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Section 5.5 Complex Eigenvalues

Recall – Complex numbers:

a. A complex number is a number written in the form

z = a+bi

where a and b are real numbers and i is a formal symbol satisfying the relation

i2 = �1. a is called the real part of z, denoted by Re z, and b is the imaginary

part of z denoted by Im z.

b. The complex number system, denoted by C is the set of all complex numbers,

together with the following operations of addition and multiplication

(a+bi)+(c+di) = (a+ c)+(b+d)i
(a+bi)(c+di) = (ac�bd)+(ad +bc)i

c. The conjugate of z = a+ ib is z̄ = a�bi.

d. The absolute value or modulus of z is |z|=
p

zz̄ =
p

a2 +b2.

e. Properties of conjugates and absolute value:

f. Geometric interpretation.

g. Polar coordinates for a nonzero complex number z = a+bi: let f (�p < f  p)

be the angle between the positive real axis and the point (a,b), we call it the

argument of z. Then z = |z|(cosf + isinf)
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Real and Imaginary Parts of Vectors:

Let x 2 Cn
, denote the real part of x by Rex and the imaginary part of x by Imx.

Example 1: Let x =

2

4
1+ i

2

3�2i

3

5, find Rex and Imx.

Example 2: If A =


0 �1

1 0

�
, find the complex eigenvalues of A and corresponding

eigenvectors.

Remark: The linear transformation x 7! Ax on R2
rotates the plane counterclockwise

through a quarter-turn. Obviously, no nonzero vector is mapped into a multiple of itself,

so A has no eigenvectors in R2
and hence no real eigenvalues.
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For any linear transformation T .
there exists A s-t . Tex) = A.✗

A-= [ Tieil, -11%1] , et = (b) ,
T left = (1)

E- I :) , tie-in to )
^

It need eigenvalue exists*÷÷÷;*iÉ±⇒×wrotation µ
of ✗ =\ scaling of ✗ by ×

,

⇒ the real eigenvalue
does not exist .
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⇒ A = -1

Replace -1 with it ( it = - 1)

a' = 'i

⇒ a = -1-2

✗ = +I Find ✗
*
such that

( A- AI )- ✗ = 0

f-
i -1

t.it/sY=o
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- Ia - 6--0 ①

a
- :b = 0 ②



since A is an éj value of A ,

⇒ you can always find a non -zero ✗ s-t.CA- XI)X=o

pick up ① - ta - b = o

b. = - Ia
.

set a = 1
,
⇒ b= - I

⇒ was og e :S -4"" %=(÷nur * ✗=L

✗ =
- I. (A- XIIV = 0

(
+i -1

I +itsy -- o

ai - b = 0

{ a + ib=u
at = b

,

set a -_ 1
,
⇒ 5=2

eigenvector ii. ( L)
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Eigenvalues and Eigenvectors of a Real Matrix That Acts on Cn:

Let A be an n ⇥ n matrix with real entries. If l is an eigenvalue of A and x is a

corresponding eigenvector in Cn
, then

Remark: When A is real, its complex eigenvalues occur in conjugate pairs.

Geometric explanation: If C =


a �b
b a

�
, where a,b 2 R and both nonzero. Then the

eigenvalues of C are l = a±bi.

If r = |l |=
p

a2 +b2, then

C = r


a/r �b/r
b/r a/r

�
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suppose A is a complex eigenvalue of A with eigenvector ✗
.

then I is still an eigenvalue & its eigenvector is I.
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b l a-A

(a-✗ i = - b
'

replace -4 by ti C
'i= -1)

(a- hi = ii. b
'

=,
c

a- A = I :b

✗ = a ± bi

✗ = at bi

( c- III. v = O

dol - b
• (

b - b;)
' / f) ⇐ o

n

-six - by = 0

bx - big = o

- bi ✗ = by ⇒ - Ix = y

set ✗ = I ⇒ y= - I ñ
'
= (! )
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Example 4: List the eigenvalues of A =


3 3

p
3

�3
p

3 3

�
. Note the transformation x 7!

Ax is the composition of a rotation and a scaling. Give the angle f of the rotation,

where �p < f  p , and give the scale factor r.

Theorem: Let A be a real 2⇥2 matrix with a complex eigenvalue l = a�bi (b 6= 0)

and an associated eigenvector v in C2
. Then

A = PCP�1, where P = [Rev Imv] and C =


a �b
b a

�

4

a-- is

↳ = -11
or
+1*4 r

eigenvalue : atbi = V31 I

1-and / = ÷ = ¥

#¥¥¥i ¢=aro+ml÷l=
a

r = ¥52 = 2
.

It is similar to c.


