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The Orthogonal Decomposition Theorem

Let W be a subspace of R". Then each y in R" can be written uniquely in the

form
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where §is in W and z 1s in W In fact, if {u,, ... ,W,} 1s pny orthogonal basis
of W, then
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Observe that {u,u;} is an orthogonal basis for W = Span{u;,u, }. Write y as the sum
of a vector in W and a vector orthogonal to W.
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A Geometric Interpretation of the Orthogonal Projection: \a [ w
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Theorem:
The Best Approximation Theorem
Let W be a subspace of R", let y be any ve -, and let ¥ be the orthogonal

projection of y onto W/,l'ben ¥ 1s the closest point in W to y, in the sense that
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The vector ¥ is called the best approximation t¢ y by elements of W.
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Example 3: Find the best approximation to z by vectors of the form cyv| 4 cov;.
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Definition: An orthogonal basis for a subspace W of R" is a basis for W that is also an
orthogonal set.

Theorem: If {uy,---,u,} isan orthonormal basig for a subspace W of R", then ‘
th 0 AL
(“ = projyy = (¥ u)u + (¥ - w)uy + -+ (y-up)up ]

v
1P = oy s wy, then Vi U0y =14- 4

projyyy =UU"y forally in R"
Example 4: Lety = ! ,up = 1/v10 ,and W = Span{u, }.
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(1) . Let U be the 2 x 1 matrix whose only column is u;. Compute U’ U and UUT .

(2) . Compute projy,y and (UUT)y.
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