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Section 2.8 Subspaces of Rn

Definition: A subspace of Rn is any set H in Rn that has three properties:

1. The zero vector is in H.

2. For each u and v in H, the sum u+v is in H.

3. For each u in H and each scalar c, the vector cu is in H.

Remark: A subspace is closed under addition and scalar multiplication.

Example 1: If v1 and v2 are in Rn and H = Span{v1,v2}, then H is a subspace of Rn.
Verify this.

Remark: The set of all linear combinations of {v1,v2, · · · ,vp} in Rn is a subspace of
Rn.

Definitions: The column space of a matrix A is the set Col (A) of all linear combina-
tions of the columns of A.

Definition: The null space of a matrix A is the set Null(A) of all solutions of the
homogeneous equation Ax = 0.
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Theorem:

• The column space of an m⇥n matrix is a subspace of Rm.

• The null space of an m⇥n matrix A is a subspace of Rn.

Example 3: For the matrix A below, find a nonzero vector in Null A and a nonzero
vector in Col A.

A =


1 2 0
2 1 3

�

Definition: A basis for a subspace H of Rn is a linearly independent set in H that spans
H.
The columns of n⇥n identity matrix e1, · · · ,en is called the standard basis for Rn .

e1 =

2

664

1
0
...
0

3

775 , · · · ,en =

2

664

0
0
...
1

3

775

Example 4: Find a basis for (1) the null spcae and (2) the column space of the matrix

A =

2

4
4 5 9 �2
6 5 1 12
3 4 8 �3

3

5

Theorem: The pivot columns of a matrix A form a basis for the column space of A.
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