Section 5.4 Eigenvectors and Linear Transformations

The Matrix of a Linear Transformation: Let V be an n-dimensional vector space,
let W be an m-dimensional vector space, and let 7' be any linear transformation from V
to W. Let # and ¢ be (ordered) bases for V and W, respectively.
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FIGURE 1 A linear fransformation from V to W.
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Let {by,---,b,} be the basis # for V, and {¢y,---,c,;, } be the basis € for W.
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Example 1: Let # = {b;,b;} and ¥ = {c;,c,} be bases for vector spaces V and W,
respectively. Let 7 : V — W be a linear transformation with the property that

T(bl) = 3c¢; — 3¢y, ,T(bg) = —-2¢;+5¢; E/\ﬂ
Find the matrix for T relative to % and €. z%
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Example 2: Let % = {by,b;,b3} be a basis for a vector space V and let T : V — R?
be a linear transformation with the property that

2x1+x—5x
T (x1b; +xby +x3b3) = [ 13x1 —22)62 3}

Find the matrix for T relative to 2 and the standard basis for R2.
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Example 3: Let 7T : P, — P, be the transformation that maps a polynomial
ao + ajt + apt? into the polynomial a; + 2at. (Juw 60% - [ g (', g]
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(1). Find the % matrix of T. uhere % 5 Yo ‘0’L(x B0

(2). Verify: E(p):\ o - @]B CP]&
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Linear Transformation on R"”: In an applied problem involving R", a linear trans-

formation T usually appears first as a matrix transformation, x — Ax. If A is diagonal-
izable, then there is a basis % for R” consisting of eigenvectors of A.

Logwr T2 = |2 T = A X

Diagonal Matrix Representation
Suppose A = PDP~! where D is a diagonal n x n matrix. If B is the basis for

R" formed fromths columns of P, then D is meﬂamixkgmmm
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Example 4: Define T : R> — R? by T(x) = Ax, where A = [_03 th] . Find a basis #
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for R? with the property that [T] is diagonal.
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for R? with the property that [T] is diagonal.

fhe T = Ax, TR = R
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