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Section 6.5 Least-square Problems e \

Definition: IfAism xnandbisin R", a least—squre\s",/solution of Ax=Db1is ar@n R”

such that

[[b—AR|[< |[b— Ax]| )
for all x in R”. [_,> m\\&vcva iR
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FIGURE 1 The vector b is closer to AX than
to Ax for other x.

Solution of the General Least-Squares Problem:

Given A and b as above, apply the Best Approximation Theorem in Section 6.3 to the
subspace Col A. Let

b = projceiub
Since b is in the column space of A, then there is an X in R” such that

AR =b (1)

Such an X is a least square solution of Ax = b if and only if X satisfies (1).
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Theorem: Pihe set of least-squares solutions of AX = b ooincides with the nonempty
set of solutions of the normal equations ATAx = ATb.

L) wovemal ez“o»flw« {ov Ax=b

Theorem: LetA be an m x n matrix. The following statements are logically equivalent:

‘3. The equation Ax = b has a unique least-squares solution for each b in R".
\

t’i The columns of A are linearly indpendent.

v

¢. The matrix AT A is invertible.

When these statements are true, the least-squares solution X is given by
= (ATA)"1ATD

Example 1: Find a least-squares solution of Ax = b by (é) constructing the normal
equations for X and (b) solving for X.

2 1 -5
A=|-2 0| b=1]38
2 3 |

Qep 3 (0)
voved et pfpkz AT

4 N l*ll ~ :( )
AA’(lws)lo 6 o



A
Nooo(arAb |
se(~&’ v

- (@)

\'3 e
WV‘\) Q SERL et
sQue solu}im



Math 26500 - zecheng zhang, Spring 2022

Example 2: Describe all least-squares solutions of the equation Ax = b.
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Theorem: Given an m X n matrix A with linearly independent columns, let A = QR
be a QR factorization of A. Then, for each b in R, the equation Ax = b has a unique
least-squares solution, given by

x=(R)"'Q0"b

Example 3: Use the factorization A = QR to find the least-squares solution of Ax = b.
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A= (2 4| =|2/3 2/3 b= |3
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Example 2: Describe all least-squares solutions of the equation Ax = b.

Theorem: Given an m X n matrix A with linearly independent columns, let A = QR
be a QR factorization of A. Then, for each b in R, the equation Ax = b has a unique

least-squares solution, given by "
A
- b

Example 3: Use the factorization A = QR to find the least-squares solution of Ax = b.
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A= (2 4| =|2/3 2/3 b= |3
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