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Zntrotuition : A smooth projective variety ✗ is called rational if
there is a birational map ✗ - - - .> Ip

" for n=dinX It is called

animationat if there is a dominant national map IP
"
- → ✗

.
It

is called stably rational if ✗ KIP" is national for some r
.

In dink)=3 case . these unapt, are the same . But starting
from dint=3 .

the following implications are strict :
rational ⇒ stably rational ⇒ Unirational .

Today wewill : 1 :Review Clemens - Griffiths
' criterion on rationality

for 3- fowls . and show cnbir 3-kid is uniretional
,
but not rational

.

2. Go through some stable binational ily invariants , and
sketch the proof of very general quartic double solid with £7
routes is unirutional but not stably rational .

Radu 's remark: • Iskovskih and Manin showed that quartic 3-told is not

rational using birational automorphismgroup .
• Artin and Mumford showed Tor Hk× . 2) is a

stably birational invariant and constructed certain nodal doubleE . Clemens - Griffiths Criterion . Solid whish is not stably rational .Cvhiih we will use in this talk)
let ✗ = {fzcxo,X . , . . -✗a) =o} c- 174 be a (smooth cubic 3-told .

then its Hedge number in degree 3 is H
"
: 0151510£

?⃝
"% " ↳" " " "

"^" ""#" """"° " "" ""

smooth hypersurface can be represented by residues of rational forms
on projective space with poles along ✗ to order p .

QrRep
-gp

where D= Fai Xi dxoa-ndxfr-ndxn.it ,



Q homogenous, dey.Q-t-n-12-p.dey.lt )

In our case . deylfl=3 . n=3 .| ¥ ,, not µ,,.ae . ⇒ 43.0=0 .

on

☒
⇒ Q ☒ a linear form ⇒ h

"'

= 5 .

-

Recall that t.PH
, e) =Ñt >④ FAT

.
so the composite

HIX.am → mix.ir)→HÉ¥".IT?+ie*iiPiFmax.mairank
so we define the intermediate Jacobian (Lecture 18 in Badu's class)

Jan = zF4t"
✓

"scan
=

,thx .am

Since < .
,
. > on HEX . 2/7 15 Unimodular . JW is principally

polarized . so TX) is an abelian variety. with theta divisor Q

with tic -03=1 T.AM/2.p.a.V.-
Let F be the variety of lines of ✗ .

i.e. T-c-Grlz.tl

is the closed subvariety consisting of lines in IP" that are
contained in ✗ .

F- is a smooth surface of general type . and AIBFIJIX)
we have Abel -Jacobi map :

7=3 chain such4 : F- ✗ F→ JAM
that 27--4, -Lycp.gr- 1,4=1,



Theorem Clemens . Griffiths, 727 let ✗ be a smooth projective 3-told

then ✗ is rational ⇒ JCX) I JCG ) ④ - - - ④ The)
→ Cyr - fie clashes

.

at p.p.9.ve
PH : If 1153 . .→ ✗ is birational

, then Hironaka
.

'

there is a sequence of blowups 15--41>47, . . -→Y'→ 1ps
along smooth centers . Suchthat Ñ→ IF - - > ✗ is a morphism
so we have such that 4 is a sequence of blowups

←¥ and it is a binational morphism
Ip
}

.
- - → ✗

Now smooth center> on 3-tilde are points or curves
r

blowup a point p : H
}
( 134, y ) = AYY) (

reverse a sign
)• on intersection

blowup a curve C : t.pl/31cYyI-H3cy, ④ Hick Pairing

Apply to sequence Ñ -1 . . . → 1ps and pass to Jacobian . we have

g- cp~) = TICA ⑦ XD④ - - ⑦ J Ci
;
- - -fe Smooth

curves
since it is a morphisms . we have pullback .

4¥ : H' IX. 2) - H'115,27
We have pushforward 4.* : HK 15, 2)→ It >IX. 2,7
since booth maps respects Hodge structures . intersection pairings .

and ¥4 ☒
= Id due to dayfly =\ .

we have Y*
include, HK ✗ in a , a direct factor of It

>45.22
,
so



pass to Jacobian we have

31×1 ④A = JCÑ) = TICA ④ " - ④ TICK ] .

Use the fact that decomposition of P.p. a.v. is unique . we conclude
81×7 = Jfci , I ⑦ - - ④ ] (Cip ) ☒

72 81
T¥ ( Clemens - Griffiths,BeauvilleiLet ✗ be a smooth cubic
3-told . then ✗ is irrational .

sbetih.tthepnoot-l.by Clemens . Griffith criterion . we
need to show JCXI is not a product of Jacobian

Recall we have Abel - Jacobi map

FXF Tix fp.at→ ["dim F- = 2 dim £5 <
q

• 9 it generically 6 - to - 1
.
onto the Theta divisor 0 c- TX)

• Y contracts the diagonal ☐ to 0 c- D- which is an

isolated singularity . and the tangent one Tco -0 is isomorphic
to

.

the attire cone of X .

CThis recovers Torelli theorem )

• Beauthe showed ⑦ is irreducible anil -0% = to )
. compare to

theRiemann singularity theorem chm GIFT = { 9- 4 cnm-kyperell.ph
So singularities of -0 of Jcc,, ④ . ..④yµ,

8-3 chyperek.ph
2¥

is at least 1
.

☒



Remark : 111. In fact ✗ is Uni rational : fix LEX a line
.

Consider IPLTX ,e) which is rational variety . and
rational

2 :| ✗f
"

f: IP 1T¥ ) -
. . - - > ✗

Cx , ↳→ ↳✓
nx,

✗
'¥"

where Lx
,✓
is the line through ✗ in the direction it.

Conversely. -take u c-X . IP = Spann, L> is a plane , which
intensertsx residually at a comic C .

Ch L= 2points = f-
'
in

.

41 . Mumford showed that 47×1, Q ) is a Prym variety .
Actually all ftp.a.v.ofdin-5 is a Prim way.

(3)
. The Abel - Jacobi map lifts

to the blowup :
( 4 ,titty Os CL, -4)
BITE x-p → Bb Ét

s c-✗ hyperplane tuition
t I

FXF ± -0

4. 10213 showed that Bio ⇒ is afine?.in?i%a9Tie cover
of Hilbert . schemes of skew lines 1-11×1, which is an lmeduiible
component ofltilbm-HCXI.CA/-tavilla.-Petkovik-R-la

. 19 , Buyer et.at . 203 showed that
Blu is a Bridgeland stable moduli space . µ,-1h stable opera in

Ku (X) )VT has certain modular
, interpretation .



147 . Let 1A , be a p . p. a.v. of dim=g
then 0%9-11 ! c- H2 CA

,
z, is called the

minimal clout
. When A =Tcf, is a Jacobian of a curve C.

minimal class is represented by cÉHñb'→ Jig . Conversely
(Matsusaka 's theorem) The minimal class is represented by an

TI Ethernet - cycle
[A. 07 = Jfc it ④ . - - ①TICK ) .

Ci = Smooth CurveTherefore , for TM
. where ✗= cubic 3-toil

then the minimal chis, is I_t☐the clean of a curve .

• Voisin showed that if ✗ is a nationally -connected 3-told .
✗ is stably rational ⇒ m.is#-xiTaybn*

-1. not necessarily effective
Open Problem :( Voisin) : Is the minimal class of a
cubic 3-told algebraic ? Is cubic 3-told stably rational ?

II. classical stable binational invariants

Recall that ✗ is stably birational to Y itt
✗ xp

"

i, birational to Y✗ 1PM for some m.in
so typically a binational invariant is not a stably bia-iiml.hu.



Here are some classical stably birational invariants (for
smooth projective varieties ) :

• IT , ( X)

• HIX.fi )☒ K)
• For It

}
( X

. Z) : Artin -Munford invariant
.

which coincides with BrCX) , when
✗ is

rationally connected .

Let's prove the 3rd one is invariant under X - Y
star

.
bill

.

This relationship . on the setÑÉpÉii
generated Y① ✗ ~✗ ✗ Ip

'

and% ~ Y if ✗ is birational

to Y
.
ForÉByÉnnethfrñnÑtorsiontree
-

H
> cxxlpr

,
as É%c ✗

.
2m ④ H'c×.Tor
-
--

By universal coefficient -1hm . HKX,21 I Ext
'

cHol¥27 . 2)

torionfee.TN② - if ✗ . . → Y bimini
. by Hironaka .

☒→ .. . -→ ✗ blowup.am#-n:
.
and

E-syisamIFHB.si WHY✗ 1+011-12-1
I

so TÑÉÉÑz:Too HYX.at torsion free
we also have inclusion from the other direction . So isomorphism ☒



In particular , if ✗ is stably rational . Tiako .

H°(X.fi)
'

4=0 .
and Tvr HKX

, 2/7=0
- Det: A quartic double solid is a variety which

is 2 :| to IP} branched along a quartic surface
Artin -Mumford ,

721 constructed a double solid X .
With 10 notes

.
and showed its resolution of singularity

☒ has nontrivial Tor HYÑ
,
21
,
so Ñ

,
is not stably

rational
.

The construction can be done via the following :
Take a general 3-chit linear subs-6m Tf of IP/Http? 0141*1
parameterKing quadric surface, ship?

511

Ip 9

Then general member off is smooth . and there
D- a quartic surface 5 C- TT whose smooth, point parameterize,
nodal quadrics . and 5*9=10 points) parameterres ¥¥¥
Consider the incidence variety :

1- = { (Q , L ) C- TT✗ Girl↳41 / LE Q Y .

The first projerion admits Stein factorization

T X
.

TT
,
where ✗

•
is I :| to -11

branched along S , so ¥
.
has 10 nodes



1h It it tkefui-t-lhu-T-xomadm.is no national
section

,
this Ip ! bundle defines a. nontrivial element in

Brcxinl = ¥µ Boi .HN/~
Question t.AT : Is there a 3-told . Which is not stably
rational

, and Artin -Munford invariant vanish ?

Ii Voisin 's stable binational invariants
1. Universal codimension I cycle
Lot ✗ be a nationally connected variety .

then

1-13%1=0
.

and JK✗ 7 is an abelian variety
Moreover

,
due to Bloch and Srinivas

.

>

¥ : CHYX/nom→ 37×1
is an isomorphism In :(Ei - c;) zn,/Ei

' i' F-itunes

Ci
It is also

"

regular
"

in the sense that for any
smooth algebraic war B. and Z C- CHEB✗X)
And that 1.3£ is homologous to 2am . the B. then

d-
z : B → J}✗1 is regular .
+→ (☒e)



Remark:This is a stably birational property !
Question 113-1 ! let ✗ be a)smooth rationally connected
variety . Doe, there iexistacodimension-2.IT
2- c- EH

"

CJ ?✗7 ✗X) stub that Z-c.to ]?✗ 1 .
are homologous to zero .

and the morphism
Iz :J{✗I → This

is the identity ?
Remark: For codimension one cycles map

-to

Pill✗1.this is true,C can think of Poincare bundle
in curve case >Thefollowing theorem answered both Question (A) and IB) :

MainTheorem (Voisin
.
201¥ ) complementary of countably union .

Of proper subvuvitiei
(1) The desingularization of the very gestural auartu- I

double solid wi-m-Inde.in general position is nI
Stably rational . (Moreover

.
Artin -Mumford invariant = 0)

47 The desingularization of thevery general quartic
double solid with 7 nodes in general position does not
admit universal codimension two cycle on 77×1✗X

.
.

Why £7 Cor7) nudes ? Given KE 7 general points

in IP? there is a linear space of dimension 34-4K of
quartic homogeneous polynomials having zero differential at



these K points . Thus there is an meduiblevanety#
parameterizinj quartile double solids with K notes in general
position . As for part 127 . For smooth

. quartic double
solid h

""
= 10 . The number drop by 1. as appearance

of each node (just like curve case) .
When there are

7 node, ☒ is p, p. a.✓ of 01in =3 .
whirls is a

Jacobian of a genius 3 curve
. so the minimal class

A algebraic .

The rest is devoted to the proof of Voisin § theorem .

Weneed to introduce another invariant : M

dim ✗= n

Retention : let ✗ be a smarm projective variety?FÉ¥×
117 We

say ✗ boy a Chow decomposition of diagonal if
Ox = ✗ ✗ 4×4-1 Z in CH

"

(✗✗✗ )

where ✗ c- 11 is a point and Z is a cycle supported
on DX☒

,
for some proper closed algebraic subset DEX .

(2) We say ✗ has a cohomological decomposition of diagonal
it 10×7 :[✗ ✗ 1×71+12-7 in H%✗x✗

. 2)

• Remark:We may need to assumewhere I is as above
.meany
the Hodge conjecture on ✗✗✗ to guaranteeclearly .|ch0WDO application to knpneth to 9 've> Youtohomological DOD oobomological DOD . and may also



Worry about the consolation -2 C- DX¥
.

example : 1pm admits Chow DDD :

Recall CH*CIP
"
✗1pm ) has basis pµ*hi . Priti

so 01pm = £

prfhi.pro?hn-ii--O--lPhxtx1-?E.,Pr?hi.pr*h ""
-

supported on HE 1pm

Fact i existence of Chow Ccohomo logical ) DOD is a

stably binational property of smooth pros
'

var .

In particular , stably rational varieties admit DOD.

A- Degeneration -1hm on Do D) Let a : ✗→ B be after
projective morphism of relative dimension n 72 .

where B
is a smooth curve . Assume It smooth -1--10 . and to
has at worst ordinary double points . Then

117 It for general t c- B ,
Xe admits Chow DOD

then the same is true for any smooth projectile model
* of Yo

.

(2) with additional assumption . that H
>*CI
, z ) is

algebraic, samestatement for cohomological DOD .



To prove Main Theorem 117
.
We degenerate the double

foilit with K nodes to the Artin -Mumford double solid
.

then Ust Tor HKXI.at =/ 0 and Degeneration theorem .

For Main Theorem it
, we need to relate all obstruction

to stable rationality : Voisin showed for rationally connected
3-folds

,
the LHS is equivalent to RHI :

in Tor HK✗, 21=0
admit

cohomilugioal ⇒
DOD

is existence of universal
wdim =2 cycle on 7¥ ✗✗

131 Theminimal class of
31×7 is algebraic

For a general quartic solid with 7 nodes,
L Its is tube

.
a)
, ,}, are true . so 127 is tube

f 'f ☒ .

Indra ,, due to dmJ%×) =3
So we proved the non - existence of the universal Collin: 2
cycle . However

, Voisin said there need more understanding
ofthis result .



Appendix 1

A remark on admitting cohomo logical DOD ⇒ Iii ) :
din✗ =3

4- we have If = ✗ ✗ {✗3) + IZT in 144×-4.2 ?

We can act on HEX
, Z , via correspondence (just like the

correspondence on Chow group level
that we learned in texture 19

of Radu 's class )
.
So ✗ c- It

>
CX, 217

[A- ×) . ✗ = [11×9×3] .✗ + 12-1 . ✗
11

✗
%

SOÉ ¥1 surface 3-Hd

e t

On the other hand -2 C- DX¥
,
take desingularization

D-→ D. 2- lifts to Etc cH4Ñx✗) . and let j : → ✗

bethe composite .
Then ☒ can be expressed as

✗ = j ☒HEYa) , where 12-7 ? HKX.io→Him,

j , H
'

CÑ
,
2,1-111-7×121

This allows us to lift to are both morphine of Hodge structures.
Codimension - one cycles on Ñ and

so induces morphism b/wconsider morphism to Pic⑤7
. Jacobiant .

Whim should admit a universal
codimension -one cycle as wepreviously remarked .



We have a diagram'z*
CH
'

cxlnom→ CH 'lÑ1nom> Chthon
1¥ t&ñ 1¥
Ian -1¥, six, six,

÷
Let W be the universal cycle on JY5) ✗ Ñ.

one

get codimih cycle on Jk✗ ) ✗✗ via

4dg }c×, .it#&EHiId.s1*w)
☒

Appendix 2 An explanation on, why the image of
4: F-✗ F- → JX where# cubic 3-told

is the theta divisor ① c- TX i

step 1 : 2m14) is a divisor

There is a factorization
F -47 JX 4:p→ /↳

alb I 42

1- 1b¥,
it an embedding



'

and the tangent map together w.tn projection
TF → IT✗ = I✗ ✗ To Tx→ To]✗

has pnjUtilization

IPTF → IPITX Elp
"

identified with the second projection of incidence variety
I = { Ct, ×> c- f-✗ ✗ I ✗ c- Le}

1

This implies if : Is ._tji→ / has tangent

map being of maximal rank . So 7m 4 has din 4

step 2 7m14) has Poincare cheat class being (G) .
the

principal polarization classofT
This reduce, to show f- as 7×1 has Poincare

dual class 10-7/3.1 .

This requires some deeper

analysis on topology on F- . In Clemens - Griffiths .

they degenerate ✗ to a cubic 3-told with an ordinary node ,
and the corresponding Fano surface Fo has a double line

.

One understand topology of F via degenerating to Fo ' ' ' ^



Alternatively ,@euuvike . 8D has an interpretation of
FXF→ JX

In terms of Mgm varieties .
wherethe thetadivisor

is characterised a) set of divisors of certain degree with h°> 0

One reduce to an algebra problem. . This can replace step 2 .
.

but not step 1
.

☒
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