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Section 1.9 The matrix of a linear transformations

Example 1: The columns of I, = [(1) (1)] are e; = [(1)] and e; = [(1)] . Suppose T is a

5 -3
linear transformation from R? into R? such that T(e;) = |—7| and T(e;) = | 8
2 0
With no additional information, find a formula for the image of an arbitrary x in R>.
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The orem Let T : R" — R™ be a linear transformation. Then T ‘u) ad C‘

there exists a unique matrix A such that X ("T “’h) ,

T (x) = Ax, for all xin R"
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In fact, A is the m x n matrix whose jth column is the vector T'(e;), where e; is the jth
column of the identity matix in R":
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The matrix A in (1) is called the standard matrix for the hnear transformation 7.
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Example 2:

(DFind the standard matrix A for T : R> — R? is a vertical shear transformation that
maps e into e; — 3e; , but leaves e, unchanged.
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(2) Find the standard matrix A for the rotation transfoymation that rotates each point R?
about the origin through an anl.ge O.(tounkr= dotie wite)
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Example 3: Assume that T is a linear transformation. Find the standard matrix of
T : R?> — R? first reflects points through theiggrigmsmss; and then reflects points

Geometric interpretations: See Table 1-4. - (

through the line x; = x;. T x| 0YXS TL
st L Gep -

EN e -

e - ( o T g ) x>

- -
X T\ (@;l) = ¢
4(’/-j)

‘T‘_ted = e,

" 1e):a=)

PYY,

— 0
‘”)o’\n)



L (E:) — o =
Ry e = = -0
_a (o»\’ ﬁ‘_x' T" &) (.4. ) [ 2

29 T e () - &

MV gh patix - Az LTI, T&]

[} o)

(Ol"‘)

QY ut T = o lnger frtns{Winat on il Hhe bl

Mﬂx A= T_,a;b aiic‘g ghoda (a YO ‘FJWQ
ei- () €~ ‘ )

Cla 1 4)_ .
210 TEI)TEE -0
des%nl-“‘)_‘, 3\'(3)_ +3(




Math 26500 - Zecheng Zhang, Spring 2022 )

o chowe

Definition:

is onto if each b in R™ i li the image of at least one x in

1. A mapping T : R" —
R". This is an ex1stense questlon L W 'Q choe - W
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2. A mapping T : R" — R"™ is one to one if each b in ]Rm is the image of at most
one x in R". This is a uniqueness question. ( \V\)d:\ e
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Theorem: Let 7 :R" — R" be a ransformation. Then T is one-to-one if and
only if the equation 7' (x) = 0 has onty the trivial solution.
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Theorem: Let7 : R" — R™ be a linear transformation, an e standard matrix

for T'. Then: D\; d‘k \\L.\’)

1. T maps R” onto R™ if and only if the columns of A span R™.

2. T 1is one-to-one if and only if the columns of A are 11nearly 1ndependent
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Example 4: Let 7'(x1,x3) = (3x1 +x2,5x1 +7x2,x1 +3x7). Show that T is a one-to-pne

linear transformation.
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TABLE 1 Reflections

Transformation Image of the Unit Square Standard Matrix
Reflection through X, 1 0
the x-axis 1 [0 _1]

\ O\

Reflection through X, -1 0
the x,-axis [ 1 ]
2
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[ 0] \ e‘
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Reflection through X, 0 1
the line x, = X Xy=X, [1 0]
i
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= x

Reflection through X, 0 —1
the line x, = —x [_1 0]
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TABLE 2 Contractions and Expansions

Transformation Image of the Unit Square Standard Matrix
Horizontal X, X, k 0
contraction [ 0 1 ]
and expansion 0 o
1 . 1
& [ e— |
% |
k k
0 0
O<k<l1 k>1
Vertical X, X, 1 0
contraction [ k ]
and expansion [O:I
l I k
0
k
X X
1 1
0 0
O<k<l1 k>1
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TABLE 3 Shears

Transformation Image of the Unit Square Standard Matrix
Horizontal shear Xy Xy 1 k
[k} [ 0 1 ]
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Vertical shear
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TABLE 4 Projections

Transformation

Image of the Unit Square

Standard Matrix

Projection onto
the x-axis

Projection onto
the x,-axis
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