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Section 4.3 Linear Independent Sets, Bases

An indexed set of vectors {v1, · · · ,vp} in V is said to be linearly independent if the
vector equation

c1v1 + · · ·+ cpvp = 0 (1)

has only the trivial solution, c1 = 0, · · · ,cp = 0.

The set {v1, · · · ,vp} in V is said to be linearly dependent if (1) has nontrivial solution.

That is, if there are some weights, c1, · · · ,cp, not all zero, such that (1) holds.

An indexed set {v1, · · · ,vp} of two or more vectors, with v1 6= 0, is linearly dependent
if and only if some v j (with j > 1) is
a linear combination of the preceding vectors v1, · · · ,v j�1.

Example 1: Let p1(t) = 1, p2(t) = t, p3(t) = t
2, p4(t) = 4t �1, p5(t) = 2t

2 �5t +3,

(1) is the set {p1(t), p2(t)} linearly dependent?

(2) is the set {p1(t), p2(t), p4(t)} linearly dependent?

(3) is the set {p1(t), p2(t), p3(t)} linearly dependent?

(4) is the set {p1(t), p2(t), p3(t), p5(t)} linearly dependent?
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Definition: Let H be a subspace of a vector space V . An indexed set of vectors B =
{b1, · · · ,bp} in V is a basis for H if

1. B is a linearly independent set, and

2. the subspace spanned by B coincides with H; that is

H = Span{b1, · · · ,bp}

Remark:
(1) Let A be an invertible n⇥n matrix, then the columns of A form a basis for Rn.
(2) Let e1, · · · ,en be the columns of the n⇥n identity matrix In. The set {e1, · · · ,en} is
called the standard basis for Rn.
(3) S = {1, t, t2, · · · , tn} is a standard basis for Pn.

Example 2: Find a basis for the set of vectors in R2 on the line y =�3x.

Example 3: Find a basis for the set of functions defined on R, {t,sin t,sin2t,sin t cos t}

The Spanning Set Theorem: Let S= {v1, · · · ,vp} be a set in V , and H =Span{v1, · · · ,vp}.

a If one of the vectors in S, vk is a linear combination of the remaining vectors in
S, then the set formed from S by removing vk still spans H.

b If H 6= {0}, some subset of S is a basis for H.

Remark: :
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Bases for Nul A and Col A:
Theorem: The pivot columns of a matrix A form a basis for Col A.

Example 3: Find a basis for the set of vectors in set of real numbers R3 in the plane
x�2y+3z = 0.
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