PROBLEM OF THE WEEK
Solution of Problem No. 4 (Fall 2009 Series)

Problem: Let n > 5 be an integer. Show that n is prime if and only if for every
decomposition n = ny + ny + n3 + ng, where 1 < ny < ny < ng < ng and each n; is an
integer, we have ning # naongs.

Solution (by Kun-Chieh Wang, Senior, Purdue University)

1. Suppose n is a prime and we could find n1, no, n3, ny € N satisfying n = ny+ngs+ng+ny,
1 <ny <ny < ng < nyg, and ning = nong. Let di = ged(ny,na), do = ged(ns, nyg),
and suppose ni1 = dip1, no = dip2, N3 = doq1, Ny = doqgs, where p1,p2,q1,q2 € N,
ged(pr,p2) = 1, ged(q1, q2) = 1.

ning = nanz = (dip1)(daqz) = (dip2)(d2q1)
= P192 = P2q1

ged(pi,p2) =1 and ged(gi,q2) =1=pilgg and qi|lp1 = p1 =1 = p2 =@
n =n1 +ng +n3 +ng = dip1 + dip2 + dagq1 + d2go

= dip1 + dip2 + dop1 + dopo
= (d1 +d2)(p1 + p2)

where dy +dy > 14+1 =2, p1 +p2 > 1+1 =2 = n is a composite number, a
contradiction.

2. Suppose n is a composite number. Let n = ab where a < b, a,b € N and a,b > 2.
Then let ny =1,ny =(a—1),n3 = (b—1),n4 = (a — 1)(b— 1). Then we have

1<n; <ny < ng S’I’L4, ’I’L1,7’L2,7'L3,7’L4€N, and

ni+ne+ns+ni=01+(@—-1)1+(b—-1)=ab=n.
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