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Section 5.5 Complex Eigenvalues

Recall - Complex numbers:

a. A complex number is a number written in the form

z=a+bi
where a and b are real numbers and i is a formal symbol satisfying the relation
i> = —1. a is called the real part of z, denoted by Re z, and b is the imaginary

part of z denoted by Im z.

b. The complex number system, denoted by C is the set of all complex numbers,
together with the following operations of addition and multiplication
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c. The conjugate of z=a+ibis 7= a— bi.
d. The absolute value or modulus of z is |z|= /zZ = Va2 + b2.

e. Properties of conjugates and absolute value:

1. 7 = z if and only if z 1s a real number.
w+z=w+72
3. wz = w7Z;nparticular, 7Z = rZ if r 1s a real number.
4. zz=|z|*=0.
5. |wz] = wllzl % 4
6. lwtzl<lwl+lal. b 'Y
P
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f. Geometric interpretation. (v)

g. Polar coordinates for a nonzero complex number z=a—+bi: let ¢ (—t < ¢ < )
be the angle between the positive real axis and the point (a,b), we call it the
argument of z. Then z = |z[(cos ¢ +isin@)
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Real and Imaginary Parts of Vectors:

Let x € C”, denote the real part of x by Rex and the imaginary part of x by Imx.
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Example 1: Letx = 2 , find Rex and Imx.
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1 ol find the complex eigenvalues of A and corresponding

Example 2: If A =

eigenvectors.

Remark: The linear transformation x — Ax on R? rotates the plane counterclockwise
through a quarter-turn. Obviously, no nonzero vector is mapped into a multiple of itself,
so A has no eigenvectors in R? and hence no real eigenvalues.

Cor 0*} \ vy *Wh{ﬂhﬂf“zﬁ T Hee vl A A TO‘)‘-A-X
) 0
A [ren @], @ (o) o 1@ ()
e, - (o,) 1@ (”(',)

14 vl efewnhe  €xels

x = AX
\e"‘) v

yolulonm

v
4 x 5{ Stelig o}xt])\/



S olwa bt (A - )\L) = U



G N Ty Uw e'svﬂw .} A,

:) You Lo «-\‘““8 ‘ml 0 ww @0 X 4. @- A1)X =D

phwp © -lo-b=0

b= -10

]
=  buy % e'.s-g‘mu ’j.;(-.

Vv
efen Veko¥ of Az o

A= Vv (A-2)V =0

+l|, “‘ [}
. -0
( ] *3) (5)






Math 26500 - zecheng zhang, Spring 2022

7

Eigenvalues and Eigenvectors of a Real Matrix That Acts on C":

Let A be an n X n matrix with real entries. If A is an eigenvalue of A and x is a
corresponding eigenvector in C”, then
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Remark: When A is real, its complex eigenvalues occur in conjugate pairs.
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Geometric explanation: If C = b

_ab] , where a, b € R and both nonzero. Then the

eigenvalues of C are A = a + bi.
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Example 4: List the eigenvalues of A = L.
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Ax 1s the composition of a rotation and a scaling. Give the angle ¢ of the rotation,
where —7m < ¢ < 7, and give the scale factor r.

] . Note the transformation x

e'lovf\vv\"!: atby = Rt

Theorem: Let A be areal 2 x 2 matrix with a complex eigenvalue A = a — bi (b # 0)
and an associated eigenvector v in C2. Then

A=PCP™! where P=[Rev Imv] and C= [Z _ab]
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