Math 26500 - Zecheng Zhang, Spring 2022

Section 1.8 Introduction to Linear Transformations

A matrix equation AX = b can be thought of the matrix A as an object that “acts” on a
vector x by multiplication to produce a new vector called Ax.

Definition: A transfofmation 7' from R” to R is a rule that assigns to each vector x
in R” a vector T'(x) in R™. Denote by 7 : R" — R™.  —

The set R” is called the domain of 7, and R is called the codomain of 7. For x in R",
T(x) is called the image of x. The set of all images T (x) is called the range of 7.
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Example 1: LetA = [2 0] , and define T : R? — R? by T'(x) = Ax. Find the im7!es 2 vtt\ﬂ'
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Remark: If A is an n X m matrix, solving the equation Ax = b amounts to finding
all vectors x in R” that are transformed into the vector b in R™ under the “action” of
multiplication by A.
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Example 3: The trasnformation 7' defined by 7' (x) = Ax, find a vector x whose image
under T is b, and determine whether x is unique.
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efinition: A transformation 7 is linear if:

'io foo~ e (vst Y‘OQ
st 3‘0 -‘) XS‘)-

1 T(0)=0 ¥ [y =

2T cu—l—dV =cT(u —I—dT v
( 3\ 1,0 l’ Va ) = C\T“" I 6T = 541
for all scalars c, d and al u V1nt e domaln of T. 4 CMT(UD”

Il T(a+v)=T(u)+T(v)) for all u,v in the domain of 7,
2 T(cu) = cT(u) for all scalars ¢ and all u in the domain of 7|.

Facts: If T is a linear transformation, then
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Example 4: Lete; = [(1)} , € = [(1)] ¥ = E] ,and y, = [_61} ,and let T : R? — R?

be a linear transformation that maps e; into y; and maps e; into y,. Find the images of
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Example 5: Let 7 : R” — R” be a linear transformation, and let {v{,v,,v3} be a
linearly dependent set in R”. Explain why the set {T(vy),T(v2),T(v3)} is linearly

dependent.

=) -2 9. -,
14 Wi G o ey Jop, 5 [Tw T Tw)
yhore exs G L § wet dll o\ \'\wla Jn‘?.
uvo. SV‘“ ‘“0\“*'

D 9 -
Wit Lt =0

- . o
TICW * GR (@)

(,.(.‘51“1' - o
P2 L T@)* QT ‘3Tl§)

O Ve
L,\’ ‘“"“ *}\\\ALN\N 0’( “\Q
\‘M.v Q}Q\’ < vuh“ b}




