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✗ i = - 412s
- 1) -15s = -3s -14



Math 26500 - Zecheng Zhang, Spring 2022

Section 1.4 The Matrix Equation Ax = b

Definition: Matrix vector product
If A is an m⇥n matrix, with columns a1, · · · ,an, and if x in Rn, then the product of A and x,
is the linear combination of the columns of A using the corresponding entries in x as
weights, that is

Example 1: Use the definition to compute


1 3 �4
4 5 2

�2

4
1
2
1

3

5

Row-Vector Rule for Computing Ax:
If the product Ax is defined, then the i th entry in Ax is the sum of the products of
corresponding entries from row i of A and from the vector x.

Example 2: Use the Row-Vector Rule to compute


1 3 �4
4 5 2

�2

4
1
2
1

3

5

.

Theorem:

1

A= fat , - . - Fin 1, Ai . . . an C-1km
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✗ 1- IN
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unit:p
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vector 4
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the first
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got A 1--3

and entry of AX, [ 4 5 2] ( Y ) = 4 . It 5-21-2-1 = 16
Yow 2 of
A -
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If A is an m⇥n matrix, u and v are vectors in Rn, and c is a scalar, then:

1. A(u+v) = Au+Av

2. A(cu) = cAu

Theorem: Three equivalent ways of representing a linear system
If A is an m⇥n matrix, with columns a1, · · · ,an, and if b in Rm, the matrix equation

Ax = b (1)

has the same solution set as the vector equation

x1a1 + x2a2 + · · ·+ xnan = b (2)

which has the same solution set as the system of linear equations whose augmented
matrix is

[a1 a2 · · · an b] (3)

Example 3: Write the system first as a vector equation and then as a matrix equation.

5x1 +3x2 �2x3 = 0
x2 +6x3 = 9

Example 4: Let A =


�3 �4
12 16

�
, b =


b1
b2

�
. Show that the equation Ax = b does not

have a solution for some choices of b, and describe the set of all b for which Ax = b
does have a solution.

2

→ scalar

the solution of it :

vector ✗ C- 1k
" which

solves A✗ = b.

AT : coeff of × , in
each elf"""

"

vector equation .
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>

=/ ; /
Tri : coeff of ✗i in each efn .

A ✗ = b ,ai -- (E) matrix

A-=/ai
'
ai
' 5) =/ so ? I / efuatim.

a¥= (F) b-- l ;)



by the theorem, we can
solve the augmented form ,

'

[ A b) = [
-3 -4 bi

12 16 bz
]

Find the solution of the system whose augmented matrix

is [ A Ñ] ✗I
bas:c

×,
is free

to

[
-3 -4 big €44

-1122

[
⑦ -4¥ REF

0 0 44th④
°

-

by
theorem in 1.2

, the system has a solution

if 4 bit bz= 0 .

Now set ✗2=5 ( free)

from the 1st row -3×1 - 4×2 = b ,

-3×1 = -145-1 b ,

✗1=-1-314 stbi )



Math 26500 - Zecheng Zhang, Spring 2022

Theorem:
Let A be an m⇥n matrix. Then the following statements are logically equivalent.

1. For each b in Rm, the equation Ax = b has a solution.

2. Each b in Rm is a linear combination of the columns of A.

3. The columns of A span Rm.

4. A has a pivot position in every row.

Example 5: Let v1 =

2

4
0
0
�1

3

5, v2 =

2

4
0
�1
3

3

5, v3 =

2

4
2
�1
�3

3

5. Does {v1,v2,v3} span R3?

3

7

→ a- lai, ai,
- .
-

,
a-is

⇒
For anyb→ c- 1h? -

there exist ✗i , -4 , - - - ✗n

such that .

I = xia-itx.int . . -txnñi

this is point -413 in the theorem

so we Cran use point 1=14 to check.

A-- I v7 v5 v5 } = (
0 0 2

0 - I -1 )
-I 3 -3

i€, (
⑦ 3 -

3)
REF

a ① -1
12, & ¥3 u o ④

we need to check
, if there is

a leading entry

in each row .

by the theorem, fv, v2 us / spun
IÑ .

✗


