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Section 1.9 The matrix of a linear transformations

Example 1: The columns of I2 =


1 0
0 1

�
are e1 =


1
0

�
and e2 =


0
1

�
. Suppose T is a

linear transformation from R2 into R3 such that T (e1) =

2

4
5
�7
2

3

5 and T (e2) =

2

4
�3
8
0

3

5.

With no additional information, find a formula for the image of an arbitrary x in R2.

Theorem: Let T : Rn ! Rm be a linear transformation. Then
there exists a unique matrix A such that

T (x) = Ax, for all x in Rn

In fact, A is the m⇥n matrix whose jth column is the vector T (e j), where e j is the jth
column of the identity matix in Rn:

A = [T (e1) · · · T (en)] (1)

The matrix A in (1) is called the standard matrix for the linear transformation T .
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Example 2:
(1)Find the standard matrix A for T : R2 ! R2 is a vertical shear transformation that
maps e1 into e1 �3e2 , but leaves e2 unchanged.

(2) Find the standard matrix A for the rotation transformation that rotates each point R2

about the origin through an anlge f .

Geometric interpretations: See Table 1-4.

Example 3: Assume that T is a linear transformation. Find the standard matrix of
T : R2 ! R2 first reflects points through the line x2 = �x1 and then reflects points
through the line x2 = x1.
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Definition:

1. A mapping T : Rn ! Rm is onto if each b in Rm is the image of at least one x in
Rn. This is an existense question.

2. A mapping T : Rn ! Rm is one to one if each b in Rm is the image of at most
one x in Rn. This is a uniqueness question.

Theorem: Let T : Rn ! Rm be a linear transformation. Then T is one-to-one if and
only if the equation T (x) = 0 has only the trivial solution.

Theorem: Let T :Rn !Rm be a linear transformation, and let A be the standard matrix
for T . Then:

1. T maps Rn onto Rm if and only if the columns of A span Rm.

2. T is one-to-one if and only if the columns of A are linearly independent.

Example 4: Let T (x1,x2)= (3x1+x2,5x1+7x2,x1+3x2). Show that T is a one-to-one
linear transformation.
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