T Aey, — An An
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The condition number for a positive definite real symmetric matrix A is

K= i‘\—’;, thus w < “Tfl Therefore,

k

k—1 kK—1\2
lexlla < = llex-illa < (=) fleol

Recall that Az = b, therefore 27 Az = 27b thus

1
el Az = —2(§xTA:U —2Tb) = —2f(x).
For a symmetric A, we have

lerl|d = (z — 2)T Az, — 2) = 2L Axy, — 2T Az, — 2f Az + 2T Az
= af Az, — b xp — i b+ 2T Az = 2f (xy,) — 2f ().

We can summarize the convergence rate of steepest descent for linear system
as the following:

Theorem 8.3. Let A be a positive definite matrixz with eigenvalues 0 <
Ay < - < \,. For steepest descent minimizing a quadratic function f(x) =
%{L‘TASL' —T'b, the convergence rate is linear (exponentially fast):

>\n—>\1

el

llerti]la <

and
flonen) = £ < (1= 31) @) = £l

n
Remark 8.1. The steepest descent has an exponential convergence rate
W1 - %, which is slow in practice for large k from large matrices, e.g., solv-
ing the Poisson equation in 2D/3D.

8.3 The Conjugate Gradient method

We still assume A is real symmetric and A > 0. In practice, the steepest
descent method is simple to apply however very slow. The conjugate gradi-
ent method is a faster popular choice. The conjugate gradient method can
be regarded as an acceleration of steepest descent:

Tpy1 = Tp + ap(re + (o — 21-1)),

where oy and v are parameters. This formula shows that the new change in
position, ;11— , is a linear combination of the steepest descent direction
and the previous change in position xj — xx_1. It can be rewritten as

Th+1 = Tk + gD,
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where the search direction py, is

Pk =Tk + V(T — Th—1) = Tk + VeQh—1Pk—1 = Tk + Pr—1DPk—1-

These formulas can be summarized as

Tp1 = Tk + Pk (8.7)
Tk+1 =Tk — akApk (8.8
DPh+1 = Tkt1 + BiDk- (8.9)

We still need to determine the initial search direction pg and the pa-
rameters « and . Suppose pi is known, then we can ask for a aj so that
f(zk + agpy) is the smallest. Minimizing the function ¢(«) = f(xp +apy) =
f(xx) — arfpr + %OzQpZApk gives us the best ay:

AL
pk Apy,

(8.10)

Using this optimal «y, we have

(pEry)?
pE Apy,

f(@re1) = flzg) —

From the formula above, we can see that pg = r¢ will guarantee f(z1) <
f(xo). Now we assume pg = ro which will imply other useful properties. By

and , we get
PhTri1 = Phrk — akph Apr = 0.
Together with , we get
p£+17“k+1 = Tg+17“k+1 + Brpk ki1 = 7{+17’k+1, k> 0.
Notice that pg = ry ensures p{rk = r%rk for £k > 0. Thus becomes

’I"ET‘]@
T b)
Py, Apk

ap =

and we have
Flaran) = Flag) — LB
Py, Apr,

Next we choose some 3 to minimize pf Apy thus to minimize f(zj41). Since

implies

pE Apr = 18 Arg + 2Bk 17} i1 + Bi_1Pp_1 A1,
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the best choice of §;_1 is,

T
e APk—1
Bpo1 = —————, k=1,
P—1A4Pk—1
or equivalently
T
ri 1 A
B = ——rL = Pk k>0,
Pi Ak
which with implies
Ph+1APk = Ti1pk + Brpk Apr = 0. (8.11)

The property pg_HApk = 0 means that the search direction pgy1 is A-
orthogonal to the previous one pg. In other words, pr41 is conjugate to py.

By and , we get
Pk Api = 7. Apy, + Br—1Pk—1Apk = 7} Apr,
which with and implies,
T%Jrlrk = rgrk — akp;{Ark =0.
Therefore, by , we have
ThiTh+1 = T Tk — kT Ape = —ayr 1 Apy,
thus the formula for 8 becomes

T T T
By = _Tk+1Apk _ irlm—lrk-i-l _ Tk

pFAp,  ai plApy riry,

Now we summarize the formula for the conjugate gradient method:

Po =19 = b— ASEQ, (812&)
7|2

— Il (8.12b)
pi Apr

Tyl = Tk + QgPy, (8.12¢)

Th+1 = Tk — QL Apk, (8.12d)

5, = Ireenl® (8.12¢)
72|

Ph41 = Tht1 + BrDr- (8.12f)

The following important property of conjugate gradient method can be
shown by induction:
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Theorem 8.4. For the conjugate gradient method defined above, the search
direction py and the residue 1y satisfies:

rir; =prAp; =0, Vk#j.

An implication of this property is that the conjugate gradient method
in theory converges in at most n steps for a n x n matrix, because r; € R"
and R™ can have at most n linear dependent vectors. On the other hand,
the iteration is unstable subject to round-off errors, thus it will never
give the exact solution to the linear system, though usually is still a
good choice for finding an approximate solution to certain accuracy.

Remark 8.2. Notice that we have assumed A is real symmetric positive
definite. For solving Ax = b with a real symmetric positive semi-definite
matriz A, e.g., the Poisson equation with purely Neumann b.c., then
might diverge if Az = b does not have a solution. Notice that f(x) =
%:UTA:C — b'x always has minimizers for A > 0, even if Ax = b is an
inconsistent linear system.

In practice, usually it is not affordable to have n iteration steps thus it
is important to analyze the convergence rate, for which we have

Theorem 8.5. If 0 < \; < Ay < -+ < A, are eigenvalues of the positive
definite matriz A, then the error in the conjugate gradient method satisfies

Vi = VAT
erEavery B

The proofs of these two theorems can be found in [12]. A weaker estimate
is given by the condition number x:

k
VE—1
!MMS2&R+1HMM

The dominating operations in each iteration of either steepest descent or
conjugate gradient are matrix-vector multiplications. For many problems,
A is sparse and one matrix-vector multiplication requires O(m) operations
where m is the number of nonzero entries in A.

Suppose we wish to reduce the norm of the error by a factor of €, which
is to achieve |lex]|a < €lle]|a. Then by the convergence rate, the maximum
number of iterations required in steepest descent is

k< an(iﬂ ;

WNA§2<

and the maximum number of iterations in CG is

k< B\/Eln(i)] :
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So the time complexity of steepest descent is O(mk) and the time complexity
of CG is O(m+/k). Both have the space complexity O(m).

For the second order finite difference scheme solving the Poisson equation
with Dirichlet boundary conditions on [0, 1] with n grid points in 1D (on
[0,1] x [0,1] with n = N x N grid points in 2D; on [0, 1] x [0, 1] x [0, 1] with
n =N x N x N grid points in 3D), the condition number of the coefficient
Ais k = %So(éve@ where 0 = wﬁ. We have

1—cos(NO) 1+cos(f) 1+1+ 36 9 2
= = ~ = O N = O d
& 1—cosé 1—cosé 1—1+%«92 (V%) (),

where d is the dimension. Therefore, steepest descent has complexity O(n?)
and CG has complexity (’)(n%) for 2D problems, and steepest descent has
complexity (’)(ng) and CG has complexity (’)(n%) for 3D problems.

The multigrid method for the elliptic problems has complexity O(n) in
any dimension.

8.4 Multigrid methods

In this section we only consider the linear system Au = b obtained in the
finite difference scheme for the Poisson equation. The (weighted) Jacobi
iteration (and Gauss-Seidel) produce smooth errors. The high frequencies
error vector e can be nearly removed in a few iterations, e.g., see Figure
[8.1] But low frequencies are reduced very slowly, and convergence requires
O(n?) iterations, which is unacceptable. The multigrid idea is to change to
a coarser grid, on which "smooth becomes rough" and low frequencies act
like higher frequencies.

On coarser grids a big piece of the error is removable. We iterate a few
times then change from fine to coarse, and coarse to fine. The multigrid
method can solve many sparse systems to high accuracy in a fixed number
of iterations, not growing with n.

8.4.1 Interpolation and restriction

Now consider solving —u,, = f on [0, 1] with homogeneous Dirichlet bound-
ary conditions, i.e., the system . The key steps in a multigrid method
are the two matrices R and I (in this section I denotes the interpolation
matrix rather than the identity unless otherwise specified):

e A restriction matrix R = R%lh transfers vectors from the fine grid
with grid size h = Ax to the coarse grid with size 2h.

e An interpolation matrix [ = Igh returns to the fine grid from the
coarse grid.
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e The original matrix on the fine grid is denoted as Ay, which is approx-
imated by Ag, = RApI on the coarse grid.

To see an example of R and I, suppose h = % and 2h = i, then the coarse
grid has three grid points and the fine grid has seven grid points, for which
the matrix R has size 3 x 7 and [ has size 7 x 3. We use the following simple
linear interpolation interpolation:

1 ’1)1/2 ul
2 U1 U
1 1 1 U1 01/2+U2/2 us
Iv=u: - 2 vy | = V9 =|u |,
2 1 1 U3 U2/2—|—’03/2 Uus
2 V3 Ug
1 v3/2 w7y

where v is defined on the coarse grid and u. In other words, we linear
interpolation for the in-between values w1, ug, us, u7.

For the restriction matrix, we can simply assign vy = us, vo = u4, and
v3 = ug. Another way is to use the full weight operator by setting R = %IT:

U
U2
1 2 1 U3 (U1+2UQ+U3)/4 U1
Ru=v: - 1 21 ug | = | (ug +2ug +us)/4 | = | vo

1 2 1 Us (U5+2u6+U7)/4 U3
Ug
uz

N

The advantages of the full weight operator include
e the matrix RApI is still symmetric positive definite.
o RApI = Ayj. See Example [8.1] below.

For the 2D equation —ug, — uyy = f on [0, 1] x [0, 1] with homogeneous
Dirichlet boundary conditions. Assume h = Az = Ay. We can use the same
linear interpolation then the interpolation matrix is

n2D=I1x1.

For instance, if U denotes a 2D array with U(j,4) denoting the point value
at (zj,y;) in the mesh. Then

I2Dvec(U) = (I ® Ivec(U) = vec(IUIT),

which represents the linear interpolation in a dimension by dimension fash-
ion. And the restriction matrix is

1 1 1
R2D=R®R = 1IT®IT = 1(I@I)T = ZIQDT.
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The coefficient matrix on the fine mesh is Ay, = h—12K2D = % RId+1d® %,
thus

Ky, Ky,

:(R£1)®(I*Id*R)+(I*Id*R)®(R£I)

2
Ky,
(2h)?’

@I «Id*xR)+ (I*Id*R)®

(2h)?

where we use the fact that R%I = %, see Example However,
(I*IdxR) is not a smaller identity matrix. Therefore R2Dx A *I2D = Agy,
is no longer true.

8.4.2 A two-grid V-cycle

We first consider the multigrid method using only two grids. We use the
subscript h to denote a notation defined on the grid of size h. The system
we want to solve is denoted as

Ahu = fh7
and u denotes the exact solution to this system. The iterations on each
grid can use Jacobi (or weighted Jacobi with w = %) or Gauss-Seidel. For

the larger problem on the fine grid, iteration converges slowly to the low
frequency smooth part of the solution. Let wp be the Jacobi’s solution
after a few iterations. The multigrid method transfers the current residue
r, = frn — Apuy, to the coarse grid. Define the error as e = u — uy, then it
satisfies

Ape = Ap(u —up) = by, — Apup = 1.

We iterate a few times on the coarse 2h grid, to approximate the coarse-grid
error by FEsj, then interpolate back to Ej on the fine grid, and make the
correction to up, + Ej,.

This fine-coarse-fine loop is a two-grid V-cycle, also called a v-cycle
(small v cycle). Here are the steps in one v-cycle:

1. Tterate on Apu = by, to reach uy, (e.g., 3 Jacobi or Gauss-Seidel steps).
The iteration step is also called relaxation.

2. Restrict the residual rp = fj, — Apuy, to the coarse grid by rop, = R,thrh.

3. Solve Asp Eop = 1op, either by Eop = AQ_th'Qh or by 3 Jacobi iterations
with initial guess £ = 0. Here Ay, denotes the discretization matrix
on the coarser mesh, which happens to be RA;I in the 1D case.

4. Interpolate Eyj, back to By = Ié”hEgh. Add Ej, to uy,.

5. Tterate 3 more times by Jacobi’s method on Apu = fj starting from
the improved uy, + Ej.



8.4. MULTIGRID METHODS 221

8.4.3 The errors ¢, and E,

Even if we solve the coarse grid equation exactly in step 3 above, the multi-

grid error correction Ej is not equal to the true fine-grid error e, = u — uy,.

But these two errors are related. We can track down steps from F to e.
First, the residue satisfies r;, = Apep, thus

Ey, = By, = TAy rop, = I(RALT) 1oy, = I(RALT) ' Rry, = I(RALI) "' RApe.
So E; = Se;p, and
S =I(RA,I)"'RA,,
where S satisfies
S? = I(RARI)'RALI(RALI) ' RA;, = I(RA,I)"'RA;, = S.

So the multigrid correction Ej, = Sey, is not the whole error, but a projection
of ep. The new error after a v-cyle is e, — Ej, = (Id — S)ej, where Id denotes
the identity matrix. The matrix Id — S a two-grid operator. This matrix
Id— S plays the same role as the iteration matrix M = B~'C in the matrix
splitting iteration method.

Example 8.1. Suppose h = Ax = %, then the matrices are

1 (0 2 0 -1 0
Rdn = Gy (0 -1 0 2 o)’

2n)3? \ -1 2

Notice that Asy, happens to be the discrete Laplacian matrix on the coarse
grid, which is still true for smaller h. The matriz S is

1 _
Coarse grid matrix: Ay, = RAl = —— < 2 1) .

0 1/20 0 0
0 1 0 0 0
S=IA;'RA,= |0 1/2 0 1/2 0
0 0 0 1 0
0 0 0 1/2 0



222 8. ITERATIVE METHODS FOR SOLVING LINEAR SYSTEMS

Due to its three columns of zeros, the nullspace of S contains all fine-grid
vectors of the form (e1,0,e3,0,e5)T, which are vectors that do no appear on
the coarse grid. If the error ey has this form, then En = Sep would be zero,
meaning that there is no improvement from the multigrid. Notice that any
vector in such a form represents high frequencies. We do not expect a large
component of those high frequency vectors in ey, because of the smoothing in
(weighted) Jacobi iterations.

8.4.4 High and low frequencies in O(n) operations

If Sv = v, then Av = Sv = S%v = A%v thus A2 = ). So the eigenvalues of S
must be 0 or 1. In the previous example, the eigenvalues of S are 1,1, 0,0, 0.
The eigenvectors reveal what multigrid does:

e A = 0. The eigenvectors have the form (ey,0,e3,0,e5)”. In this case
multigrid makes no changes at all.

e A = 1. The two eigenvectors are (1,2,2,2,1)” and (1,2,0, -2, —1)7.
Those have large low-frequency components. If the error ej are spanned
by these two vectors, then (Id — S)e, = 0, which is perfect. Such er-
rors are not exactly sines but a large part of the low-frequency error
is removed.

In other words, the Jacobi iteration handles the high frequencies and
multigrid handles the low frequencies. In practice, we do not exactly solve
Aoy Eop = rop. But it can be shown that a multigrid cycle with good smooth-
ing can reduce the error by a constant factor p that is independent of h. A
typical value is p = 0.1 while it might be p = 0.99 in Jacobi’s method. We
can achieve a given relative accuracy in a fixed number of cycles. Since
each step of each cycle requires only O(n) operations on sparse problems of
size n, multigrid is an O(n) algorithm, independent of the dimension of the
problem.

For solving the second order finite difference equation for the Poisson
equation, instead of achieving a given relative accuracy, we may want a
solution with accuracy O(h?) = O(N~2) which matches the discretization
error. In this case we need more than a fixed number of v-cycles. To reach
p* = (N72) we need k = O(log N) cycles.

The two-grid v-cycle extends to a natural way to more grids. It can
go down to coarser grids 2h,4h,8h and back up to 4h,2h,h. This nested
sequence of v-cycles is a V-cycle. The W-cycle stays coarse longer, which is
generally superior to a V-cycle. The full multigrid cycle is asymptotically
better than V or W. The full multigrid stars on the coarsest grid. The
operation counts of the full multigrid is O(n) even for the higher required
accuracy e = O(h?).
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h FMG
2h
4h
8h

Figure 8.2: V-cycle, W-cycle and the full multigrid (FMG).

We can use the weighted Jacobi with w = % for the iteration/relaxation.
One V-cycle on the grid of size h can be denoted as the following operator
(inputs are an initial guess u, and the right hand side data f,, the output
is an improved u;, by the V-cycle).

V-Cycle : up, — VP:(up, fr)
o Iterate/Relax Apu = fj, three times with initial guess wuy.
o Compute restriction fo, = R,%hrh.

— Iterate/Relax Aop E = fop, three times with initial guess Eop, = 0.
— Compute restriction fi;, = Ralrop,.

« Iterate/Relax Ay E = fy, three times with initial guess

E4, = 0.
x Compute restriction fg, = 3227“411-
Solve Agp E = fsp, (exactly).

* Correct Eyp, < Egp + Ié%‘Egh.

« Iterate/Relax AypF = fy, three times with initial guess Ejyp,.
— Correct Fop, < FEop, + IﬂfE%.

— Iterate/Relax Aop E = fo, three times with initial guess Fop,.
e Correct up, < up + IélhEQh.
o Iterate/Relax Apu = fj, three times with initial guess wuy.

We have used coarse grids to obtain improved initial guesses for fine-
grid problems. In looking at the V-cycle, we might ask how to obtain an
informed initial guess for the first fine-grid relaxation. Nested iteration
would suggest solving a problem on a coarse of size 2h. But how can we
obtain a good initial guess for the size 2h problem? Nested iteration sends
us to 4h. Clearly, we are on another recursive path that leads to the coarsest
grid. The algorithm that joins nested iteration with the V-cycle is called the
full multigrid V-cycle (FMG). We can initialize the coarse-grid right sides
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by transferring f from the fine grid. Another option is to use the original
right-side function f(x) sampled on coarse grids.
f

FMG V-Cycle : up, <+ FMG"(f,)

Initiate fop, = R,thfh, fan = R%ngh, fsn = R§2f4h (or simply sample f(z) on
these coarser grids).

Solve exactly or iterate/relax Agpugn = fsh-
x Set uyy = Iél,]quh.
 ugp < VI (uan, fan).
— Set Uop = IZ,I;LUZM.
— g < V" (ugn, fon).
e Set uy = Ighu%.
o up < V(up, fr).

Read [I] for more details.

Remark 8.3. The FMG V-cycle should be used iteratively as an iterative
solver. In order to do so, we can apply the FMG V-cycle to the error equation
Apepn, = 1y, instead of Apu = f1,. In other words, we can implement it as an
iteration consisting of three steps:

L orp = fn— Apun

2. By + FMG" (1)

3. Correction uyp, < up, + Ej,

8.5 Preconditioned Conjugate Gradient

In practice, for solving Az = b we can consider solving instead an equivalent
system
PAPTy = Pb

where P is a preconditioner matrix. Recall that the performance of Con-
jugate Gradient method solving Ax = b depends on the condition number
k(A). If we can find a nonsingular matrix P such that x(PAPT) < k(A),
then we can more efficiently solve the system PAPTy = Pb with CG then
find « by z = PTy.

For instance, if A = LLT is the Cholesky factorization (L is lower trian-
gular), then P = L~! is the most ideal preconditioner, because PAPT =1
thus x(P'APT) = 1. The full Cholesky factorization costs O(n?®) which
is as expensive as solving Ax = b by Gaussian elimination. On the other
hand, we can use a cheaper approximate Cholesky factorization to construct
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a preconditioner, i.e., if A~ LLT (E is lower triangular) then use P = L
For a sparse coefficient matrix A = LL”, the matrix L may have non-zero
fill-in for the zero entries of A. The incomplete Cholesky factorization will
have zero fill-in, returning an approximation A ~ LL”.

By applying the conjugate gradient method to PAPTy = Pb, we get the
following algorithm:

po = o = Pb— PAPTy,
I s
pfPAPTp’
Yet+1 = Yk + QD
Fry1 = Tk — axPAP py,
= el
75|

Prt1 = The1 + Brbr-

With the change of variables x = PTy and p = PTp, multiplying certain
rows by either P or P, we get

po = PTry = PTPb — PTPAx,,
o= Il
i Apr
Tt1 =z + PTag P~ py = zp + arpr,

Tht1 = T — P Apy = T, — Py Apg,
= _ el
AR
pes1 = Pl + PTBP~Tpy = P11 + Brpr.

Now introduce new variables 7o = b — Azxg and » = P17, then we get

Tozb—Al‘o, p(]:PTP?”O
TgPTPrk
pk Api
Tkt1 = Tk + QP
Tkl = Tk — 0 ADE,
5 ’rlz_'_lPTPrkH,l
By = —"F5rm >

T
ri. PT Pry,

prr1 = PTPri1 + Bipr,

ap =



226 8. ITERATIVE METHODS FOR SOLVING LINEAR SYSTEMS

_ Finally, let M = P7'[P~1" and z = M~'r = PTPr. Set @ = o and
B = B, then we get the following implementation:

ro=>b—Axg, z0=Mry, po= 20 (8.13a)
T
Tk‘ Zk
ap = : (8.13b)
P} Apk
T+l = Tk + QkPE, (8.13c¢)
Th+1 = Tk — QApy, (8.13d)
Zop1 = M lrp (8.13e)
T
24T
By = AR (8.13¢)
ZETk
Pkl = 2k41 + Brbk- (8.13g)

In practice we can simply use any matrix M ! ~ A~! in the implemen-
tation without deriving the matrix P. But here both M and A must
be symmetric positive definite. Otherwise the iteration above may not con-
verge. Also, M must be a matrix that can be efficiently inverted (Mz = r
must be efficiently solved) for the algorithm to make any sense.

Example 8.2. Consider solving a 1D wvariable coefficient problem as dis-
cussed in Section [2.11):

—(a(z)u/(x)) = f(z), x€l0,1],

with homogeneous Dirichlet boundary conditions. A conservative discretiza-
tion must be used:

1

_m [—a];%uj‘,l + (CLj

Sty uy—agauinl =

1
2

where aj_1= a(xj—%Ax). The matrix vector form of this scheme is Au = f
2

where A is a real symmetric tridiagonal matrix:

aitas —as
2

1 2 2
A:—i —as a§+a
2 2

Notice that A reduces to tridiagonal (—1,2,—1) K matriz if a(x) = 1. Thus
we can use the preconditioner M = K in Preconditioned CG (8.13|) even for
solving a 2D wvariable coefficient problem —V - (a(z,y)Vu) = f, since K2D
matriz can be efficiently inverted by eigenvector method as we have discussed

in Chapter|[3.

Example 8.3. In practice, multigrid methods such as the V-cycle can also
be used as a preconditioner in the Preconditioned Conjugate Gradient method
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(813). In this case, the matriz M~ in (8.13¢) should be implemented as
the V-cycle operator. Recall that V-cycle for solving Apu = fp, is given as

up, < V-cycle(uy, fr). We can implement the step (8.13€|) as
Rk+1 = V_CyCle(07 rk+1)7
i.e., applying V-cycle to rp41 with initial guess 0.

Problem 8.1. Consider solving the 1D (or 2D) Poisson equation —u" = f
with PCG with M~ implemented as V-cycle. Recall that the matrix
M (or equivalently M~') must be real symmetric and positive definite. With
the weighted Jacobi relazation/smoother and the restriction matriz defined
as transpose of the interpolation operator, show that the matriz represen-
tation of a two-grid V-cycle operator using initial guess 0 is real symmet-
ric and positive definite. Namely, show the matriz for the linear operator
V-cycle(0,r) is equivalent to applying a positive definite matriz to r.
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9

A brief introduction to
nonlinear conservation laws

Preliminaries

e Model problem: Scalar conservation law

Given initial: u(x,0). Note, the subscript in (9.1) denotes derivative,

for instance u; = Oyu and f, = 0, f.

« Weak solution: Multiply test function ¢ € C}(R x RT) on (9.1)) and

integrate over space and time

+oo  p4o00
/ / (ut + fo(u)) pdadt = 0.
0 —00

Here, C} is the space of function that are continuous differentiable

with compact support. Integrate by part, yield the weak solution

+oo +00 +00
/0 [ (pru + ¢z f(u)) dedt = — o(x,0)u(z,0)dz.

e Numerical scheme

Ujtt = U = 2 (F(U™ ) = F(U™5 = 1))

Here, F(U"; j) is a flux function which is allow to depend on any finite
number of elements of the vector U™, “centered” about the j*" point.

F(Un».]) = F(an—pv ;L—p-‘,—la T an"n—&-q)'

229
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¢ Consistency: The numerical flux function F' reduces to the true flux
f for the case of constant flow, namely for all u € R,

F(u;5) = f(u) (9.6)
Recall the concept of Lipschitz continuous: |F(U™; j)—f(u)| < K max \Uji—
—p<i<q

¢ Discrete conservation: The numerical flux on cell interface is single-
valued. Therefore, we have

Z U;‘H = Z Ujt for all n. (9.7)
J J

o Example: Lax—Friedrichs method, see book page 125, equation (12.15)
and (12.16).
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Lax—Wendroff Theorem

Theorem 9.1 (Lax—Wendroff). Consider a sequence of grids indezed by ¢ =
1,2, -+, with mesh parameters k¢, hy — 0 as £ — oo, let Uy(x,t) denote the
numerical approrimation computed with a consistent and conservative
method on the (' grid. Suppose U, converges to a function u as £ — 0o, in
the sense that:

1. The 1-norm convergences: ||[Uy — ul10 — 0 as { — oo, where Q =
[a, 8] > [0,T].

2. Total variation bounded: there exists an R > 0, such that TV(Uy(-, 1)) <
R, forall0<t<T,0=1,2,---.

Then, u is a weak solution of the conservation law.

Remark 9.1. The Lax—Wendroff theorem does not guarantee that we do
converge.

Remark 9.2. Fven we have convergence, the Lax—Wendroff theorem does
not guarantee that the weak solution obtained satisfy the entropy condition.

Remark 9.3. In case of a subsequence from a scheme convergences to phys-
ically correct solution (satisfies entropy condition), then the limit of this
subsequence is a weak solution.
Outline proof of Lax—Wendroff Theorem

o Starting point: The numerical scheme (9.4) for discussion.

o Goal: Show the limit function u satisfies (9.3).

e “Roadmap” and motivation:

— Step 1. Analog the argument of deriving weak solution, multiply
“test function” ¢(z;,t,) on both side of the numerical scheme

[©4).

+oo  +oo

+o0o  p+00
integrate : / / —  sum: Z Z
0 —00

n=0 j=—o0

— Step 2. Analog the argument of deriving weak solution, “integra-
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tion by part” becomes “summation by part”. Here use formulae

m m—1
Z an(bn-i-l - bn) - ambm-l—l - aObO + Z (an - an—i—l)bn—i-l;
n=0 n=0
(9.8)
m m—1
> aj(bj —bjm1) = ambm — ammbom-1 — D (aj41 — a;)b;.
j=m j==m
(9.9)

Idea: original sum involves the product of a; with differences of
b’s. Rewrite: final sum involves the product of b; with differences
of a’s
— Step 3. Figuring out suitable conditions for our goal.
o We will see how the conditions 1 and 2 are applied in the
proof.

o Review the concept of the 1-norm convergences and total
variation, see book page 131.

¢ Something to keep in mind: the support of test function is com-
pact, namely ¢(z;,t,) = 0 for |j| or n sufficiently large.
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More details of the proof for Lax—Wendroff Theo-
rem

o Apply Step 1, we get:
400 foo koo i

Z Z ¢(xjvtn)(U;L+1_ n :_*Z Z quj,tn 7])_F(Un§j_1))'

n=0j=—o0 n=0j=—o0

(9.10)

o Apply Step 2 (note the support of ¢ is compact), we get:

— Apply to the left-hand side in (9.10)) for “index n”,
+oo +o00

LHS =Y > ¢(xj, t,) (U} = U})
n= 0]—700

+o00 +00

= — Z ¢1‘J,t0U - Z Z 1‘j,tn — (.%'j,tn_l))U]n.

j=—00 j=—oon=1

(9.11)

— Apply ) to the right-hand side in (9.10) for “index j”,
k 400 +4o00

RHS = -3 > owjtn) (F(U™;5) = F(U™j = 1))

n=0j=—o0
k‘ +oco 400

=72 Y (lajinte) - (g, ta) FU™). (9.12)

n=0j=—o0

Therefore, substitute (9.11)) and (9.12)) into (9.10), we obtain

+oo +o00

— Z ¢J}j,t0U — Z Z x]atn - (xjatn—l))U]n

j=—00 j=—oon=1

k+oo “+o00

=32 D (@l tn) — @y ta)) F(U™5) = 0. (9.13)

n=0j=—o00

Multiply h on both side above and move the last two terms to the
right side, we get

hk—"io —io ¢ LI/’], ¢(xj7tn—1) Un

n=1j=—o0 k ’
=T
400 +4o00 —+00
¢$ 1atn _¢($'>tn) n, ;
+hE > N I+ - D FUS ) =— > é(xj,t0)U}
n=0j=—o0 j=—00
=To =T3

(9.14)
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o Apply Step 3, take limit £ — oo (kg, hy — 0)

— The term T; and T3 are handled by using condition 1.
— The term T4 is handled by using condition 2.
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How to take limit?

e Review our goal: we want to obtain the following convergence, as
{ — oo (kg,hg — O)

+oo  p+oo

T —>/O 3 opu dadt, (9.15)
+oo  p+oo

Ty — /0 [ buf(w) dxat, (9.16)
+o00

T3 —>/ o(z,0)u(x,0)dx. (9.17)

e Notice, ¢ has compact support. For each ¢, only finitely many terms
in the sum of terms T, To, T3 are non-zero. thus the sums are well-
defined.

« Employ the notation Uy(x;,t,) for piecewise constant function defined
by Ul for a grid £ on [z;_1/2,%j11/2) X [tn,tn+1). The (9.18) is a

Riemann sum of step functions, which can be written as

Foo 1400 gy(w,t) — dp(w,t — k)
/0 /_Oo L Up(x,t) dadt

=T
+/+oo /+OO ¢£(l’ + h,t) — ¢€($,t) F(Ug(l‘ _ ph,t), . ,Ug(ZL‘ + qh,t)) dxdt
0 —0o0 h
=Ty
+oo
_ _/ e, 0)Uy(x,0) dz . (9.18)

=Ty

o For the term Ty, in order to obtain (9.15)), we employ condition “the
1-norm convergences”.

— Recall our goal is to show (9.15)). Insert term “u — u” after Uy,
we get

+o0o p+00 _ , —k

. /0+oo /_:O bo(z,t) — Ze(x,t — k) (Ue(:):,t) - u(x,t)) Zigcdt,)
9.19

— By mean value theorem, 3¢, € [t — k, t], such that

(b@(xv t) - (b@(xv t— k) = k(bt(xa g@,t) (920)
Recall ¢ € C3(R x R*) with compact support and the definition
of qbg.
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— Use the condition “the I-norm convergences”, consider the sup-
port of ¢, is compact and ¢; < ||¢¢|| . Take limit of the following
expression

“+o00 “+o0
T = /0 be(w, &) u(w,t) dadt

+/0+°° _:O@(x,fz,t) (Ug(x,t)—u(x,t)> dzdt.  (9.21)

< H¢t||Loc(]R+><]R) HUZ*UHI,Q

o For the term To, insert term “f(Uy(z,t)) — f(Up(x,t))” after F, we
have

+oo  p4oo T4+ h . "
TQ:/O /_oo ot 772 . ) f(Ug(x,t)) dadt

s [T oA D 2 D (0 1), Udabah, )= (Uit 1)) dnd

=951 +S2 (9.22)

Let us show So — 0 as ¢/ — oc.

— By mean value theorem, 3¢, , € [z, z + h], such that

¢g($ + ha t) - ¢g(l’,t) = h¢m(£€,za t)' (923)

Recall ¢ € CL(R x RT) with compact support and the definition
of ¢y.

— Rewrite the term Sy into the summation with respect to n and j.
Note ¢ has compact support, we can assume ¢ = 0 for all ¢ > T.

T +oo
2] < loallzemeny || 1FWele =ph, )+ Ueo + ah 1)) = f(Us(a, 1)) dad

T/k +oo
= bl zomixry BE D> DY [FU(@j—pitn), - Ue(@jags tn)) — f(Usl(z;,1))]

n=0j=—o0

(9.24)

— Flux F' is Lipschitz continuous, see LeVeque’s book page 126
equation (12.19).

F(U5-ps8), s Uslgt)) — F(Us(s, 1)
<K maxq |Ue(xj4it) — Up(z,1)|. (9.25)

—p<i<

Substitute (9.25)) into (9.24)), notice the width of stencil is finite
p+ q + 1, the term S3 can be bounded by (trick: telescoping
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summation)

T/k +oo
9o < llellzomexry PE D> Y. K max |Up(xjpi tn) — Uz, tn)]

7=0 j=—o0 —p<isq
T/k +00

< K 6ol ey B Y k((p+a+1) D [Unlws,tn) = Unlaj1,ta)])-
n=0 j=—00

(9.26)

— Recall Uy is bounded total variation, see LeVeque’s book page 131
equation (12.39 and 12.40). The term Sy can be bounded by

T/k
1S2] < K(p+ q+ 1) @all e sy b (kY2 TVUil-, 1))
n=0

< KRT(p+q+ Dozl po@+xr) I (9.27)

Therefore, S — 0 as h — 0 ({ — 00).
— Ezample: Lax—Friedrichs flux (stencil width 2).
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e The rest terms S7 and T3 can be processed similarly.



10

Boundary conditions for
hyperbolic systems

10.1 Statement of the problem

So far we have studied hyperbolic partial differential equations assuming
periodicity conditions. In this chapter, we analyze the treatment of general
boundary conditions. We shall state the problem under consideration via
the model example:

ur = aug, u(z,0) = f(z), =€ (-1,1). (10.1)

In general, initial values of f(z) defined on z € (—1,1), are not enough to
solve for u(z,t). In addition to f(x), we need to specify boundary condition.
The first problem is to determine what type of boundary conditions should
we specify, the second is to study well posedness of the problem with bound-
ary conditions. In this example, an immediate answer may be given to the
first question using characteristics. The equation for the characteristics of

1
dt = ——dx,
a

and therefore u(z,t) is constant when x + at is a constant. This follows
immediately, since calling ¢(t) = u(k — at,t) for k a constant, we have:
do(t)

7 = Ux(k' — at, t)(—a) + Ut(k’ — (lt,t) =0.

Therefore, the solution is a constant along the characteristics, which for this
problem, are straight lines. The information given by f(x) for -1 < x < 1
is therefore insufficient to solve the problem, since we do not have values
at points x > 1. We therefore need to specify for a > 0, right boundary
conditions in the form:

u(l,t) = g4+(t), if a>0.

239
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Analogously, if a < 0, we need to specify left boundary conditions:
u(=1,t) =g-(t), if a<0.

Suppose that a > 0, so that we specify right boundary conditions. Can we
also specify left boundary conditions safely? The answer is no. The values of
u(—1,t) must coincide with u(z,t) along the corresponding characteristic in
order for the solution to be continuous. This is in general true and therefore
we must determine first which boundary conditions are needed and avoid
overspecification. We now turn to the second problem for which we shall
use energy estimates. We define the energy of the system in by:

1

B(t) = / 2 (z, t) da.
-1

Under periodic boundary conditions, we saw that there is conservation of

energy, but for this problem this is no longer true, since there is an external

influence through the boundaries. Differentiating the energy we get:

iE(t) = d/l u?(z,t) do = 2a/1 u(x, t)ug(x,t) dz
dt - dt 1 9 - 1 9 €T 9

—a/l iu2(x t)dx
- 1 dx ’

= a[u®(1,t) — u?(—1,1)].

We can now see how the boundary condition affects the energy of the system.

Define:
g4 (t), if a>0
9(t) = { g-(t), if a<0

then, whether a is positive or negative, we have

SE() < lalg’(1).

If g(t) = 0, then there is dissipation of energy. Dissipative mechanisms for
these equations come from the boundaries. Physically, there is an interaction
between the system and the exterior: energy goes out from the system at
the left boundary (for a > 0), and it is "pumped” into the system through
the right boundary, depending on the right boundary condition given. If
there is no energy pumped into the system (g(¢) = 0), then the energy flows
out from the system and eventually reaches zero. In the periodic case, we
require u(1,t) = u(—1,t) and conservation of energy is a consequence of the
fact that energy flows into the system at the same rate that it goes out from
it through the boundaries. Upon integration of the last inequality, we get:

E(t) = /1 u?(z,t) de < /_11 f(z,t)dx + |a] /Oth(s) ds,

-1



10.1. STATEMENT OF THE PROBLEM 241

that is, we control the norm of the solution at any given time ¢ >0 by the
bounded function [ g(s)ds, which yields well posedness of the solution.
We conclude that for these problems:

e There is a definite direction of inflow-outflow related to the character-
istics,

e We must specify the incoming flow through the corresponding bound-
ary, but not the outgoing flow,

e The energy of the system may decay.

It is in general true that for linear hyperbolic equations we control the
system’s energy through the boundary conditions and therefore when mod-
elling real life problems, special care must be taken on the specification of
boundary conditions. Let us now turn to a more interesting example, where
inflow of energy may come from both boundaries.

Example 10.1. Consider the wave equation:
U = Ugg, |z < 1.

As we saw in Chapter [3, we can decouple this system in order to get two

scalar equations of the form (10.1)). Define:

U = Uy, = Uy,

(0]~ G o)),

which, in turn, is equivalent to:

then we have:

I __ I
Up = —Ug
7 _ | II
U = Uy

where u! = (v—w)/2 and u'! = (v+w)/2. From the discussion on ([10.1), it
1s clear now that for this problem, we must specify both boundary conditions.
There are two classes of characteristics: one with slope 1 related to v, and
the other with slope —1, related to u'!. We must, however, take into account
that u! and u!'' might still be coupled, precisely through the boundary con-
ditions. In order to see this coupling mechanism, suppose that the boundary
conditions are given for the original variable u(z,t) by:

u(lt) = g (), u(=1,6) = g_(b).
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This gives the boundary conditions for ug, although not for u,. In terms of
the variables u! and u'!, we have:

ug(—1,t) —ug(—1,1)
ul(—1,t) = 5
__w(=LY) ;ux(_l’t) +u(—1,1)

d
= —u'l(=1,t) + —qg_(1).
u' ( ,)+dt9(>

ul(1,t) = —u! (1,8) + ¢ (B).
If the initial conditions are
u(z,0) = F(x), w(z,0)= fa(x),
then we have:
ug(z,0) = fi(x), w(x,0)= fa(z),

and therefore we have initial conditions for u! and u'!:

_ fa(x) = i)

ul(a:,O) =T 35
_ fo(@) + fi(=)
ull(z,0) = %

Figure 10.1: An illustration of characteristics and boundary conditions.

In Figure , the solution evaluated at some point D is constructed in
the following way: u'’ has the same value at B as the initial value A. At the
point B, u! = u'l + ¢ (t), and u! maintains this value up to the point C in
the right boundary. At that point C, u!l = u! + g (t), and this is the value
of u'l at the point D. Analogously, following now the characteristics, we
obtain the value of u! at the point D. As seen in this example, the boundary
conditions g—(t) and g4+ (t) give the amount of "reflection” at the boundaries,
relating u! and u!! at those points. Therefore, specification of the initial and
boundary conditions provide enough data to solve the problem.
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We cannot, however, specify any kind of boundary conditions at will,
since we may lack enough information to solve the problem, as the following
example shows.

Example 10.2. Consider the equation uy = ugzy, © € [—1,1] under the
boundary conditions:

u(—1,t) + ug(—1,t) =0,

u(1,8) + ug(1,t) = 0.
As before, define u! and u'! and we get a decoupled system for u! and u'’.
But now we have the boundary conditions:

ut(=1,¢t) =0, u'(1,t) =0,

and there are no boundary conditions for u!. Following the solid line from
point A to point B, we see that there might be a contradiction between the
initial value of u'l at A, and the boundary value at B, set to zero. This is
an over specification and we should not use boundary condition for u'! at
the left boundary. On the other hand, we are lacking information about u!.

Let us summarize the results illustrated in the examples, extracting the
ideas to be generalized later on. Upon diagonalizing the system, we ex-
pressed the problem through the equivalent equation

[r), = (0 3) ().

The fact that there is one negative eigenvalue and one positive eigenvalue
allows us to decouple the original equation, where now there is one charac-
teristic slope for each of the new variables u! and u!!. In general, it should
also be true that the number of right (left) boundary conditions coincides
with the number of positive (negative) eigenvalues. Given these conditions
as g—(t) and g4 (t), we get:

uI(_la t) - _uII(_17 t) + g/—(t)7
ul(1,6) = —ul (1,8) + ¢ (1)
10.2 Boundary conditions for 1D hyperbolic sys-
tems
Consider the one dinnensional hyperbolic system:

wy = Awy
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where A is a p X p matrix, and —1 < z < 1. We will assume that the
system is strongly hyperbolic (see Chapter [5) thus A can be diagonalized.
Furthermore, we will assume that A has nonzero eigenvalues. We order the
eigenvalues of A, denoted by Ay < A <--- < A, , so that if A has r negative
eigenvalues, then these will correspond to Ay, -+, Ap, and 0 < Apgp < --- <
Ap- Since A is diagonalizable, there exists a matrix 7" such that:

_ -AT 0

where Al and A!! are diagonal matrices with positive entries:

—)\1 )\r-‘rl
AI = T AII = .
A Ap

Under the transformation induced by T', we obtain the equivalent system:

ul —AT 0 ul
ull = 0 AT ull )
t x

contains the first 7 components of Tw and u!! the last (p — 7)
components.

Let L be an r x (p—r) matrix, and R be a (p—r) X r matrix and consider
the boundary conditionsin the form:

where u!

ul(—=1,t) = Lul!(—1,1), (10.2)

u'(1,t) = Rul(1,1). (10.3)

The notation is clear: here, L and R stand for "left” and "right” boundary
conditions, respectively. The aim of this section is to prove that the problem

with boundary conditions above is well posed. We shall do this in two steps,
first considering the case ||L||||R|| < 1, and then the case ||L||||R|| > 1.

Theorem 10.1. For the boundary conditions (10.2)) and (10.3), if || L||| R <
1, then the solutions u! and u'! do not grow in time.

Proof. Rescale the matrices by
ST=|R|(A)7, ST =LAt~

Note that this scaling is used to obtain a speed of propogation of one. We
want to show the energy

1
B(t) = [ a2+ ' da
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decays w.r.t. time. Instead, we will show an equivalent norm decays. Define
- 1
E(t) :/ <<u1,51u1> + <uH,SHuH>> dx.
-1

Notice that S and S/ are diagonal matrices. So we get

Jui

! sl = Zufsi{ HRHZlM

H’

<uH’ SHUH ZUIISH I _ IL]| Z ‘U

thus
min{]|L}, |} .

max; || Aq|

max{[[ L], [ Bll} .,

min; || Aq|

E(t)<E(t) <

Evaluating the derivatives, we get

dE(t):/1 d << LSTul) + (u II’SHUH>) d

1
= [ (tud 8"l + (u8Tu) 4+ Gl Sl 4l STl 1)) do

E(t).

(ul, sTul) + <uH,SHu£I>> dx
1

— / 2 ((ul, S ALy + (! STAMul)) da
L da

= [ (twl =s"AT) + (i SN do

XL
Ld
= [ - (IRl ) + ||L||<u”,u”>) dx

z=1

= (<Rl uty + |l ut)) [
Plugging in the boundary conditions ([10.2)) and (10.3)), we get

() = (-IRIG, o)+ NI, )]

— (IR ) + L )|
— (“IRI uly + LR, Ru)

1"

-1

z=1

— (<IRIZu Ly + |l uT)) |
=(=[IR|l + IZINRIP) I (1, 6)]> = (<IRIIZI? + 2Dl (1))
=IRIQILIIR] = Dl (O + IEIALIIR] = Dl (=1, 8)]2.

Thus ||L||||R|| < 1 implies 4 E(t) < 0. O
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The above result relates the boundary conditions given through L and R,
with the amount of the growth on the solution that comes as a reflection at
the boundaries. This statement is illustrated geometrically in the following
example.

Example 10.3. Consider the case where p = 2, and A has one negative
and one positive etgenvalue. Then the system is decoupled as:

uf = —alui,
al = !,
where a1 = —A1 > 0, ag = Ay > 0. The boundary conditions (10.2) and

(10.3) are now:
U](—l,t) = LUII(_lvt)a

u(1,1) = Ru' (1,4),

where now L and R are real numbers. In Figure , if the value of u'!
at A is o, then at B u! has value Lo, and u'! has value LRa at C, thus
u!! has value LRo at D. Therefore, if |[LR| < 1, the magnitude of u'! does
not increase in time, whereas if |[LR| > 1, the function u'! will grow as time
goes on. An analogous argument follows for u!, which yields the relation
between the boundary conditions R and L, and the amount of the reflection.

It turns out that this is a general result. When R and L are matrices,
if ||L[[||R]| > 1, then 4 E(t) is no longer bounded by 0, and solutions may
grow in time. Nevertheless, this growth is bounded by a function of the form
e®||u(x,0)||, as the following result shows.

Theorem 10.2. For the boundary conditions (10.2)) and (10.3), if | L|||| R >
1, then there exist an energy function E(t) such that

E(t) < Ke™.

Proof. Rescale different scaling matrices by

1

e p——
1Ll

1
AI 717 SII: - AII 71.
(A%) )

Define the energy as

E(t) = /11 ((1 + ex)(ul, STul) + (1 — 5x)<uH,SHuH>> dx,
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where € € [0,1] is to be determined later. It is easy to show this energy is
equivalent to the “standard” energy. We have

1

:/1 i (1 +ex)(u!, STul) + (1—5$)<uII,SHuH>) dx
:/112( L+ ea)(u!, Sul) + (1 — e2) (T, ST ul")) do

_ / 112( 1+ ez) (ul, —STATul) + (1 — ) (ul?, STAT D)) da
:/11 ( 1+£x —STATuTY + (l—ex)i(ull,S[IAlluII)) dx
:/11( HLH (1+ex ddx< I’UI>+H11%||(1_€$)CZC<UH’UH>) dz.

Integration by parts gives us

1-—
Iz
1+4+¢

|2

d 1 +¢

SB() =

dt IILII
1-—
HRII

! (1,012 + Il (-1, )] + — Hu (,0)]* dz

HLH

" (=1, 017 + o

Hun(ﬂf t)||? dr

u'l(1,0)]* —

HRII

The boundary conditions ((10.2)) implies that

1-
HLII
1

HLII

<1 =o)Ll (-1, 8] ~

14+¢
( t)||2_ HRH HUII(_lvt)||2

1+4+¢
II( 17t)”2 - HRH

lu"f(—1,0)]?

u'l(=1,4)

e
T (— 2 . 1+te
=l (1) (1= )2l = e )

_ ’LLII _ 2 _ L_ 1
=l (1,2 (121 = g = (12 + ) )

L 1
o ILIIR)-

which is zero if we choose e
(1L RI[+1"
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Similarly, the boundary conditions ((10.3]) implies that

1—|—€

L, 0))12 + Hu“ 1,t)|?
o e ol IIRH
1+€ T 2 2
= 1,t + IIR T,
p e O+ g
1+¢
< = T I LOIE + (L= DRI ! (1.0
1+¢
=l (101 (7 + (1= <RI

_ u[ 2 1
=l () (= + 180 = < + 10D )

L. . L||R|—1
which is also zero if we choose € = %.

For the two integrals left, notice that for |z| < 1, we have 1 +ex > 1—¢
thus 1 4+¢(1 4+ ) > 1. Then

e [t 2
e L I G 0P de
e (tl4ex
S e CUCROIE

1 €
L1

1 ¢ 1
Tz /_1(1 +ex)(ul, STATY | L|| da

1
—= /_1(1 +ex)(ul, STATWT) da

1 ! 1 I, 1
<= p(A )/_1(1+€x)<u ,STuly de

/ (1 + ) u! (2, )| da

€
<
1—¢

(A) [ 11(1 +ex)(ul, STul) d.

Similarly, we have
1

€ 1 €
[, e P de < s5 o) [ (1= ex) it 1t da
-1 9 -1

. L||||IR| -1
Therefore, by setting ¢ = %, we get

d €
th() 1-—¢

p(A)E(t) = %(HLIIIIRH — Dp(A)EQR).
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Combining this with Gronwall’s inequalityﬂ we get that
B(t) < E(0)e™,
where o = %(HLHHRH —1)p(A) > 0. O

We have thus established that wy = Aw, with boundary conditions ({10.2])
and (|10.3) yields well posedness. It is in general true that the problem is
well posed if and only if the boundary conditions are of the form:

ul(=1,t) = Lull (=1,t) + g_ (1),

ul(1,t) = Rul(1,t) + g1 (t).

We have studied the case g_(t) = ¢g4(t) = 0, which illustrates the ap-
propriate treatment of boundary conditions through energy estimates in a
somewhat simpler notation. The arguments can be generalized for nonzero
g—(t) and g4 (t), but we omit the details here.

10.3 Kreiss theory, the multidimensional case

So far we have studied the problem of well posedness of hyperbolic system in

one dimension. For one dimensional systems, the matrix A can be diagonal-

ized under strong hyperbolicity, and the treatment of boundary conditions

strongly relies on the “splitting” of the diagonalized matrix into A’ and AL,
Consider now the multidimensional system:

d du
w=>y Ajm— (10.4)
i=1 j
where x = (z1,--- ,24)7 and u = (u1, -+ ,u,). We will assume that the

system is symmetric hyperbolic so that we can diagonalize one of the d ma-
trices A; and symmetrize the others under the same transformation. Since,
in general, we cannot diagonalize simultaneously all the d matrices appear-
ing in , Kreiss theory is based on looking at one boundary at a time.
That is, we consider the domain to be of the form

—oo <z <400, j=2,---,d

'Here is a proof of Gronwall’s inequality. Suppose ¢'(t) < a¢(t), then

d —aty _ —at / —at
Z(B0e) = —ag(t)e™™ + ¢/ (e <.

Thus ¢(t)e”** < ¢(0) which gives us
¢(t) < $(0)e™".



250 10. BOUNDARY CONDITIONS FOR HYPERBOLIC SYSTEMS

0< 21 <+00

and we analyze the appropriate left boundary condition for x;. Let T be
the transformation that diagonalizes A; and symmetrizes the other matrices
Ag, -+, Ay and denote:
A=T7"1AT,
B, =T 'A;T, j=2,---.,d
We will use the same notation u(z,t) to denote the function under the
transformation 7', so that the original problem is equivalent to:

(10.5)
where A is a diagonal matrix and B;,2 < j < d are symmetric matrices.
We assume that the eigenvalues of A are ordered such that:

A< S A <0< Ay S <A,

and we shall split A accordingly, by:

—AT 0
u = ull

where u! denotes the first 7 components of v and !/ denote the last (p — T)
components. The number r stands for the number of negative eigenvalues
of the matrix A. At the boundary z = 0, we must specify r left bound-
ary conditions for the component u/ (0,9, ,xq,t). We shall consider the
boundary conditions to be of the form:

We also split u by

uI(O,ajz, ST, t) = LuH(O,xQ, e, Tg, t), (10.6)

where L is an 7 X (p — r) matrix.

Unlike the one dimensional case, having boundary conditions of the form
does not ensure well posedness of the problem. In this section, we
study necessary conditions under which the problem is not well posed, and
later state necessary conditions for well posedness. Energy estimates involve
the definition of an appropriate energy for the system, which in the multi-
dimensional case may lead to cumbersome analysis. The main contribution
of Kreiss theory on boundary conditions lies on the construction of an ap-
propriate framework which turns the problem into an algebraic problem, so
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that the aforementioned conditions may be easily verified. Our first task
will be to look for necessary conditions for the problem

ZBJ@.%'J

’LLI(O,JZ'Q, e ,(L’d,t) - LUII(O,.Z'Q, e 7$d7t)7

not to be well posed. Roughly speaking, we will look for "bad" boundary
conditions for L, but we will not require these conditions to be also sufficient.

As mentioned before, we shall construct an appropriate framework that
will simplify the characterization of such bad situations, however, the nota-
tion may seen complicated. We shall therefore present the main arguments
in a step-by-step way. The next two results set up the fundamental ideas
that will help us simplify the problem.

Lemma 10.1. Let s be any complex number and wo, -+ ,wq to be any real
numbers. Let U(x1) be a solution of the ordinary differential equation

i da L
st(xq) = Achl(xl) +1 Z Bjw;u(z1), (10.7)
j=2

then u(x,t) defined by
. d
u(z,t) = estel 2o I (x)

satisfies ((10.5)).
Proof. The proof follows by substitution. The u(z,t) defined above satisfies

9 d
a—ttt = su(z,t) = ee’ 2 witi [sti(z1)]
d
_esteﬂzj QWJ%AC(; +esteﬂzj 2szJHZBw] xl)
7=2

. —d . di d
:AeStenZJZZ“’J% —i—ZB nw])e te ZJ 2 “i% Ta(xr)

d:L’l =2
ou d
= A—x(a:,t) + E Bj(iwj)u(x,t)
1 £
Jj=2

The definition of u(z,t) implies 2 52 v = = iwju for j =2,--- ,d, thus

8u_A7

ot 8x1+§ j(?:c] (108)
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The above proof is quite straightforward. However, it does not tell us
anything about the relation between the original partial differential equation
(10.5) and the ordinary differential equation satisfied by @(x1). Actually,
this ordinary differential equation is obtained through a transformation of
u(x,t). Consider the Fourier transform of u(x,t) applied to the coordinates
x9,-- - ,xq, and Laplace transform on the time variable. Call @(z1,w,s) the
resulting transform, where w = (ws,- -+ ,wy) denotes the Fourier variables.
Then we get:

o d
su(zry,w,s) = Aa—xlﬂ(ml, w,s)+ 1'12 Bjw;u(z1,w, ).
j=2

The difference between this equation and is a subtle one: here w and
s are variables, but in they play the role of parameters. Although
we will use , it is important to keep in Inind that these parameters
contain relevant information about the solution u(x,t). For instance, con-
sidering wy = 0 would yield a solution wu(z,t) that does not depend on the
corresponding variable z9, and we would be studying a (d — 1)-dimensional
problem instead of the original d-dimensional problem. We shall therefore
allow w to be arbitrary, not fixed at any particular value. The parameters
in is related to the initial condition u(z,0). For example, if we con-
sider the solution u(x1) for s = 0, we get a function u(z,t) in that
is independent of time. Solutions that are time independent correspond to
particular initial conditions. In general, given a value for w, the value of s
for which we define 4(x1) will be related to a particular initial condition.

Before stating the next result, we recall from the definition of well posed-
ness that the problem is not well posed if for every pair of constants K
and «, there is a bounded initial condition f(z) such that ||u(t)|| > Ke*| f||
where u(x,t) satisfies and u(z,0) = f(x).

Notice now that for all solutions of the form we have for each
x = (21,22, -+ ,xq), |u(x,0)| = |G(x1)| and therefore ||u(0)|| = ||l
Lemma 10.2. The problem is not well posed if for some s with
Re(s) >0, has a bounded solution U(x1).

Proof. Suppose 4(z1) satisfies for some s with Re(s) > 0, then

d

u(z,t) = e exp(i Z w;x;)t(x)
=2

is a solution to (10.5). Moreover, if u(z,t) is a solution to (10.5)) then so
is wg(x,t) = u(Bz,Pt) for any B > 0. Thus for any fixed g > 0, f(x) =
exp(i 29, w;Bx;)a(Bx1) is a bounded initial condition, for which a solution

to (10.5)) is

d
u(z,t) = esPt eXp(ﬁijﬁxj)ﬁ(ﬁwl) = esﬁtf(ac).

=2
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Let T be fixed. For any K and «, we can find a 8 such that ef(®)5t >
Ke*T. For this 8, f(x) = exp(i Z?:Q wjBx;)0(Bzy) is a bounded initial
condition, and u(z,t) = e*? f(z) is a solution. Moreover,

lu(z, )] = ") f(2)| > Ke™||f(z)ll, Vt < [0,T).
O

Now we have stated a necessary condition for the problem to be ill-posed.
But how does this relate to the boundary operator L? In what follows,
we focus on the characterization of such solutions @(z;) of the ordinary
differential equation that are bounded and correspond to a value of s
with Re(s) > 0, requiring that they also satisfy the boundary conditions.

Collecting the results obtained so far, we conclude that the problem
with boundary condition will not be well posed if for some s
with Re(s) > 0 the problem:

Al d
sti(z) = Aﬁ(x) +13 Bjwji(z), >0, (10.9)
j=2
a!(0) = Lul’(0), (10.10)

has a bounded solution %(x). We have changed now the notation x; by =z,
since the problem is already a one-dimensional one and the variables z;,
j > 2 do not appear. Equations represent, for given w and s, an
initial valued ordinary differential equation for #(z). Since A is a diagonal
matrix with no zero eigenvalue, A~! exists and we may rewrite as:

d
—i(x) = M, (10.11)
where
d
M=A(sI —i)» w;B;),
j=2
is a pXp matrix depending on s and w, but not on z. Let k,(s) (v =1,--- ,p)

denote the eigenvalues of M (they also depend on w but we do not make
this dependence explicit in our notation).
Notice that if ¢, (s) is the eigenvector such that

Moy (s) = ku(s)pu(s),

then the function e (*)%¢,(s) satisfies (10.11)):

L ervle12g,(5) = ()57, (s)

dx
= 14, (5)
= Me””(s)gcqb,,(s).
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In order to characterize the general for in of the bounded solutions of
(10.11)) we make the use of the following result without proof (How to prove
it? Hint: the number of eigenvalues with positive real parts is a continuous
function of w. See Lemma 10.5.4 in [4] for the detailed proof):

Lemma 10.3. For every s such that Re(s) > 0, M has r eigenvalues with
negative real part and no purely imaginary eigenvalues.

We will order the eigenvalues of M such that:
Re[ﬁu(s)] <0, v=1,---,m

Relky(s)] >0, v=r+1,---,p.

Since the eigenvalues of a matrix are continuous functions of the entries
of the matrix, we consider each k,(s) as a continuous function of s. For

Re(s) > 0, the general solution of (10.11)) is of the form:

p
a(x) = Z puem(s)zd)V(S)
v=1

where p, are coefficients to be determined by the initial condition. An
alternative way to write the solution is to use the matrix exponential 4 (z) =

eMta(0).
From the above expression, since Re[x,(s)] > 0 for v > r, it follows that
in order for 4(x) to be a bounded solution of z, p, =0 forv=r+1,--- | p.

Therefore if Re(s) > 0, the bounded solutions of (10.11]) have the general

form

u(z) = ipue“”(s)””gb,,(s). (10.12)
v=1

In addition, we require 4(z) to satisfy (10.10). Note that if we denote,
for each v, ¢!(s) the first » copponents of ¢(s) and ¢'/(s) the last (p — )

components, (10.10)) reduces to:
T
> (@ (s) — Ly (s) = 0.
v=1

which is a r X r linear system for p,. Thus it can be written as

where
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and the matrix Q(s) has the form
Quj(s) = Iy - Lg,;.

Therefore, in order for (10.12) to be a non-trivial bounded solution of
(10.9]), it is necessary that det[Q(s)] = 0, so that Q(s)p = 0 admits a

nontrivial solution. We summarize the result in the following.

Theorem 10.3. If det[Q(s)] = 0 for some s with Re(s) > 0, then the
problem ([10.5)) with boundary conditions (10.6)) is not well posed.

In practical situations, it is often impossible to evaluate an explicit ex-
pression for det[Q(s)] as a function of s, so the verification of the conditions
in the Theorem above is not straightforward. The main difficulty is that one
generally obtains an equation for the eigenvalues k,(s) which also depends
on w and other coefficients, and it may be difficult to characterize which are
the eigenvalues for which Re[k,(s)] < 0. We shall give a detailed example
on how Kreiss theory is applied for a specific problem, but before, we state
without proof the conditions for the problem to be well posed.

Theorem 10.4. Kreiss. If det[Q(s)] # 0 for all complex numbers s with
Re(s) > 0 then the problem (10.5)) and (10.6)) is strongly well posed.

And finally, we have:

Theorem 10.5. Hersch. If det[Q(s)] # 0 for all complex numbers s with
Re(s) > 0 and det[Q(so)] = 0 for some purely imaginary so, then the prob-

lem ([10.5) and (10.6)) is weakly well posed.

As already mentioned, if we consider w; = 0 for all j > 2, then the prob-
lem reduces to a one-dimensional problem. For this case we studied in pre-
vious section and showed that the boundary condition u!(0,t) = Lu'!(0,t)
preserves well posedness. Therefore, it is always true that det[Q(s)] # 0 for
all s with Re(s) > 0 if w; =0 for all j > 2.

As an example, we consider the two dimensional system (d = 2):

Qu_—lOiu_FOliu 0<z<o00
ot\v] V0 1)ox\v 1 0)Joy\v)’ —x<y<o

so that p = 2. Here A is already diagonal and B is symmetric. The number
of left boundary conditions is 7 = 1, and we consider it to be of the form:

u(0,y,t) = lv(0,y,1),

where [ is a real number. The ODE (10.9)) is

(2)= (0 )i () 0] )

>
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And (10.10) becomes
4(0) = 19(0).

In this example A = A~!, so we obtain
(-1 0 o — 0 1w i
. L0 1 iw 0 b
[ —s iw) (4
C\—iw s O

which gives an explicit form of M. The eigenvalues of M must satisfy

[SP Y

KZ(s) = 5% +w?, (10.13)
where s is complex and w is real.

It is clear now that even for this simple example, it is not convenient to
try to express k1(s) = Re[k1(s)] + i[x1(s)] as a function of s such that if
Re(s) > 0 then Re[ri(s)] < 0. Instead, we use the equation which
is satisfied by k1(s).

The eigenvector ¢, (s) satisfies

—s iw) (o] oL
(2 ) () (3)

which gives two linearly dependent equations equivalent to

—(s 4 £u(3)) b1 (s) + iwel! (s) = 0.

Recall that eigenvectors are defined up to a normalization constant, so that
in general we have that:

o1 (s) = iw,
O (s) = s+ ki (s).

Of course for ¢,(s) to be an eigenvector, it must be a nonzero vector.
This rules out the case w = 0, for which x1(s) = —s, ka(s) = s and ¢1(s)
is the zero vector. As already mentioned before, if w = 0 we are reducing
the problem to a one-dimensional one, which is well posed according to the
results of last section.

According to our previous discussion, we have that for any s with Re(s) >
0, the bounded solutions of the ODE are of the form:

() (i)

where Re[ki(s)] < 0 if Re(s) > 0. So far we have not made use of the
boundary condition. Now we want to see is for some s with Re(s) > 0, there

S >
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is a nontrivial solution of the form above which also satisfies the boundary
condition. If so, the problem is not well posed.
Using the boundary condition at x = 0, we get

priw = lp1(s+ k1(s)),

where Q(s) = tw—I(s+£1(s)) is a 1 x1 matrix. The condition det[Q(s)] =0
becomes

iw=I(s+ k1(s)). (10.14)

In other words, the statement that det[Q(s)] = 0 for some s with Re(s) >
0 is equivalent to equations and have a solution (k1(s),s)
satisfying Re(s) > 0 and Re[r1(s)] < 0.

Notice that without the constraint Re[k;(s)] < 0, the solution to both
and may be ka(s), which is not the one giving bounded
solutions to the ODE ([10.9)).

The problem is clearly an algebraic one, we can express as ky(s) =
% iw — s and plug it into . Later we determine whether the solution
corresponds to v =1 or v = 2. We get

2 21
_%_ Illws —|—82:S2 —|—w2,
2i s 1412
= —w )
l 12
So the value of s satisfying both (|10.13]) and ((10.14)) must be
|
Sp=1w )
0 21
And
.12
Ku(Sp) = 1w 57 (10.15)

Since sg is purely imaginary, the first conclusion is that there is no so-

lution to ((10.13) and (10.14) with Re(s) > 0. Thus Theorem does

not apply. The only solution to (10.13) and (10.14) holds Re(sg) = 0 and
Rek,(s9)] = 0. In order to determine whether Theorem or Theorem

10.5]is applicable, we must know if v =1 or v = 2.

As defined above, £, (s) is the continuous function of s which is an eigen-
value of M and such that Re[ri(s)] < 0 < Re[ra(s)] for Re(s) > 0.

In order to determine whether k,(sp) in is k1(sp) or ka(so), we
make a perturbation analysis. Indeed, by the definition of x,(s), we have
for any positive real number o > 0:

Re[k1(so + a)] < 0 < Relka(so + a)]. (10.16)
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Since £, (s) are solutions to (10.13)), then both £, (s) are continuous func-
tions of s, so that for small o > 0,

ku(so + @) = Kky(so) + B,

where |0, ] = |k (S0 + ) — Ky (s0)| is of the order a. We think of perturbing
so along a line so that s, = s + « only differs from sy in the real part, it
may be that 8, = K, (so+ a) — k,(s9) has a nonzero imaginary part. In any
cases, |O,] = O(a), and so |5, will be negligible when « is very small.

The sign of Re(,) will give us the answer of which one is ,(sp), since

by (I0T6)
Re(f1) < 0 < Re(B2).

The eigenvalues k,(so + «) must also satisfy

Ko(so+ @) = (so + a)® + w?,
thus
/83 + 2,8VHV<SO) + K?y(s())z = Sg + 2()580 + CMZ + w27

and since k2(sp) = s2 +w?, neglecting the terms of order O(a?), this yields:
2B,k (S0) = 2a80.

Using (|10.15)) and sg = ﬁwlg—?l, we get

?+1
/By_al2—1

In the last expression we have assumed [ # 1. From this expression we
obtain:

o If |I| < 1, then Re(fB,) > 0 implies v = 2, and therefore the solution

to (10.13) and ((10.14)) is ka(sg). We conclude that det[Q(s)] # 0 for

all s with Re(s) > 0 and therefore the problem is well posed.

o If || > 1, then Re(8,) < 0, so that k1(sg) is a solution to ((10.14)
yielding that det[Q(so)] = 0 for so = ﬁwﬂz—tl. The problem is therefore
weakly but not strongly well posed.

As for the case | = 1, we have sgp = 1w, k,(sg) = 0, so the perturbation
analysis will not give the information about v being 1 or 2. However, the
case [ = 1 turns out to be simple enough so that we can apply the energy
estimates directly and do not have to use Kreiss theory. We show how to
handle this case for periodic boundary conditions instead of general inifinite
domains:

Claim: The problem

(o) = (0 () 6 o) )
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defined in the space domain x € [0,1],y € [0,27] satisfying the periodicity
condition in y:
u(z,0,t) = u(x,2m,t), wv(z,0,t) =v(z,2m,t)
with left boundary condition and right boundary condition given by
u(0,y,t) =1lv(0,y,t), (=1,
U(L Y, t) =0,
is strongly well posed.

Remark 10.1. Periodic boundary conditions on y are assumed in order to
simplify the computations. We have taken the finite domain 0 < z < 1,
which requires a right boundary condition for v (in the same way at we need
a left boundary condition for w at x =0). We use v(1,y,t) = 0 which can be
generalized to the natural condition limy,_, o v(x,y,t) = 0 when we consider
x > 0. This condition ensures boundedness.

Proof. The equations imply
Ut = —Ug + Vy, Uy = Vg + Uy.

Define the energy by

2 1
— / dy/ dx (u2($,y,t) + 112(:E,y,t)> .
0 0

Then we have

1 27 1
~E'(t)= / dy/ dx (uug + vvy)
2 0 0

thus

2 1 2 1
:/ dy/ dx —(ug)m—l—(UQ)gE +2/ dy/ dz [uvy + vy

—/2Tr 2(1,y,t) + u?(0,y,t) +0*(1,y,t) — v?(0,y,t )dy+2/2ﬁdy/ dz[(uv)y).

Plugging in the boundary conditions, we get

21 1
E'(t) = 7/ u2(1,y,t)dy+/ [u(z, 27, t)v(z, 27, t) — u(x,0,t)v(z,0,t)]|dx.
0 0
(10.17)
The first term is non-positive and the second integral vanishes due to y-
periodicity, so E'(t) < 0, proving the claim. O
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When we considered the infinite domains, the integrations were per-
formed on x € R and y € R. In this case we impose the condition:

Jm u(z,y.t) = lm o(z,y,t) =0,
so that in (10.17)) the first term would also vanish.
If imposing

Am u(,y,t) = lm o(z,yt) =0,
then the second integral in also vanishes. In this case we therefore
have that the energy is conserved. Notice that for the finite domain case
with periodicity conditions on y, any right boundary condition of the form
u(1,y,t) = ca constant, will yield well posedness, where now E'(t) < —27c?.
As mentioned at the beginning of this section, Kreiss theory is based on
looking at one boundary at a time, and we can now illustrate how things can
be put together if we consider the general right boundary condition:

v(1l,y,t) = ru(l,y,t).

Then for |r] < 1 and || < 1 the problem is strongly well posed. The case
where either |r| > 1 or |I| > 1 is studied through the Kreiss theory, as we
did before, for one boundary at a time.

Theorems [10.3] and have been extended to more general domains
with variable coefficients. For these problems, it is not yet clear what the
analog of Theorem should be.
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Selected applications

In this section, we list a few selected applications.

11.1 TV norm minimization and Poisson equation

The Laplacian operator emerges in many classical and popular optimization
algorithms for total variation (TV) norm minimization problems. As an
example, we will consider the TV norm minimization for image denoising [10
11]. All derivatives in this section should be understood as weak derivatives
as in Chapter

11.1.1 Continuum ROF image denoising model

Consider a rectangular domain Q = [0,1] x [0, 1], and a function u(z,y) €
H'(Q), which represents an image with infinite resolution. Then its total
variation is defined as

Jullry =[] 1Vuldedy,

where Vu = (ug, uy) and |Vu| = y/|ug|? + |uy|2. With L?-norm as ||ul| 2 =
\/ [Jq lul?dzdy, for a given a(x,y), the ROF (Rudin, Osher, and Fatemi,
1992) model [10] is to minimize (over u in a proper function space)

1
lellzy + 5N — a2,

where A is a fixed parameter.

The function space that the minimizer should belong to, is a subspace of
H'(Q) with suitable boundary conditions. For instance, periodic or homo-
geneous Dirichlet boundary conditions make sense for MRI images, but not
for a generic image. For convenience, for a generic image, we just consider
homogeneous Neumann boundary conditions, which will naturally emerge

261
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Figure 11.1: Periodic or zero bounary conditions are suitable for MRI im-
ages, but not for a generic image.

in the discrete setup as will be seen in the following subsections. See Figure

I
To this end, we define

H={uc H(Q): Vu-n|spg = 0},

where n is the unit normal vector of the boundary 0f2.
The gradient operator V is a linear mappping, and we use an abstract
name for it K = V:

K=V:H —V=(L*Q),L*N))
u— Vu = (ug, uy)

To understand the adjoint operator of KL = V, we need the H (div)-space:
H(div) = {aq = (¢',¢°) € (L*(Q), L*()) : V- (¢',¢°) € L*()} C V.
Remark 11.1. Elements in H(div) are not necessarily in H'(Q2). For in-
stance, let f(x) = {1’ iig, then q(z,y) := (0, f(x)) is in H(div) but

flz) ¢ HY(Q).

The divergence operator V- is a linear mapping from H (div) to L?(Q2).
If we assume suitable boundary conditions for smooth q, then K* = —V- is
the adjoint operator of K = V since

)

(Ku,q) := //Q Vu-qdzdy = — //Q uV-qdzdy = (u, —V-q),Vq € (CF(Q),CH(Q)).

11.1.2 Discrete ROF model

Consider an image of size n x n, corresponding to domain [0, 1] x [0, 1]
and a uniform grid z;,y; = (j — 1)h, j = 1,--- ,n with h = 2=, Notice

n—1-°
that an image does not have any necessary association of a domain of size




11.1. TV NORM MINIMIZATION AND POISSON EQUATION 263

[0,1] x [0,1], and this assumption of domain [0, 1] x [0, 1] should not affect
the final implementation.

Recall that D is the finite difference matrix approximating first order
derivative, then we have

Now for a bivariate function u(x,y), let U be a 2D array with U(j,i) =
u(x;,y;), then

1 1
U%u:vflﬁ%um DU ~ uy.

Remark 11.2. We may also choose the notation U(i,j) = u(x;,y;), then
+DU =~ ug.

For function u(z,y) and a(z,y), we have

ullry = 32 3702 g (e, )2 + Ly (2,97) 2

L

lu—all72 = > > B, y;) — alas, y;))>.
J

Introduce U, := %UDT and U, := %DU. Let A be a 2D array with
A(j,1) = a(x;,y;), then the discrete ROF model is

UE]R" Xn

i XY (120G + U + 2N G, )~ AG P

= min 573 (m/IUDTIG0? + DU + RNV — AGDPE )
i

Notice that its minimizer does not depend on the choice of h if A = %
for some constant C'. An image has no physical grid spacing anyway, so h
should be arbitrary, for which we should take A = % In practice, C' = 10

usually produces a reasonable result. See Figure and Figure[11.3

11.1.3 Primal, dual and primal-dual forms

Using all notation above, the discrete ROF model can be written as

min f(KU) +g(U), (11.1a)
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(a) Noisy Image by C=4

Figure 11.2: ROF solutions using isotropic TV-norm with different A = %

where K = Vj, : R"*" — R2("*") ig a linear mapping

KU)=V,U = %(UDT,DU), (11.1b)
and
F(P.Q) = 3o\ P2(i.g) + Q¥(id). 9(U) = XY WU 5) — alii )P

(11.1c)
It is straightforward to verify that the adjoint operator of K is given by

o V- RQ(nxn) —y RXn
1
h

The convex minimization (11.1a)) is called primal form. To solve (|11.1a]),

(P,Q) — +(PD+D"Q)



11.1. TV NORM MINIMIZATION AND POISSON EQUATION 265

(a) Noisy Image

Figure 11.3: ROF solutions using isotropic TV-norm with different A = %

equivalently we can solve its dual form

— min f*(P)+ ¢ (—K'P). (11.2)
PcR2(nxn)
Both and are also equivalent to the primal-dual form:
min  max (KU,P)— f*(P)+ g(U), (11.3)

UeRnxn pcR2(nxn)

Recall that the minimizer U* to and the minimizer P* to (|11.2)
are related via the optimality condition in the primal-dual form in the pre-
vious chapter. To recover the physical image U from P, we need the relation
obtained from the Legendre transform of ¢g(U):

0€ K*P+9g(U),
which gives .
0=IC*P+)\(U—A)=>U=A—XIC*P.
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11.1.4 ADMM and Douglas-Rachford splitting

Both alternating direction method of multipliers (ADMM) (Glowenski and
Marrocco 75) and Douglas-Rachford splitting (Lions and Mercier 79) are
popular and successful splitting convex minimization algorithms, and they
are equivalent in the following sense:

ADMM on primal < Douglas-Rachford on dual,

ADMM on dual < Douglas-Rachford on primal.

The ADMM method is for solving min f(z) + g(y) under the linear con-
straint Az 4+ By = b, and it is given as

Tpy1 = argmin, f(2) + g(ye) — (A, Az + By — b) + gl!fh: + By — b|?

Yre+1 = argming f(vg41) + 9(y) — (A, Azg1 + By —b) + gHAkarl + By —b|?
Mt = argmay f(oe1) + 9(041) = O Az + Bues =) = A= Ml
where A is the Lagrangian multiplier and 5 > 0 is a step size.

11.1.5 Discrete Laplacian in ADMM on primal
By plugging in the linear constraint Ax 4+ By = b as —P + KU = 0, ADMM
applied on f(P) + ¢g(U) in the primal form (11.1a)) becomes
Pesr = argming [(P) + g(Us) — (A, ~P + KU + 1| = P+ KU ?
Uk41 = argming f(P41) + 9(U) — (A, =Prp1 + KU) + g” — Pry1 + KU|?
1
A1 = argmaxy f(Pr+1) + 9(Uk+1) — (A, =Pry1 + KUgqa) — %”)\ — A%
To implement the second line, by ignoring constants, we consider
i1 = argmiingg(U) — (M KU) + 2 U — Py 2

Notice that g(U) is a simple quadratic function, thus the minimizer is ob-
tained by finding critical point, for which we need to take derivative of
IKU — Pri1|)? wrt. U:

)
@UCU — P 1, KU — Piyy) = K2(2K*KU — 2K*Pjyq).

So the second line can be equivalently written as

AUpy1 — A) = KN + B KUp 11 — 2K Py =0
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which is
(M + BK*K)Ugy1 = —AA + K\ + 2K Ppyq.

Notice that K*K = —Ap is precisely the discrete Laplacian with purely
Neumann boundary conditions, and A\l — A} can be inverted similar as in
Chapter [2| (notice that eigenvalues of A\I — BA}, are strictly positive).

11.1.6 Discrete Laplacian in Douglas-Rachford on the dual

Though ADMM on the primal problem is mathematically equivalently to
the Douglas-Rachford splitting on the dual problem, the Poisson equation
arises in a seemingly very different manner.

Using notation in this section, for the TV-norm denoising problem of a
2D image B € R™*"™, the primal problem is equivalently written as

A
i Z|U - B2
yhin (KUl + 2 IU = Bl

where ||-||r is the Frobenius norm for a matrix |U—B||r = \/Z” \U(4,5) — a(i, 7)]?
and the 1-norm for a pair of matrices V = (P, Q) is

F(V) = [[(P,Q)ll = 3 /P(i.3)? + Q0. )

%,J

The convex conjugate of F(V) is
F*(V) = > 4p(idp+Qas<1y
0]

Up to a constant shift, the dual problem can be written as
h A
min (V)+2)\HICV . %
Problem 11.1. Derive the dual problem.

The proximal operator of F* can be easily computed as the projection
to the unit ball for each entry (i, j).
Now consider the proximal operator of the function

O P
(V) = oIV = 2B,

which is written as

Cho A 1
Prox.. (W) = arg\r{mn ﬁHIC V- EBH%» + %HV — W%

Let V = argmin, then the critical point equation gives

h 1
haov-2py+ L

V-W)=
3 ; t )=0
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1 h 1
= (-I+ -KK*)V =KB + -W.
noA n
We need to solve V in an equation in the form

KK*V 4+ 8V =F

where § = %h and F = n LB+ W is some known vector field. At first glance,
this corresponds to an equation

V(-V.p)+pp=f,

which is a harder equation to solve due to the mixed second order derivatives,
compared to the Poisson equation.

However, to solve this seemingly difficult equation, we can just compute
(—Ap + BI)~Y, mainly due to a simple linear algebra fact:

Lemma 11.1. For a linear operator K : R"*" — R2("*")  gssume K*K
has an inverse or a right pseudo-inverse (K*K)™1, then the solution to the
equation IKK*V + BV = F can be written as

V = —[F - K(BL+ K*K)'K*F].

™| =

Proof. The kernal of K* is orthogonal to the range of IC (column space of a
matrix K is orthogonal to the left null space of K), thus

R "™ — Kernel(K*) @ Range(K),

which implies a very useful fact (corresponding to Helmholtz decomposition
for suitable vector fields):

V=KW+G=V,IW+ G, where G € Kernel(K*), ie., Vj-G =0.

Apply K* to both sides of the equation, we can first solve for W as
follows

K*KK*V + KTV = K*F = K*V = (1 + K*K)"LK*F,
V=KW+G = KV = K*(KW+G) = W = (K*K)"'K*V = (K*K) " (BI+K*K) " LK*F.

Then we can solve G by

KK*(KW + G) + B(KW + G) =F = G = —[F — KK*KW] — KW.

™|

Finally we get

V=KW+G=—[F-KK'KW] = =[F — K(BT + K*K) "' C*F].

|
| =

O]

Remark 11.3. It is not a surprise that the seemingly more difficult equation
V(=V-p)+Bp = f can actually be solved by computing (—Ap+B1)~L, since
the Douglas-Rachford splitting on the dual problem is equivalent to ADMM
on the primal problem, which involves solving (—Ay, + BI)~1.
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Appendix A

Linear algebra

A.1 Eigenvalues and Courant-Fischer-Weyl min-
max principle
Notations and quick facts:
o AT denote the transpose. A* denote the conjugate transpose of A.

e A matrix A € C™*" is called Hermitian if A* = A. Any Hermitian
matrix A has real eigenvalues A\ > Ao > --- > )\, with a complete set
of orthonormal eigenvectors.

e Any real symmetric matrix has real eigenvalues A\y > \o > --- > A\,
with a complete set of real orthonormal eigenvectors.

For a Hermitian matrix A, Rayleigh-Ritz quotient is defined as

z*Ax

x*x

RA(QL') , xeC"

Theorem A.1 (Courant-Fischer-Weyl min-max principle). Let \; and A,
be the largest and the smallest eigenvalues of a Hermitian matriz A, then
for any vector x € C",

x*Ax
)\n < < )\17
rrr
*A
Ap = min L x’
EI A
x* Ax
A1 = max ———.
R
Proof. Let {v; € C" : j = 1,---,n} be orthonormal eigenvectors of A

n
then they form a basis. Thus x = > a;v;. Let V be a matrix with
=1

columns as v; and a be a column vector with entries a;. Then x = Va and
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n
z*r = a*V*Va=a*a= Y |aj|*>. Let A be a diagonal matrix with diagonal
j=1
n n
entries A\j. We have Av; = \jv; thus Az = > a;Av; = ) ajAjv; = VAa.
j=1 j=1
n
Thus z* Az = a*V*VAa = a*Aa = Y \j|a;|?>. The min-max principle holds
j=1

because
n n n
Ao Y lai? <D N laP <A ag).
j=1 j=1 j=1

Obviously, the minimum is attained when x = wv,, and the maximum is
attanned when x = vy. O

A.2 Singular values

For a matrix A € C"™*", let A* denote the conjugate transpose of A. Then
A*A and AA* are both positive semi-definite (or definite) Hermitian matri-
ces thus have real non-negative eigenvalues, denoted as A\;(A*A) and \;(AA™)
ordering by magnitudes.

The matrix A has | = min{m, n} singular values, defined as

0i(A) = \JAi(A*A4) = /(A4

The singular values are defined for any matrix A and are always real non-
negative. Eigenvalues are defined for square matrices and are not necessarily
real.

A.3 Singular value decomposition

Theorem A.2. Let | < min{m,n}. Any matriz A € C"™*" of rank k has a
decomposition A = UXV™* (singular value decomposition (SVD) where
U of size m X1 and V' of size n x | have orthonormal columns and X of
size I x 1 is diagonal matriz with singular values of A. It also has a compact
decomposition A = U131V, (compact SVD ) where where U of size m X k
and V' of size nx k have orthonormal columns and 31 of size kX k is diagonal
matriz with nonzero singular values of A.

Proof. Assume n < m, we consider the matrix A*A (if n > m, similar
procedure for AA*). The matrix A*A is positive semi-definite Hermitian
thus has non-negative real eigenvalues with a complete set of orthonormal
eigenvectors. And A*A has the same rank as A (why? good excercise to
figure it out), thus A* A has k nonzero eigenvalues. Let D be a k x k diagonal
matrix with all nonzero eigenvalues of A*A as diagonal entries, and V be a
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n X n matrix with orthonormal eigenvectors as columns. Then

aeav[2 ).

Let V' = [V} V3] corresponding to nonzero and zero eigenvalues, then
VIl o« _|D 0
Vi a7 3]
By multiplying matrices in the left hand side above, we get
VI"A*AVy = D, VyA*AV, = 0.

Recall V' = [V} V5] has orthonormal columns thus VV* = I, which implies
Ve + Wiy =1.

Next, since V5 consists of eigenvectors to zero eigenvalue of A*A, we
get A*AVo = 0 thus V5A*AV, = 0. So we must have AVo = 0 because it
contradicts with V5"A* AV, = 0 otherwise.

Let Uy = AVlD_% where D32 is defined as taking square root for diagonal
entries of D. Then

U\D2Vy = AWV = A(I — VaVif) = A — (AV)Vy = A.

The decomposition A = UlD%Vl* is exactly the compact SVD. Pick any U,
of size n x (n — k) such that U = [U; Uy| is a unitary matrix and define ¥

of size n X n as
s_|D* 0]
0 0

then A = UXV is the full SVD. O
From the proof above, we get the following facts:
o The columns of V' (right-singular vectors) are eigenvectors of A*A.

The columns of U (left-singular vectors) are eigenvectors of AAx.

A real matrix A has real singular vectors.

Let u; and v; be i-th columns of U and V' corresponding i-th singular
value 0;(A), then

AUZ‘ = O;U; A*ui = 0;V;.
?

The rank of A is also the number of nonzero singular values of A.
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e The compact SVD of A looks like this:

A= Elm

01

with
Y=
Ok

It is a convention to order o; in decreasing order: o1 > 09 > - -+ > 0.

o For a Hermitian (or real symmetric) positive semi-definite (PSD) ma-
trix A and its SVD A = UXV* we must have U = V, thus its SVD
A = UXU* is also its eigenvalue decomposition. Therefore, singular
values are also eigenvalues for PSD matrices.

A.4 Vector norms

T
Fora;:[acl To - xn} :

n
o 2-norm: ||z|| = \93|?
\/ /=1

n
o I-norm: ||z||1 = X |x|;.
=1

o 00-norm: ||z||cc = max; |x|;.

A.5 DMatrix norms

For a rank k matrix A = (a;;) of size mxn, assume its SVD is A = UXV with
T
nonzero singular values o1 > 02 > --- > 0. Let 0 = {01 oy -+ Ok

There are many norms of matrices. The following are a few important ones:

o Spectral norm: ||A]l is defined as ||A| = max Az (x € R™ for real

zeCn 112
matrices) and ||A| is equal to the largest singular value of A. By

Courant-Fischer-Weyl min-max principle Theorem

| Azl | Az||2 o A* Az
= =< A*A).
el =\ Tl vz = VA

By taking x = v, the eigenvector of A*A corresponding to A\ (A*A),
we get [|Al| = /A1(A*A) = 0.
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3

|lai;j|2. We have ||A||lp =
1

o Frobenius norm: |A||rp = tr(A*A) =

|lor|| because

)

n
1=

Il
—

|Allp = \Jtr(V*SU-USY) = \/tr(V*£2V) = \/tr(VV*E2) = [ 07,
J

where we have used the property of trace function tr(ABC) = tr(CAB)
for three matrices A, B, C' of proper sizes.

o Nuclear norm: ||A|l« = 01 + o2 + - - - 0. Then the nuclear norm of A
is simply ||o||;.

o Matriz 1-norm: ||A|; = max Az, (x € R™ for real matrices). Since

zeCn Nzl
Az is a linear combination of columns of A, therefore ||Ax||; for ||z||; =

1 is less than or equal to a convex combination of 1-norm of columns
m
of A thus [|All; = max ) |asjl.
Joi=1

o Matriz co-norm: ||Allcc = max lAz]loo (x € R™ for real matrices). It

weCn Nzl

n
is easy to show ||Aljcc = max Y |a;j|.
toj=1

Useful facts:

o For a matrix norm [|A[| induced by vector norms such as spectral
norm, 1 — norm and oo-norm, by definition we have

Az < fI-All -
Since [[ABz|| < [[All - [| B[l < [I[A[l - [ BII - ll]l, we also have

ABI| < 1Al - 1Bl

o For a matrix norm || A[| defined through singular values such as spec-
tral norm, Frobenius norm and nuclear norm, it is invariant after uni-
tary transformation: let 7' and S be unitary matrices, then ||A]| =
IITAS||. Notice that TAS = (TU)X(V*S) is the SVD of T'AS, so
T AS has the same singular values as A.

A.6 Normal matrices

A matrix A is normal if A*A = AA*. The following are equivalent:

o A*A=AA*.
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. oi(4) = (A

e A is diagonalizable by unitary matrix: A = UAU* where A is diago-
nal. (Obviously, A = UAU* is also its eigenvalue decomposition. In
other words, A has a complete set of orthonormal eigenvectors (but
eigenvalues could be negative, could be complex). If A has negative
or complex diagonal entries, then A = UAU™ is not SVD and its SVD
has the form A = U|A|V* where |A] is a diagonal matrix with diagonal
entries |A|. )

The equivalency can be easily established by SVD. All Hermitian matrices
including PSD matrices are normal. Here is one non-Hermitian normal
matrix example: a matrix A is skew-Hermitian if A* = —A. Skew-Hermitian
matrices are normal and always have purely imaginary eigenvalues.



Appendix B

Taylor expansion

Lemma B.1 (Second-order Mean Value Theorem). Suppose that I C R is
an open interval and that f(x) is a function of class C* (f"(x) exists and
is continuous) on I. For a € I and h such that a + h € I, there exists some
0 € (0,1) such that

2
fla+h) = f(a)+ hf'(a) + %f”(a—i— 6h).

Proof. Consider gi(x) = f(z) — f(a) — (x — a) f'(a) then g1(a) = g} (a) = 0.
Define

2
r—a
@) = (@)~ () qala+ ),
then g(a) = ¢’(a) = g(a + h) = 0. By Mean Value Theorem , we have
g(a) =gla+h) =0= g¢'(a+ ah) =0,
for some « € (0, 1). Use Mean Value Theorem again on ¢'(a) = ¢'(a+ah) =
0, we get g”(a+6h) = 0 for some 6 € (0, ). Since ¢"(z) = f"(z) — Zg1(a+
h), ¢"(a+ 0h) = 0 implies that we get the explicit remainder for the second
order Taylor expansion as g;(a + h) = %Qf”(a + 6h). O

Theorem B.1 (Multivariate Quadratic Taylor’s Theorem). Suppose that
S C R™ is an open set and that f : S — R is a function of class C? on
S. Then fora € S andh € R" such that the line segment connecting a and
a+ h is contained in S, there exists 6 € (0,1) such that

1
f(a+h)=f(a)+Vf(a)-h+ 5th%f(a. + 6h)h.
Proof. Define g(t) = f(a+ th). By Lemma on ¢(t), there is # € (0,1)
s.t.
1
9(1) = 9(0) + ¢'(0) + 59" (0).

By chain rule, we have ¢'(0) = Vf(a) - h and ¢"(0) = hTV2f(a + 6h)h,
which complete the proof. O
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Appendix C

Convex functions

Consider a function f: R"™ — R and any z,y € R"™ and any ¢ € (0,1).

f(z) is called convex if f(tz + (1 —t)y) < tf(z)+ (1 —1t)f(y).
f(z) is called strictly convex if f(tz + (1 —t)y) <tf(x)+ (1 —1)f(y).

f(x) is called strongly convex with a constant parameter m > 0 if

m
— —t

fltz+ (1 —t)y) <tf(z) + (1 =) f(y) - St =)z - yll*.

f(x) is (strictly or strongly) concave if —f(x) is (strictly or strongly)
convex.

East to verify that f(z) is strongly convex with m > 0 if and only if
f(z) — 2|z||? is convex. Strong convexity with m = 0 is convexity.

A convex function by definition satisfies the Jensen’s inequality:

flarx + agy) < ai1f(x) +azf(y), Vai,az >0,a1 +ag = 1.

A convex function does not need to be differentiable, e.g., the single
variable absolute value function f(x) = |z|. If a single variable function is
continuously differentiable, then being convex (concave) simply means that
the derivative f’(x) is increasing (decreasing), i.e., [f'(y) — f'(z)](y —z) > 0.
If twice continuously differentiable, then convexity simply means f”(z) > 0
(Hessian matrix V2f(x) is positive semi-definite for multivariable case).

Lemma C.1. Assume f: R"™ — R is continuously differentiable. Then the
following are equivalent definitions of f(z) being convex:

f@) > fly) +(Vf(y),z—y), Va,y.
(Vi(y) = Vf(x),y —x) >0, Va,y.
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If replacing > with > above, then we get equivalent definitions for strict
convezity. For strong convexity with parameter m > 0, the following are
equivalent definitions:

o f@) = fy)+(Vfy),z—y)+ Bz -yl V.
o (Vf(y) —Vf(x),y—z)>mle—y|?* V.

Proof. We only prove the equivalency for strong convexity, since convexity
is simply strong convexity with m = 0 and discussion for strict convexity is
similar to convexity.

First, assume f(x) is strongly convex, then f (ta: + (1 -ty <tf(z)+
(1 1)S(y) 51— Dle — yl? > HEWT0 < gy py) 21
)z — yll*. Let g(t) = f(tz + (1 —t)y) then 9( ) f(y) and ¢'(t) =
Vitr+ (1 —-t)y) ' (z—y) = (Vf(tz + (1 —t)y),z —y). By the Mean Value

)

, there exists s € (0,t) such that ¢'(s) = M. So

= 90-90) — g/(s) = (Vf(sz + (1 — 5)y), 2 — y) thus

Theorem on g(t
fz+(1=t)y)—=f(y)
i

(Vi(sw+ (1= s)y)a—y) < fla) = fly) = A==yl

Let t — 0 then s — 0, we get f(z) > f(y) + (Vf(y),z —y) + Bz — y||%

Second, assume f(z) > f(y)+(Vf(y), z—y)+ 2|z —y|*. Then combing
with f(y) > f(z) +(Vf(2),y — z) + Flz —y||*, we get (VF(y) = Vf(z),y -

z) = mllz -yl

Third, assume (Vf(y) -V f(z),y—z) > m|z—y|/?. Let z; = tz+(1—1)y,
then
(Vf(@e) = VI(y)ze—y) > mllz -yl
thus
(Vf(te + (1 —t)y) = VI(y),tx —y)) = mt®|z -y,
and
(Vf(tz+ (1= t)y),z —y) = (Vf(y),x —y) + mt|z -y
Consider g(t) = f(tz + (1 — t)y), then

1 1 1
| gt = [(Vitar-ty.a-ydt > [ (VI).o-y)rmtlo—y|?)dt
0 0 0

= (Vi) —y)+ e =yl

So f(z) = f(y) = 9(1) — 9(0) = (Vf(y). —y) + Tz — y[*.
Finally, assume f(z) > f(y) + (Vf(y),z — y) + 2|z — y||*>. Let z, =
tr + (1 —t)y, then

f(@) 2 flae) + (VS (@n)x —w) + F e - ],
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Fy) = ) + (Vo) y —2) + 5y —

Combining two inequalities with coefficients ¢ and 1 — ¢, we get f(tz + (1 —
tyy) < tf(x) + (1 —t)f(y) — Tt —t)]lz -yl N

Lemma C.2. Assume f : R®™ — R is twice continuously differentiable
(second order partial derivatives exist and are continuous).

o f(x) is conver if V2 f(x) > 0 (Hessian matriz is positive semi-definite)
for all x. This is also a necessary condition for single variable func-
tions.

o f(x) is strictly convex if V2f(x) > 0 for all x. This is not necessary
even for single variable functions: f(x) = a* is strictly convex but
1" (xz) >0 is not true at x = 0.

o f(x) is strongly convex if V2 f(x) > mI (V?f(x)—ml is positive semi-
definite) for all x. This is also a necessary condition for single variable
function.

Proof. Apply Multivariate Quadratic Taylor’s Theorem (Theorem [B.1)), we
get

(@) = F) + V@) (@ —y) + =y — )TV (y + 0z)(z — y), 0 € (0,1).

5(
Strong convexity is proven by Lemma and the fact that

lz — 5%

V2 f(y+0z) > ml = %(w —y)' Vi fly + 0x)(z —y) > %

Convexity and strict convexity are similarly proven. O

Problem C.1. In gas dynamics, governing hydrodynamics equations are
defined by conservation of mass p, momentum m = (mg, m,, m;) and total
energy E. The pressure is defined as p = (y—1)(E — %@) in equation of
state for for ideal gas where v > 1 is a constant parameter, e.g., v = 1.4 for
air. Regard p as a function of conservative variables p, my, my, m., E, verify
that p(p,m, E) is a concave function for p > 0 thus satisfies the Jensen’s

inequity:

P P P P
plar lm| +ax | m| | <aip| |m| [Faep| |m]| |, a,a2>0,a1+az =1
FE ) FE FE

Hint: show the Hessian matrix is negative definite. Start with an easier

problem by considering 1D case: p= (v —1)(E — %%2) where m is scalar.
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Appendix D

Sobolev Spaces

D.1 Poincaré inequalities

Theorem D.1. Assume 2 C R"™ is a bounded open set. Then for any
u € Wol’p(Q) with 1 < p < n, we have

lullLa@) < ClIVull Lo,

for each q € [1,p*] (p* = n’%), where the constanc C depends only on
p,q,1, 8. In particular, for all 1 < p < +o0, we have

[ull Loy < ClIVulle) Yu € WyP(9).
Also, for p =2, we have
lull 20 < ClIVull L2y,  Vu € Hy ().

Theorem D.2. Assume 2 C R™ is a bounded connected open set and its
boundary OS2 is C1. Then for any u € WHP(Q) with 1 < p < 400, we have

|u — [y < Cl|Vullpr ),

where 4 = ﬁ Jo udx is the average of w.
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